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Finite-sized neutrally-buoyant particles suspended in a turbulent flow do not typically follow the fluid motion,
whereas sufficiently small neutrally-buoyant particles, known as tracers, do. Turbulence properties probed by
the two types of particles thus differ primarily due to spatial filtering, whereby scales of motion in the energy
spectrum smaller than the particle diameterD are suppressed, whereas those larger are retained. In this study,
this filtering effect is quantified for flows with Reynolds numbers in the range Reλ ≈ 32− 2000 using a model
of isotropic and homogeneous turbulence based on analytical wavenumber and Lagrangian frequency energy
spectra. The coefficients scaling these spectra are estimated by comparing the dissipation rate, amplitude
of the frequency spectrum and acceleration variance for the fluid motion, as well as the acceleration and
velocity variances of the particle motion, with laboratory experiments and numerical simulations. The model
reproduces scalings for the acceleration variances of both the fluid and the particles at high Reynolds number.
The model is then used to predict the ratios of the velocity variance, acceleration variance, and dissipation rate
obtained from the particles to those of the flow. These ratios depart from 1 as D increases (as expected), but
the fluid velocity variance is much less severely underestimated by the particle motion than the acceleration
variance and dissipation rate, for given D and Reλ. These results allow delimiting more systematically the
conditions under which finite-sized neutrally-buoyant particles could be as useful to probe turbulent flows as
tracer particles in laboratory experiments.

I. INTRODUCTION

The behaviour of finite-sized neutrally-buoyant par-
ticles suspended in a turbulent flow, more specifically
their dispersion or clustering, has been investigated in
a number of studies1–5. Some characteristics of the tur-
bulent flow itself may be inferred from such particles,
provided their seeding concentration in the fluid is very
low. Even so, using any neutrally-buoyant particles to
directly probe the turbulence is regarded as unreliable,
unless they exactly follow the fluid motion, which typi-
cally only occurs when they approach a microscopic size.
Such particles are known as tracers. In practice, a parti-
cle is considered to behave as a tracer when the ratio of its
diameter D to the Kolmogorov microscale η is D/η <∼ 5
(Ref. 6) or D/η <∼ 10 (Ref. 7), and when in that range,
it can be used to infer the turbulence properties of the
fluid with all its scales.

In contrast to this standard approach, Mériaux et al.8

recently used finite-sized (D/η = O(100)) particles to
estimate the characteristic scales of an experimental tur-
bulent flow. Lagrangian particle velocity statistics were
used to estimate the energy dissipation rate, and the ac-
curacy of this calculation was asserted using qualitative
arguments based on the distribution of energy among the

a)Corresponding author: m.a.teixeira@reading.ac.uk

turbulence spectrum. Although primary scales derived
from these estimates were a posteriori shown to provide
consistent dispersion regimes within their temporal and
spatial limits, the extent to which finite-sized particles
could be used to infer statistical properties of turbulent
flow was not systematically assessed. A first step in that
direction will be taken in the present study.

Unlike so-called ‘inertial particles’, which have a den-
sity different from that of the fluid9–11, neutrally-buoyant
particles are not subject to inertial effects. They may still
move relative to the fluid, generating small-scale turbu-
lence in their wake3,12 if their Reynolds number is large
enough, hence modifying the ambient flow. However,
the leading-order effect of the particles is simply filter-
ing the fluid motion at spatial scales smaller than their
own, as they only follow the motion of larger turbulent
eddies6,13–15. This is a different mechanism from what is
known as ‘inertial filtering’4,9,10,16, which is associated
with differences in acceleration between the fluid and
the particles, induced by their density difference. In this
sense, the motion experienced by neutral particles can be
thought of as reflecting the energy spectrum of the tur-
bulence, excluding the scales above a cutoff wavenumber
of order inverse the size of the particles. This filtering of
the turbulence has differing impacts on different turbu-
lent statistics, as will be seen. For example, quantities
whose values are determined by the high-wavenumber tail
of the spectrum, such as the dissipation rate of turbulent
kinetic energy (TKE) or flow acceleration, if evaluated
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2

from the energy spectrum of the particle motion, are
necessarily more severely underestimated than quantities
whose main contributions come from lower wavenumbers,
such as the flow velocity or the integral length scale.

Possible ways of evaluating these filtering effects on
finite-sized neutrally-buoyant particles are by perform-
ing laboratory experiments of turbulent flows6,11,17, di-
rect numerical simulations (DNS)10,15,18,19 or Smoothed
Particle Hydrodynamics (SPH) simulations20, and com-
paring the statistics of the motion of finite-sized particles
with those of tracer particles (with sizes of order the Kol-
mogorov microscale). This is technically challenging and
costly in laboratory experiments, requiring sophisticated
particle tracking techniques, and is also challenging using
DNS, primarily because it is difficult to attain sufficiently
high Reynolds numbers with an accurate representation
of the motion of both the fluid and the particles. A simple
alternative, despite its inherent limitations, is to assume
analytical energy spectra for the turbulence and evaluate
the effect of the particles on the fluid motion as a spatial
filtering process. That approach, adopted in the present
study, follows Lien et al.13 and Lien and D’Asaro14, and is
fundamentally different (and simpler) from the approach
used in the stochastic model of Sawford21.

In order to estimate filtering by the particles of, for
example, the dissipation rate and the flow accelera-
tion simultaneously, it is necessary to consider energy
spectra both in the wavenumber and in the frequency
domain, which must be connected in some way13,22.
This approach has the advantage of shedding light
into a number of fundamental, but not totally clari-
fied, issues in turbulence theory, such as the scaling of
the fluid accelerations23–26, particle accelerations6,7,15,17,
the value of the coefficient scaling the frequency en-
ergy spectrum (and the second-order velocity structure
function)27–30, and the variation of these quantities with
the Reynolds number. The present work also clarifies
how the frequency energy spectrum of the turbulence is
related to the wavenumber energy spectrum.

It should be stressed that the results to be presented
only apply to isolated neutrally-buoyant particles, and,
consistently, in all the datasets considered, the density
of the particles never differs from that of the fluid by
more than 6%, and their distribution is sparse. Sam-
pling bias effects caused by the preferential concentra-
tion of particles in certain flow regions, a phenomenon
which is especially important for, but not limited to, non-
neutral particles10,31 is ignored in the theoretical treat-
ment. That is, the particles are assumed to be homoge-
neously randomly distributed. This is a convenient sim-
plification, but both its implicit use in a previous study13

and the successful calibration of the present model seem
to justify it.

This paper is organised as follows: Sec. II explains
the methodology, in particular the adopted wavenum-
ber and frequency energy spectra, and the constraints
they must fulfil. Sec. III presents a calibration of the
theoretical model, including comparisons of the adopted

spectra with available data for the fluid motion and mo-
tion of neutrally-buoyant suspended macroscopic parti-
cles. Then, in Sec. IV, the impact of particle filtering on
the velocity variance, dissipation and acceleration of the
fluid estimated from the particles is evaluated. Finally, in
Sec. V, a summary of the main conclusions is presented.

II. METHODOLOGY

A. Description of the fluid motion

To ensure consistency of the results to be presented, it
is necessary to statistically characterise turbulence both
in space and in time. Homogeneous and isotropic tur-
bulence will be assumed, as this is the paradigm against
which more complicated types of turbulence may be com-
pared. It is likely that the results can be applied with
minor alterations to those more complicated types of tur-
bulence. For maximum consistency, most comparisons
with experimental or DNS data will also be for homoge-
neous and isotropic turbulence.
Following Teixeira and Belcher32, the wavenumber en-

ergy spectrum is assumed to take the form

E(k) = q2l
g2(kl)

4

[g1 + (kl)2]
17/6

exp

[

−3

2
α(kη)4/3

]

, (1)

where q is the root-mean-square (RMS) velocity of the
turbulence, l is the longitudinal integral length scale of
the turbulence, k is the wavenumber magnitude, α is
the Kolmogorov constant, η is the Kolmogorov spatial
microscale, and g1 and g2 are dimensionless coefficients
dependent on the Reynolds number. The RMS velocity q
is defined as 〈u2

i 〉1/2 (with i = 1, 2, 3), where ui is turbu-
lent velocity component along the xi spatial direction and
the brackets denote ensemble averaging. The spectrum of
Eq. (1), which is assumed here to be a good approxima-
tion to real wavenumber energy spectra, can be viewed as
a variation of the Corrsin-Pao spectrum33,34. It is a blend
of a Von Kármán spectrum at low wavenumbers35 and
the exponential tail at high wavenumbers expressed by
Eq. (8.4.6) of Tennekes and Lumley33. This exponential
tail, which delimits the spectrum at high wavenumbers
kd = O(1/η), is a finite Reynolds number effect.
The velocity variance, which is the square of the RMS

velocity q, can also be defined in terms of Eq. (1) as

3

2
q2 =

∫ +∞

0

E(k)dk. (2)

The longitudinal integral length scale of the turbulence l
is defined as

l =
1

q2

∫ +∞

0

〈u1(x1, x2, x3)u1(x1 + r1, x2, x3)〉dr1

=
π

2q2

∫ +∞

0

E(k)

k
dk, (3)
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3

where (x1, x2, x2) is the position and r1 is a spatial lag
in the x1 direction. The dissipation rate is given by

ε = 2ν

∫ +∞

0

k2E(k)dk, (4)

where ν is the kinematic viscosity of the fluid. The in-
tegral in Eq. (4) converges appropriately, given the form
of E(k).

E(k) can be made dimensionless as E′(k′) =
E(k)/(q2l), in which case Eq. (1) can be expressed in
dimensionless form as

E′(k′) =
g2k

′4

(g1 + k′2)17/6
exp

(

−45

2
αRe−2

λ ε′−4/3k′4/3
)

,

(5)
where k′ = kl, ε′ = εl/q3 and Reλ = qλ/ν is the Tay-
lor microscale Reynolds number. Here, the definitions of
the Taylor microscale λ = (15νq2/ε)1/2, and of the Kol-
mogorov microscale, η = (ν3/ε)1/4, as well as the relation
ql/ν = (1/15)ε′Re2λ, have been used. E′(k′) is shown as
the black line in Fig. 1(a). Assuming that α and Reλ
are prescribed, Eq. (5) has three unknowns: g1, g2 and
ε′. These three quantities can be determined using the
dimensionless versions of Eqs. (2)-(4), which can be ex-
pressed as

∫ +∞

0

E′(k′)dk′ =
3

2
, (6)

∫ +∞

0

E′(k′)

k′
dk′ =

2

π
, (7)

and
∫ +∞

0

k′2E′(k′)dk′ =
1

30
Re2λε

′2. (8)

This follows the procedure outlined in Teixeira and
Belcher32. Solving Eqs. (6)-(8) using Eq. (5) requires em-
ploying a root-finding algorithm. Here, a Newton method
is used for finding the 3 roots simultaneously. The input
parameters are α (supposedly a constant), and Reλ. This
procedure allows obtaining ε′ (as well as g1 and g2) as
a function of Reλ, which is thought to be a universal
relation in homogeneous and isotropic turbulence36–38.
For the purpose of estimating fluid accelerations, a La-

grangian frequency energy spectrum φ(ω), where ω is the
frequency, is necessary. This is assumed to take the form

φ(ω) =
βε

ω2
0 + ω2

, (9)

for ω < ωd and to be zero otherwise, where β and ω0 are
coefficients to be determined. ωd is a cutoff frequency due

to viscosity and is expected to be ∝ k
2/3
d if the spectrum

has an inertial subrange33. Equation (9) is often known
as a Lorenz spectrum2,28. As shown in Fig. 1(b) (black
line), it has the advantage of approaching a constant at
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FIG. 1. (a) Wavenumber energy spectrum E(k) (Eq. (5)).
Black line: Full spectrum (kd ∼ 1/η is the viscous cutoff
wavenumber); blue line: spectrum multiplied by Eq. (24), to
take into account truncation by finite-sized particles of di-
ameter D; red line: approximation of this truncation by an
equivalent cutoff wavenumber kD ∼ 1/D. (b) Frequency en-
ergy spectrum φ(ω) (Eq. (9)) normalised by its value at ω = 0.
Black line: Full spectrum, with a viscous cutoff at frequency
ωd; red line: spectrum truncated by the particle effect, with
a cutoff frequency ωD. See text for definitions. Dotted lines
indicate important power laws.

low frequencies and decaying as ω−2 at high frequencies
(in the inertial subrange), which are features supported
both by scaling39 and observations2. Confirmation of the
ω−2 decay law has however proved to be challenging in
laboratory experiments, and especially so in numerical
simulations30,40, because of the limited extent of the in-
ertial subrange in the frequency domain. Another aspect
that has not been clarified sufficiently is how this spec-
trum decays at frequencies near the dissipation range33,
so an abrupt cutoff at ω = ωd is adopted as the best pos-
sible choice. The coefficient β is also sometimes named
‘Kolmogorov constant’ (not to be confused with α), but
it actually varies with the Reynolds number, as will be
seen. It is related to the coefficient C0 to which the
second-order structure function of the turbulent velocity
is proportional in the inertial subrange (cf. Monin and
Yaglom39, Eq. (21.30’)), satisfying β = C0/π. Two con-
straints are necessary to define β and ω0 in Eq. (9), and
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4

one additional constraint to define the cutoff frequency
ωd.

The Lagrangian frequency spectrum φ(ω) is defined
such that

q2 =

∫ +∞

0

φ(ω)dω. (10)

Note that, in this case, and in contrast with Eq. (2),
no factor of 3/2 is present. This follows the convention
defined by Tennekes and Lumley33. The Lagrangian in-
tegral time scale, on the other hand, is defined as

TL =
1

q2

∫ +∞

0

〈ui(t)ui(t+ τ)〉dτ =
π

2q2
φ(0), (11)

where t is time, τ is a time lag, the velocity in the inte-
grand of Eq. (11) is evaluated following fluid parcels, and
no summation over the index i is implied. As the viscous
cutoff wavenumber of the wavenumber energy spectrum
E(k) is of order 1/η, it is both supported by physical
reasoning and dimensional analysis28,33,41, and by labo-
ratory measurements and DNS data3,18,22, that the cutoff
frequency of φ(ω) is inversely proportional to the Kol-
mogorov temporal microscale, τη = (ν/ε)1/2, namely

ωd = a
( ε

ν

)1/2

⇒ ωdl

q
=

a√
15

ε′Reλ, (12)

where a is an adjustable dimensionless constant. Equa-
tions (10)-(12) provide sufficient constraints to entirely
define Eq. (9). However, the Lagrangian integral time
scale TL further requires a closure assumption. It
makes sense physically, and is supported by previous
studies1,3,42,43, that TL, which can be understood physi-
cally as an ‘eddy turn-over time’, is proportional to l/q,
namely

TL = C
l

q
, (13)

where C is a proportionality coefficient of O(1). Actu-
ally, C does not have to be a constant, but, like many
other parameters in turbulence theory, it is expected to
approach a constant at high Reλ. It will be empirically
assumed that

C = C∞

(

1 + γRe
−1/2
λ

)

, (14)

with C∞ and γ being adjustable constants. Although
the exact variation of C with Reλ has not been estab-
lished, it is agreed among a number of authors1,21,42 that
C decreases towards an asymptotic value C∞ as Reλ in-
creases.

From Eqs. (9), (11) and (13), it can be deduced that

β =
2

π
Cε′−1

(

ω0l

q

)2

. (15)

On the other hand, inserting Eq. (9) into Eq. (10), using
Eq. (15) and noting that φ(ω) = 0 for ω > ωd, implies
that

arctan

(

ωd1l
q

ω0l
q

)

=
π

2C

(

ω0l

q

)

−1

, (16)

where (in accordance with Eq. (12)) ωd1 = a1(ε/ν)
1/2

has been defined as the upper limit of integration in ω
for φ(ω) (with a1 being an adjustable constant of O(1)).
Equations (15)-(16) are equivalent to Eq. (2) of Lien

and D’Asaro28. Given prescribed values of C (provided
by Eq. (14)) and ωd1l/q (provided by Eq. (12) with ωd =
ωd1 and a = a1), Eq. (16) may be solved for ω0l/q using a
root-finding algorithm, the solution of which is then used
in Eq. (15) to obtain β. A relevant limit is Reλ → ∞. In

that case, since from Eq. (12), ωd1l/q = a1/
√
15ε′Reλ,

then ωd1l/q → ∞. Hence Eq. (16) simplifies to ω0l/q =
1/C∞ and Eq. (15) becomes

β =
2

πC∞

ε′−1. (17)

The flow acceleration is a key quantity in turbulent
flows, being filtered by finite-sized particles in a way that
will be analysed later. As a departure point, the accel-
eration of the fluid, or of infinitely small (tracer) parti-
cles, which behave essentially like the fluid itself, must
be considered. It is well-known (Monin and Yaglom39,
Eq. (21.51)) that the variance of the flow acceleration
scales at high Reλ as

〈a2f 〉 ∝ ε3/2ν−1/2 ∝ ε4/3η−2/3, (18)

where coefficients of proportionality of O(1) are implied.
This scaling will be confirmed and extended, not only
for high, but also for arbitrary Reλ, based on the spec-
tral approach developed here. The acceleration variance
for a velocity component can be defined in terms of the
Lagrangian frequency spectrum φ(ω) as

〈a2f 〉 =
∫ +∞

0

ω2φ(ω)dω

= βεωd2

[

1− ω0

ωd2
arctan

(

ωd2

ω0

)]

, (19)

where (9) has been used, and a cutoff frequency ωd2 6=
ωd1 (defined in accordance with Eq. (12) for ωd = ωd2 and
a = a2) has been assumed in the integral (with a2 being
an adjustable constant). It is expected that ωd2 > ωd1

(and therefore a2 > a1) due to the fact that 〈a2f 〉 (i.e. the
integral of ω2φ(ω)) receives larger contributions from the
viscous tail of spectrum (not explicitly represented) than
q2 (i.e. the integral of φ(ω)). This aspect will be dis-
cussed further in Sec. III when a1 and a2 are estimated.
Using the definition of ωd2, Eq. (19) can be rewritten as

〈a2f 〉 = a2βε
4/3η−2/3

[

1− ω0l/q

ωd2l/q
arctan

(

ωd2l/q

ω0l/q

)]

.

(20)
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5

The second term inside the square brackets in Eq. (20)
is clearly a finite Reλ effect, because it approaches zero
as Reλ → ∞ (or ωd2 → ∞), since from Eq. (12)

ωd2l/q = a2/
√

(15)ε′Reλ. This shows indeed that 〈a2f 〉
scales as described in Eq. (18). At high Reλ, using
Eq. (17), Eq. (20) reduces to

〈a2f 〉 =
2a2
πC∞

ε′−1ε4/3η−2/3. (21)

It is worth noting that, in this limit, ε′ approaches a
constant value, so the scaling of Eq. (18) remains valid.
The scaled acceleration variance a0 = 〈a2f 〉/(ε4/3η−2/3),
which is often known as the Heisenberg-Yaglom coeffi-
cient, is expected to be a universal function of Reλ for
homogeneous and isotropic turbulence.

This finishes the characterisation of the fluid flow.
Next, the motion of finite-sized neutrally-buoyant fluid
particles suspended in the flow is described.

B. Description of the particle motion

It will be considered here that the motion of finite-sized
particles is affected only by filtering of spatial scales, ne-
glecting any other effects. This is clearly a simplification,
but a meaningful one, given the leading-order importance
of this effect13. The motion of a spherical particle of di-
ameter D filters all scales of motion in the turbulence
that have wavelengths shorter than D, but it is possible
to be more specific.

Consider a sinusoidal wave of amplitude A and
wavenumber k, expressing a velocity fluctuation associ-
ated with turbulent motion in the x3 direction along the
x1 direction:

u3(x1) = A cos(kx1). (22)

In order to evaluate how the amplitude of this motion
is ‘perceived’ by a particle of diameter D, the value of
u3 around x1 = 0 must be averaged over a length D in
the x1 direction, namely the smoothed maximum of the
filtered cosine wave is given by

1

D

∫ +D/2

−D/2

A cos(kx1)dx1 =
2A

kD
sin

(

kD

2

)

, (23)

for kD ≤ 2π. This gives the amplitude of the veloc-
ity filtered by the particle. This amplitude equals the
original unfiltered amplitude A multiplied by the func-
tion 2/(kD) sin(kD/2). Since this function approaches
1 as kD → 0, particles with diameters much smaller
than 1/k do not filter the fluid motion appreciably. If
D ≥ O(1/k), however, the motion will be attenuated
substantially. Since the spectrum is proportional to the
square of the amplitude, in order to take this effect into
account, the wavenumber energy spectrum of the turbu-
lence E(k) (Eq. (1)) must be multiplied by

(

2

kD

)2

sin2
(

kD

2

)

. (24)

This is equivalent to the choice made by Lien et al.13 to
represent the effect of filtering of the energy spectrum by
buoys in their oceanic measurements (their Eqs. (5.6)-
(5.7)). Underlying these choices is the assumption that
the particles are, not only neutrally buoyant, but also
sparsely distributed, i.e. they have a small volume frac-
tion (which is the case in all of the datasets to be con-
sidered). Multiplication of Eq. (1) by Eq. (24) is equiv-
alent to the introduction of a new high-wavenumber tail
to the spectrum occurring at wavenumbers substantially
lower than 1/η, which limits the energy in the spectrum
(and other quantities, such as the dissipation rate) as
described by the particles. It will be seen later that
this filtering effect can be approximated accurately by
ignoring the multiplicative factor Eq. (24) and defining
instead an abrupt cutoff at a prescribed wavenumber
k = kD = O(1/D). Namely, the velocity variance probed
by the particles q2p = 〈u2

pi〉 (defined by analogy with q2,
where upi is the particle velocity in the i direction) is
given by

3

2
q2p =

∫ 2π/D

0

E(k)

(

2

kD

)2

sin2
(

kD

2

)

dk

≈
∫ kD

0

E(k)dk =

∫ kDl

0

E′(k′)dk′, (25)

and the dissipation rate of TKE is given by

εp = 2ν

∫ 2π/D

0

k2E(k)

(

2

kD

)2

sin2
(

kD

2

)

dk

≈ 2ν

∫ kD

0

k2E(k)dk = 2ν

∫ kDl

0

k′2E′(k′)dk′. (26)

E′(k) multiplied by (2/kD)2 sin2(kD/2) and E′(k) trun-
cated at wavenumber kD are shown as the blue and red
lines in Fig. 1(a). Equations (25) and (26) are equivalent
to Eqs. (2) and (4), but in a truncated form.
Representing the particle filtering effect in the fre-

quency domain requires establishing a relation between
frequency and wavenumber, i.e. a kind of ‘dispersion rela-
tion’. Being a nonlinear phenomenon with strong interac-
tions between different scales, turbulence does not satisfy
a dispersion relation, except in a fuzzy sense13. However,
in the inertial subrange, an approximate relation between
the frequency and wavenumber is believed to take the
form ω ∝ ε1/3k2/3 (Ref. 33). This was established using
dimensional analysis, and can be shown to be required
for consistency between the forms of the wavenumber and
frequency energy spectra, E(k) and φ(ω), in the inertial
subrange33. Note that this assumption fails when the
particle sizes either approach the integral length scale of
the turbulence l or the Kolmogorov microscale η, as those
scales fall outside the inertial subrange. Assuming that
the particles sizes fall into the inertial subrange of the
energy spectrum, and that the cutoff wavenumber due to
filtering by the particles is kD, the corresponding cutoff
frequency ωD should be given by

ωD = bε1/3k
2/3
D
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⇒ ωDl

q
=

b√
15

ε′Reλ(kDD)2/3
(

D

η

)

−2/3

,(27)

where b is a dimensionless constant of O(1). φ(ω) trun-
cated at frequency ωD is denoted by the red line in
Fig. 1(b). For the reasons explained above, kD is in-
versely proportional to D, i.e. kDD is a constant. Hence,
kDD is isolated in the second equality of Eq. (27). For
similar reasons as pointed out for ωd1 and ωd2, two differ-
ent values of this cutoff frequency ωD need to be defined
for the integrals of φ(ω) (≡ q2p) and of ω2φ(ω) (≡ 〈a2p〉),
because of the different weights that high frequencies
from the spectral tail have on these two integrals near
their upper limits. These cutoff frequencies are defined

as ωD1 = b1ε
1/3k

2/3
D (i.e. Eq. (27) for ωD = ωD1 and

b = b1) and ωD2 = b2ε
1/3k

2/3
D (i.e. Eq. (27) for ω = ωD2

and b = b2), with b2 > b1. This aspect will be discussed
further in Sec. III, when b1 and b2 are estimated.

It is now possible to define the velocity variance q2p and

the acceleration variance 〈a2p〉 associated with the particle
motion, in which the integral of the frequency spectrum
φ(ω) is only calculated up to the cutoff frequencies ωD1

and ωD2, respectively, namely:

q2p =

∫ ωD1

0

φ(ω)dω =
βε

ω0
arctan

(

ωD1

ω0

)

, (28)

and

〈a2p〉 = βεωD2

[

1− ω0

ωD2
arctan

(

ωD2

ω0

)]

. (29)

Using the definition of ωD2, Eq. (29) can be expressed in
the more convenient form:

〈a2p〉 = b2βε
4/3D−2/3(kDD)2/3

×
[

1− ω0l/q

ωD2l/q
arctan

(

ωD2l/q

ω0l/q

)]

= b2βε
4/3η−2/3(kDD)2/3

(

D

η

)

−2/3

×
[

1− ω0l/q

ωD2l/q
arctan

(

ωD2l/q

ω0l/q

)]

. (30)

Equation (30) shows that 〈a2p〉/(ε4/3η−2/3) is a function
of Reλ (primarily through ωD2l/q and β), D/η and kDD.
Since kDD is an adjustable parameter that arises due to
the adoption of the cutoff frequency, only Reλ and D/η
are physically relevant. If ωD2 ≫ ω0, the second term
inside the square brackets in Eq. (30) becomes insignifi-
cant, and that equation approaches

〈a2p〉 = b2β(kDD)2/3ε4/3D−2/3. (31)

This means that the particle acceleration variance scales
as ε4/3D−2/3, which has indeed been found in a number
of studies6,7. This supports the legitimacy of assuming
Eq. (27), and reveals a possible way of obtaining the scal-
ing of particle accelerations as a function of their diame-
ter.

The principal aim of this study is to systematically
show how filtering of the fluid motion by finite-sized par-
ticles explains the different underestimations of some key
turbulence statistics, such as the velocity variance, the
dissipation rate and acceleration variance. One possible
way to show the filtering effect of the turbulence prop-
erties by the particles is to consider the ratios of those
properties probed by the particles to their fluid counter-
parts. Using wavenumber energy spectra, E(k), the ratio
of the velocity variance of the particles to that of the fluid,
q2p/q

2, is given by the ratio of Eq. (25) to Eq. (2), and the
corresponding ratio of the dissipation rates, εp/ε, is given
by the ratio of Eq. (26) to Eq. (4). Note that the integrals
involved in these expressions must be evaluated numer-
ically. Alternatively, in the frequency domain, q2p/q

2 is
given by the ratio of Eq. (28) to Eq. (10), which can be
expressed as

q2p
q2

=
arctan

(

ωD1l/q
ω0l/q

)

arctan
(

ωd1l/q
ω0l/q

) , (32)

and the ratio of the acceleration variances, 〈a2p〉/〈a2f 〉, is
given by the ratio of Eq. (30) to Eq. (20), which can be
expressed as

〈a2p〉
〈a2f 〉

=
b2
a2

(kDD)2/3
(

D

η

)

−2/3

×
1− ω0l/q

ωD2l/q
arctan

(

ωD2l/q
ω0l/q

)

1− ω0l/q
ωd2l/q

arctan
(

ωd2l/q
ω0l/q

) . (33)

Equations (32) and (33) are only valid under the assump-
tions that ωD1 < ωd1 and ωD2 < ωd2, which ensure that
q2p/q

2 ≤ 1 and 〈a2p〉/〈a2f 〉 ≤ 1. When both Reλ ≫ 1 and

ωD2 ≫ ω0, Eq. (33) reduces to

〈a2p〉
〈a2f 〉

=
b2
a2

(kDD)2/3
(

D

η

)

−2/3

. (34)

Additionally, the definitions of q2p from E(k) or φ(ω)

(Eq. (25) or Eq. (28)), and therefore those of q2p/q
2 (ra-

tio of Eq. (25) to Eq. (2), or Eq. (32)) should, of course,
coincide.
This completes the description of the methodology.

The model summarised by Eqs. (32)-(33) will be cali-
brated next against laboratory and DNS data to deter-
mine the best-fitting constants a1, a2, b1, b2, C∞, γ and
kDD (which are initially free parameters), and then used
to estimate the filtering effects on q2, ε and 〈a2f 〉 by the
particles.

III. CALIBRATION OF THE MODEL

A. Turbulent flow statistics

A first test to the model developed in Sec. II-A is pro-
vided by how well it is able to predict the variation of
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FIG. 2. Variation of ε′ with Reλ. Symbols: data from
Fig. 4 of Djendi et al.38, predominantly for homogeneous and
isotropic turbulence, but also including data from jets and
grid-generated turbulence. Open symbols: laboratory ex-
periments; filled symbols: DNS data; line: prediction from
Eqs. (5)-(8) with α = 2.

ε′ with Reλ. Figure 2 shows this relationship, from 18
separate datasets (some resulting from laboratory exper-
iments, others from DNS, most of them for homogeneous
and isotropic turbulence) included in Fig. 4 of Djendi et
al.38 (symbols), and as predicted by the spectrum E′(k′)
of Eq. (5) subject to the constraints Eqs. (6)-(8) (line).
In Eq. (5), it was assumed that α = 2, as in Teixeira and
Belcher32, which ensures that ε′ ≈ 0.475 when Reλ → ∞,
as suggested by the data. Although there is substantial
scatter in the data, the line roughly follows the trend in
the data, increasing at low Reλ, as shown by all existing
datasets. This agreement gives some confidence in the
accuracy of E(k) in Eq. (1) as a suitable wavenumber
energy spectrum.

Figure 3 shows the variation β with Reλ from various
DNS results for homogeneous and isotropic turbulence in-
cluded in Fig. 2(c) of Barjona and da Silva30 (symbols)
and from Eqs. (14)-(16) (line), for C∞ = 0.58, γ = 5 and
a1 = 0.8. The values of β from Barjona and da Silva30

were obtained from the corresponding C0 for the veloc-
ity structure function (mentioned before), so they had to
be divided by π (see Monin and Yaglom39, Eq. (21.36)).
Assuming that C is a function of the Reynolds number,
as described by Eq. (14), turns out to be important for
being able to predict well simultaneously the variation
of β (in Fig. 3) and 〈a2f 〉 (to be shown in Fig. 4) with
Reλ. The variation of β with Reλ shows a relatively fast
increase at low values of Reλ and approach to an asymp-
totic value at high Reλ. This is quite well predicted by
the model, albeit with some underestimation at low Reλ.
From Eq. (17) and the fact that ε′ ≈ 0.475 at high Reλ,
the asymptotic limit of β as Reλ → ∞ is approximately
2.31.

Figure 4 shows the variation of the Heisenberg-Yaglom
coefficient, a0, as a function of Reλ for various datasets
and the model prediction. The latter is obtained using

0 200 400 600 800 1000 1200
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FIG. 3. Variation of β with Reλ for homogeneous and
isotropic turbulence. Symbols: DNS data from Fig. 2(c) of
Barjona and da Silva30 (symbols as similar as possible to those
used in the original figure); line: prediction from Eqs. (14)-
(16), for a1 = 0.8, C∞ = 0.58 and γ = 5.
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Volk et al. (2011)

Brown et al. (2009)

Calzavarini et al. (2009)

Voth et al. (2002)

Qureshi et al. (2007)

Homann and Bec. (2010)

 

a
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Re
�

FIG. 4. Variation of the Heisenberg-Yaglom coefficient a0 as
a function of Reλ for homogeneous and isotropic turbulence.
Black and white symbols: data from Fig. 7 of Lawson et al.26

(symbols as similar as possible to those used in the original
figure); colour symbols: data from various experimental and
DNS datasets (see legend and Table I); line: model prediction
from Eq. (20) along with Eqs. (14)-(16) and (12), for a1 = 0.8,
a2 = 2.5, C∞ = 0.58 and γ = 5.

Eq. (20), assuming C∞ = 0.58, γ = 5 and a1 = 0.8
(as previously), and a2 = 2.5. Tests made using a La-
grangian frequency spectrum φ(ω) that decays ∝ ω−4 for
ω > ωd, as in Sawford 21 (not shown) produced results
almost indistinguishable from those in Figs. 3 and 4, only
requiring the adjustment of a single constant analogous
to a1 and a2. However, this test spectrum produced less
satisfactory particle flow statistics, implying that its form
needed to be refined further, which is beyond the scope
of this study. Nevertheless, these tests show that the dif-
ferent frequency cutoffs ωd1 and ωd2 are a simplified, but
valid ad hoc representation of the high-frequency tail of
φ(ω), which is essential to be able to properly fit the data
in Figs. 3 and 4. The agreement of the theoretical predic-
tion with the collection of data from Lawson et al.26 in

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
0
8
4
6
2
2



8

TABLE I. Source of the datasets used in Figs. 4–8 for compar-
ison with and calibration of the model. In these datasets, 〈a2

p〉

is either normalized by ε4/3η−2/3 or by 〈a2
f 〉. The dataset of

Calzavarini et al16 includes two data subsets by Qureshi al.6

and Voth et al.44. The dataset of Uhlmann and Chouippe5

includes a data subset by Yeo et al.45.

Present figures Source of data Figure in source

Fig. 4 Lawson et al.26 Fig. 7

Figs. 4 and 5 Volk et al.7 Table 1; Fig. 3

Figs. 4 and 5 Brown et al.17 Fig. 2(a)

Figs. 4 and 6 Calzavarini et al16 Fig. 2

Figs. 4 and 7 Homann & Bec19 Figs. 1(b) and 2(a)

Fig. 8 Uhlmann & Chouippe5 Figs. 2 and 5

Fig. 4 is good, although the model tends to slightly over-
estimate the data. The asymptotic value of the scaled
acceleration variance for Reλ → ∞ can be shown from
Eq. (21) to be 5.78.

The values of a0 from the other datasets, to be used
in the next section (see Table 1), also follow the gen-
eral trend, but show in a few cases a noticeable depar-
ture from the theoretical prediction. Without correc-
tion, these values of a0 would lead to substantial dis-
agreement between data and the theoretical estimate of
〈a2p〉/(ε4/3η−2/3), particularly for the case of Volk et al.7

with Reλ = 590 (not shown). Given the robust trend of
the Lawson et al.26 data and the good agreement with
the model prediction, the offset values of a0 were cor-
rected by replacing them with the values predicted by
the model at the same Reλ in the rest of the paper. For
example, the value a0 = 2.8 proposed by Volk et al.7 at
Reλ = 590 (see their Table 1) was adjusted to 4.6. The
corrected values of a0 will be used in the next section to
relate 〈a2p〉/(ε4/3η−2/3) and 〈a2p〉/〈a2f 〉 in each dataset.

Note that although all theoretical predictions of the
variation of β and a0 with Reλ provided by previous
authors have been empirical fits, with the exception of
Lien and D’Asaro28 for β26,30, the present model, de-
spite being slightly less accurate than those fits, provides
a physically consistent framework for calculating both
quantities, which is new in the case of a0. Crucial to a
simultaneously good prediction of β and a0 is the value of
the coefficient a2, which defines the cutoff frequency for
the acceleration variance. As can be seen from Eqs. (17)
and (21), the limit of a0 for Reλ → ∞ differs from that
of β by the factor a2.

B. Particle motion statistics

The preceding section has calibrated the adopted tur-
bulence model for the fluid flow. The part of the model
that concerns the statistics of finite-sized neutrally-
buoyant particles suspended in the fluid is now calibrated
and tested against laboratory experiments and DNS. Al-

though all of the DNS data selected are for homoge-
neous and isotropic turbulence, the experimental data
include turbulence that may not be perfectly isotropic,
owing to the limitations of the (typically Von Kármán or
wind tunnel) experimental setups used to generate the
turbulence6,44. Voth et al.44 noted that the accelera-
tion is much less anisotropic than the velocity in these
circumstances, which is not surprising given that the ac-
celeration receives most of its contributions from higher
frequencies/wavenumbers. With this in mind, all com-
parisons of velocity variances will be made here with DNS
of homogeneous and isotropic turbulence, whereas both
experiments and DNS will be considered for comparisons
of the acceleration variance.

Figure 5 shows model predictions together with the ex-
perimental datasets of Volk et al.7 and Brown et al.17 for
the particle acceleration variance 〈a2p〉 normalised either

by the factor ε4/3η−2/3 (Fig. 5(a)) or by the fluid accel-
eration variance 〈a2f 〉 (Fig. 5(b)), at different Reynolds

numbers Reλ. In Fig. 5(a), the data from Volk et al.7

in the form 〈a2p〉/〈a2f 〉 were extracted from their Fig. 3
and rescaled by multiplying by the corrected Heisenberg-
Yaglom coefficient, a0, whereas the data of Brown et al.17

kept a similar normalization as in their original Fig. 2(a),
〈a2p〉/(ε4/3η−2/3). In Fig. 5(b), the data from Brown et

al.17 in the form 〈a2p〉/(ε4/3η−2/3) in their Fig. 2(a) were

divided by a0, whereas the data of Volk et al.7 kept a
similar normalization, 〈a2p〉/〈a2f 〉, as in their original Fig.

3. The model predictions from Eq. (30) and Eq. (33) are
shown for Reλ = 1050 (solid line) and Reλ = 396 (dashed
line), which are the upper and lower limits of Reλ consid-
ered in these datasets. In Eq. (30), the dependence on the
Reynolds number comes almost totally from β, although
a weak dependence also comes from ω0l/q. This is cor-
roborated by the fact that in Eq. (33) used in Fig. 5(b)
(where β does not appear), the dependence on Reλ is
very weak.

In Fig. 5(a), the agreement of the model predictions
with the data seems very good for a substantial range
of D/η. The turbulence model follows an approximate
asymptote ∝ (D/η)−2/3, as shown in the figure and in
agreement with Eq. (30). Once D/η decreases to values
of O(1), however (vertical dotted lines, which correspond
to ωD2 = ωd2, or equivalently D/η = (b2/a2)

3/2kDD ≈
4.55), Eqs. (30) and (33) lose their accuracy, overestimat-
ing the data, which stabilise to a constant value at low
D/η, corresponding to a0. The reason for this behaviour
is that, in the measurements, the particles are reaching
sizes that match the exponential tail of the wavenum-
ber energy spectrum E(k) (i.e. they behave like tracers),
and so the scaling of the acceleration variance shifts from
ε4/3D−2/3 to ε4/3η−2/3. The cloud of data to the right
of the vertical dotted line falls approximately between
the theoretical lines, with data for the highest Reynolds
numbers closer to the upper line and data for the low-
est Reynolds numbers closer to the lower line, as would
be expected. This gives a reassuring indication about
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FIG. 5. Variation of the particle acceleration variance 〈a2
p〉

as a function of D/η for different values of Reλ. The model
predictions are compared with six experimental datasets using
two normalisations: (a) 〈a2

p〉/(ε
4/3η−2/3), and (b) 〈a2

p〉/〈a
2
f 〉.

Symbols: data from Volk et al.7 and Brown et al.17 (see legend
for details); thick lines: predictions from Eqs. (30) and (33),
along with Eqs. (14)-(16), (12) and (27), for a1 = 0.8, a2 =
2.5, b1 = 0.84, b2 = 3.3, C∞ = 0.58, γ = 5 and kDD = 3.
Solid lines: Reλ = 1050; dashed lines: Reλ = 396. Vertical
dotted line: D/η = (b2/a2)

3/2kDD ≈ 4.55; oblique dotted

line: ∝ (D/η)−2/3.

the reliability of the a0 trend displayed by the dataset of
Lawson et al.26 and the model prediction in Fig. 4.

In Fig. 5(b), showing 〈a2p〉/〈a2f 〉, all datasets should

approach a value of 1 for D/η → 0. This is the case by
construction in the original data from Volk et al.7 and
also in the data from Brown et al.17 calculated using the
values of a0 from Fig. 4. Within the range of D/η for
which the model is expected to be valid (i.e. the region
where 〈a2p〉/〈a2f 〉 is expected to decay as (D/η)−2/3 to the

right of the vertical dotted line), the agreement between
theory and measurements is quite good, with the data
almost collapsing to a single line, as predicted.

Figure 6 shows the normalised particle acceleration
〈a2p〉/(ε4/3η−2/3) extracted from Fig. 2 of Calzavarini et

al.16 along with the model predictions from Eq. (30)
for Reλ = 75, 180 and 970. The model prediction for
Reλ = 970 matches the data subset of Voth et al.44

included in Fig. 2 of Calzavarini et al.16, whereas the
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FIG. 6. Variation of the normalised particle acceleration vari-
ance 〈a2

p〉/(ε
4/3η−2/3) as a function of D/η for different val-

ues of Reλ. Symbols: data from Calzavarini et al.16, Voth et
al.44 and Qureshi et al.6 (see legend); lines: predictions from
Eq. (30), along with Eqs. (14)-(16) and (27), for the same
input parameters as used in Fig. 5. Solid line: Reλ = 970;
dashed line: Reλ = 180; dotted line: Reλ = 75. Vertical
dotted line: D/η = (b2/a2)

3/2kDD ≈ 4.55.

other two values of Reλ match those of the DNS of
homogeneous and isotropic turbulence of Calzavarini et
al.16. The second data subset of Calzavarini et al.16 from
Qureshi et al.6 is also included in Fig. 6. It can be seen
in Fig. 6 that although the model predictions slightly
underestimate the corresponding data sets in their inter-
mediate range (by a factor of less than about 1.5), the
trend with the Reynolds number is correct, except for
the data of Qureshi et al.6, which having Reλ = 160
should be essentially at the same level as the the DNS
data from Calzavarini et al.16 at Reλ = 180, whereas the
graph shows that it is closer to the the data subset by
Voth et al.44 at Reλ = 970. The reasons for this discrep-
ancy are unclear. Another aspect worthy of note is that
in the DNS of Calzavarini et al.16 there is not a well de-
fined (D/η)−2/3 asymptotic behaviour. This is probably
a consequence of the fact that the Reynolds number is
too low, and therefore the inertial subrange in the tur-
bulence is not well developed (this problem is typically
much less acute in laboratory experiments).

In their theoretical predictions, Calzavarini et al.12,16

adopt a so-called Faxén approach, part of which con-
sists of extrapolating the behaviour of the acceleration
of tracers to finite-sized particles. Although this approx-
imation, which is based on a Taylor series expansion of
the acceleration variance around D/η = 0 (see Fig. 3
of Calzavarini et al.12), works well for the transition be-
tween the tracer and finite-size behaviour of the particles,
it naturally fails for larger particles, and is, in particu-
lar, unable to capture the (D/η)−2/3 asymptotic law that
relies on the behaviour of the particles in the inertial sub-
range.

In Fig. 7, data from DNS of homogeneous and isotropic
turbulence with Reλ = 32 from Homann and Bec19 for
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FIG. 7. Variation of the normalised particle acceleration
and velocity variance as a function of D/η for Reλ = 32,

in respectively (a) 〈a2
p〉/(ε

4/3η−2/3), and (b) (q2 − q2p)/q
2.

Symbols: data from Homann and Bec19. In (a) the line
comes from Eq. (30) and in (b) the solid and dashed lines
come from the first and second equalities of Eq. (25) with
kDD = 2.2, and the dotted line comes from Eq. (32). Equa-
tions (14)-(16), (12) and (27) are also used, along with the
same input parameters as in Fig. 5. Vertical dotted line:
D/η = (b2/a2)

3/2kDD ≈ 4.55.

〈a2p〉/(ε4/3η−2/3) and (q2 − q2p)/q
2 = 1 − q2p/q

2 (adapted
from their Figs. 2(a) and 1(b), respectively) are shown,
along with predictions from the present model. In
Fig. 7(a), the model prediction is from Eq. (30). In
Fig. 7(b) the model predictions are based on the non-
approximated wavenumber energy spectrum E(k) (first
equality of Eq. (25)), the approximated wavenumber en-
ergy spectrum (second equality of Eq. (25)), and the fre-
quency energy spectrum φ(ω) expressed by Eq. (32). In
Fig. 7(a), the trend and order of magnitude of the accel-
eration variance is reproduced, but the model now over-
estimates the data slightly (by a factor of about 1.3 at
the point where the symbols approach the line most),
and the asymptotic behaviour (D/η)−2/3 is poorly de-
fined, as would be expected for flow with such a low Reλ.
In Fig. 7(b), the calculation based on the non-truncated
wavenumber energy spectrum E(k) reproduces the vari-
ation of the velocity variance with D/η fairly well; this
is achieved less successfully, especially for low D/η, by
the calculation based on the truncated wavenumber en-
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FIG. 8. Variation of the normalised particle acceleration
and velocity variance as a function of D/η for Reλ = 58
in respectively (a) 〈a2

p〉/〈a
2
f 〉, and (b) (q2 − q2p)/q

2. Sym-

bols: data from Yeo et al.45; lines: predictions from Eqs. (33),
(25) and (32), along with Eqs. (14)-(16), (12) and (27), for
the same input parameters as in Fig. 5. Vertical dotted
line: D/η = (b2/a2)

3/2kDD ≈ 4.55. The solid line in (b)
shows q2p/q

2 obtained from the first equality of Eq. (25), the
dashed line from the second equality of Eq. (25) (both with
kDD = 2.2) and the dotted line from Eq. (32).

ergy spectrum, and Eq. (32) underestimates the data by
a factor of 2 or more. This is a consequence of the fact
that, for very low Reλ, Eq. (27) is not a particularly
good approximation. However, it will be seen that for
higher Reλ the solid, dashed and dotted lines converge,
as they should. Provided this happens, the ability of the
solid line to predict the trend of the data in Fig. 7(b) is
reassuring.

Finally, in Fig. 8 the normalised acceleration variance
and velocity variance are shown for the DNS data sub-
set of Yeo et al.45, from Figs. 5 and 2 of Uhlmann and
Chouippe5, for Reλ = 58. The agreement between the
model prediction and the DNS data for the scaled par-
ticle acceleration variance 〈a2p〉/〈a2f 〉 is clearly predicted
satisfactorily, but more interestingly the prediction for
the scaled particle velocity variance (q2 − q2p)/q

2 for this
slightly higher value of Reλ is better than in Fig. 7(b).
Both Eq. (25) with a non-truncated wavenumber energy
spectrum E(k) and with a truncated spectrum follow the
magnitude and trend of the DNS data, but Eq. (32) is
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now much closer to the data, showing its convergence
with Eq. (25) as Reλ increases.

It should be noted that the values of b1 = 0.84 and
b2 = 3.3 adopted throughout this study (see caption of
Fig. 5) rely on a good fit of both the velocity and accel-
eration variances filtered by the particles in Figs. 7 and
8, and ensure that q2p based on E(k) and φ(ω), shown
in Fig. 9a, are consistent. This amounts to extending
the spectrum of 〈a2p〉 to substantially higher frequencies

than the spectrum of q2p (as was done in Sec. IIIA for

〈a2f 〉 and q2f to account for the viscous tail of φ(ω)). The
fact that the disparity between b1 and b2 is compara-
ble to that between a1 and a2 suggests that the decay
of φ(ω) for ω > ωD is not very different from that for
ω > ωd. This highlights the limitations of Eq. (27),
namely the fact that the relation between ω and k is non-
local, and frequencies ω > ωD may receive contributions
from wavenumbers k < kD. Hence, a sharp cutoff kD in
E(k) can correspond to a smoother tail in φ(ω) beyond
ωD. A similar argument is of course applicable to the vis-
cous cutoff wavenumber kd and frequency ωd, and may
qualitatively explain the form of the tail of φ(ω) ∝ ω−4

proposed by Sawford 21 .

All of the results presented in this section support the
idea that the model developed here is suitably calibrated
and can be used to predict how turbulence statistics are
filtered by the motion of neutrally-buoyant finite-sized
particles, at sufficiently high Reynolds numbers. Those
predictions will be provided next.

IV. FILTERING OF THE PARTICLE MOTION

The way in which filtering of the turbulence energy
spectrum by the particles affects the evaluation of statis-
tics calculated based on the particle motion will next
be estimated. These statistics are the velocity variance
q2, the TKE dissipation rate ε and the acceleration vari-
ance 〈a2f 〉. ε is intrinsically defined as an integral in the

wavenumber domain, and 〈a2f 〉 as an integral in the fre-

quency domain. q2 can be expressed both as an integral
in wavenumber and in frequency, as pointed out previ-
ously. This redundancy provides a constraint for the es-
timates of this quantity, which is implicit in the calibra-
tion process presented in the preceding section, but will
become more explicit here. The accuracy of the acceler-
ation variance estimates is also ensured by the previous
calibration process. It is worth noting that, while q2p and

〈a2p〉 are measured directly from the particle motion, εp
(and ε) is typically estimated from the velocity spectrum
or structure functions compensated by inertial subrange
functionals46–48). This definition is subject to a poten-
tially smaller error than if it was given by Eq. (4), which
may be simply estimated for wavenumber k in the iner-
tial subrange using Eq. (24). However, it is still useful
to understand by how much ε is underestimated using
Eq. (4). Additionally, comparing estimates of the filter-

ing of q2 and ε by particles neatly illustrates how the
contribution of the spectral tail to each of these quan-
tities differently affects the definition of their respective
viscous cutoff wavenumbers.
Figure 9 shows q2p/q

2, εp/ε and 〈a2p〉/〈a2f 〉 as a func-
tion of Reλ for particles with different values of the ratio
of the particle diameter to the integral length scale of
the turbulence, D/l. The dependence of the results on
D/l as a measure of the finite dimensions of the parti-
cles is analysed, because, in a given experimental setup,
D/l is more likely to remain fixed as Reλ is varied than
D/η (for particles of a given size). But results could be
equally easily plotted for different D/η. In Fig. 9(a),
the results obtained from the first equality of Eq. (25)
can be considered an essentially exact calculation, if the
wavenumber energy spectrum E(k) given by Eq. (1) is
a good approximation to real spectra and if the effect
of the particles is primarily spatial filtering. The model
predictions obtained from the second equality of Eq. (25)
include a cutoff wavenumber kDD = 2.2 that is applied
everywhere in the calculation of q2p. As can be seen, this
approximation is overall quite accurate. The approxima-
tion using the frequency spectrum φ(ω), Eq. (32), is less
accurate, especially for D/l = 0.5, but becomes quite
accurate for D/l ≤ 0.2, showing that the assumption ex-
pressed by Eq. (27) is sound, as long as b1 is properly
estimated. The lower accuracy of Eq. (32) for D/l > 0.2
is because the frequency cutoff due to the particle is be-
low the lower frequency end of the inertial subrange, but
Eq. (27) is assumed to always apply perfectly. In fact, it
would be possible to obtain a perfect agreement between
the two approximations by implementing that agreement
as a constraint on the formulation of the frequency spec-
trum model, in which case b1 would become a function
of Reλ. But that approach would not add much to the
physical significance of the model, while increasing its
computational complexity.

In general terms, Fig. 9(a) shows that q2p/q
2 decreases

as D/l increases (as is intuitive) and, for each value of
D/l, decreases as Reλ increases. This is because, for a
given D/l, a higher value of Reλ corresponds to a larger
fraction of the spectrum existing to the right of the spec-
tral cutoff imposed by the particle. This can be under-
stood as follows: it can be shown using the definitions of
η and Reλ that

η

l
=

η

D

D

l
= 153/4ε′−1Re

−3/2
λ ∝ Re

−3/2
λ . (35)

So, if D/l is kept fixed, D/η increases as Reλ increases.
In the experiments of Mériaux et al.8, the adopted
neutrally-buoyant particles had a diameter D = 2.2 cm
and l ≈ 10.2 − 12.1 cm, which gives D/l ≈ 0.2, and Reλ
was estimated to vary between 292 and 418 (see their Ta-
ble 2). Figure 9(a) suggests that in that case q2p/q

2 ≈ 0.8
which implies that qp/q ≈ 0.9. So the flow RMS veloc-
ity is little underestimated, despite the fact that D is
only 5 times smaller than the integral length scale of the
turbulence.
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FIG. 9. Ratios of the (a) velocity variances q2p/q
2, (b) dissi-

pation rates εp/ε and (c) acceleration variances 〈a2
p〉/〈a

2
f 〉 ob-

tained from the particle motion to those associated with the
fluid motion, as a function of Reλ for different values of D/l.
Red lines: D/l = 0.5, blue lines: D/l = 0.2, magenta lines:
D/l = 0.1, green lines: D/l = 0.05, orange lines: D/l = 0.02,
violet lines: D/l = 0.01. Solid lines in (a) and (b): results
from the first equalities of Eqs. (25) and (26), respectively.
Dashed lines in (a) and (b): results for the second equalities
of Eqs. (25) and (26), assuming kDD = 2.2 and kDD = 2.9,
respectively. Dotted lines in (a) and solid lines in (c): results
from Eqs. (30) and (33), assuming the same input constants
as in Fig. 5. The black dotted line in (b) is ∝ Re−2

λ and that
in (c) is ∝ Re−1

λ .

In Fig. 9(b), εp/ε predicted by the first equality of
Eq. (26) can also be considered essentially exact, for
the reasons pointed out above. The second equality of
Eq. (26), with an abrupt cutoff wavenumber, assumes
that kDD = 2.9. Note that this dimensionless cutoff
wavenumber is larger than the one applied to calculate
q2p/q

2. This is a manifestation of the larger weight of the

spectrum at high wavenumbers in ε relative to q2, but
the difference is smaller than for the cutoff frequencies of
φ(ω), because the viscous tail of E(k) is exponential. The
agreement between the dissipation ratios calculated with
the smooth or abrupt cutoff wavenumbers is very good,
becoming slightly worse at the lowest values of D/l and
Reλ. The remarkable difference of Fig. 9(b) relative to
Fig. 9(a) is that εp/ε quickly attains a very small value,
of O(0.1) or even O(0.01) for common values of D/l and
Reλ. It is therefore extremely difficult to estimate ε ac-
curately from its primary definition using the particle
motions, unless these particles are essentially tracers or
the Reynolds number is very low. Since D, and therefore
kD, are related to l by fixed factors, the dependence of
εp/ε on Reλ is due essentially to the dependence of ε on
Reλ, which, from integration of Eq. (26) is of the type

ε ∝ k
4/3
d ∝ Re2λ, leading to an asymptotic dependence

εp/ε ∝ Re−2
λ (black dotted line in the graph). Physi-

cally, this can be interpreted as being due to the fact
that as Reλ increases the turbulence contains smaller and
smaller eddies, which are unreachable by finite-sized par-
ticles.

Figure 9(c) shows the dependence of 〈a2p〉/〈a2f 〉 pre-

dicted by Eq. (33). In this case no alternative result is
available for comparison, but the calibration carried out
in the preceding section should ensure reliability of this
result. 〈a2p〉/〈a2f 〉 increases as D/l decreases, as would
be expected, and decreases also with Re, in a way that
looks qualitatively similar to that for εp/ε in Fig. 9(b),
but the variation with Reλ is weaker. The points where
the lines reach 〈a2p〉/〈a2f 〉 = 1 correspond to ωD2 = ωd2,

i.e. the vertical lines in Figs. 5-8. As happened for εp/ε
in Fig. 9(b), the dependence of 〈a2p〉/〈a2f 〉 with Reλ is

mostly due to 〈a2f 〉 ∝ ωd2 ∝ Reλ (from Eq. (19)), so

that 〈a2p〉/〈a2f 〉 ∝ Re−1
λ (black dotted line in the graph).

These asymptotic dependences of εp/ε and 〈a2p〉/〈a2f 〉 on
Reλ result from the general form of the turbulence spec-
tra in the inertial subrange, so they are quite robust,
being independent of the details of the present model.
Clearly, the acceleration variance is not as attenuated by
the particles as the dissipation rate, but 〈a2p〉 can still

easily reach 10% of 〈a2f 〉 for fairly typical values of D/l
and Reλ. For example, in the experiments of Mériaux
et al.8 (D/l = 0.2 and Reλ ≈ 292 − 418), the ratio of
the acceleration variance from the particles to that from
the flow is 〈a2p〉/〈a2f 〉 ≈ 0.15 (corresponding to a ratio

of the RMS accelerations 〈a2p〉1/2/〈a2f 〉1/2 ≈ 0.4), which
is a much larger underestimation than for the velocity
variance.
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V. CONCLUSIONS

A model has been developed in this paper to evaluate
the filtering effect of finite-sized neutrally-buoyant parti-
cles suspended in turbulence on statistical properties of
the flow, namely the velocity and acceleration variances
and the TKE dissipation rate, as obtained from the mo-
tion of the particles. The model uses the computationally
inexpensive approach of representing this effect as a spa-
tial filtering of the turbulent motion, where contributions
to the turbulence spectrum coming from scales smaller
than the size of the particles are suppressed, whereas
those larger are retained. This entails adopting analytical
energy spectra of the turbulence in both the wavenum-
ber and frequency domains, which are related through
a closure assumption. Hence, it is possible to calculate
statistics both of the turbulent motion and of the motion
of the particles, which are benchmarked against exper-
imental and DNS data from 10 studies, for a range of
Reynolds numbers. Through this procedure, the pro-
posed model is validated before it is used to evaluate the
particle filtering effect. The turbulence is assumed to
be homogeneous and isotropic. The adopted wavenum-
ber energy spectrum E(k) is the Corrsin-Pao spectrum,
possessing an inertial subrange and a smooth viscous cut-
off. The adopted Lagrangian frequency spectrum φ(ω) is
a Lorenz spectrum, approaching a constant at low fre-
quencies, and having an inertial subrange that decays as
the inverse of the square of the frequency. For lack of a
better widely-accepted choice, and also for mathematical
simplicity, its viscous cutoff is assumed to be abrupt.

The model shows a variation of the dimensionless dissi-
pation rate ε′ with the Taylor microscale Reynolds num-
ber Reλ that is in good agreement with a number of
datasets, most of them for isotropic turbulence. The
variations of the coefficient to which φ(ω) is propor-
tional β (sometimes called the Kolmogorov constant, not
to be confused with the Kolmogorov constant α) and
of the acceleration variance 〈a2f 〉 with Reλ also show
good agreement with the most recent and comprehensive
datasets. In particular, β approaches a constant ≈ 2.31
and 〈a2f 〉 ∼ ε4/3η−2/3 when Reλ → ∞, the latter being
a well-known statistical property of turbulent flows. The
values of a0 = 〈a2f 〉/(ε4/3η−2/3) from some of the datasets
used in the calibration and testing of the present model
depart somewhat from the robust trend with Reλ found
by Lawson et al.26 and reproduced by the model in Fig. 4.
In those cases, a correction to a0 consistent with the tur-
bulence model was found to substantially improve the
agreement of the data with the particle motion statis-
tics.

The model requires defining a number of adjustable
coefficients, all of which appear in physically consis-
tent definitions and take plausible values (being of O(1)
when they are constants of proportionality in definitions
based on dimensional analysis). Their best fitted val-
ues were determined to be: α = 2, C∞ = 0.58, γ = 5,
a1 = 0.8, a2 = 2.5, b1 = 0.84, b2 = 3.3 and (in the fre-

quency energy spectrum) kDD = 3. These coefficients
define the calibration of the model used for quantifying
the filtering of the turbulence statistics by the particles.
This calibration is carried out via a number of compar-
isons of the filtered acceleration variance 〈a2p〉 and ve-

locity variance q2p of the particles with laboratory and
DNS data. In these comparisons, a relationship between
the frequency and the wavenumber, approximately valid
in the inertial subrange, allows expressing the spatial
filtering inherent to the particles in the frequency do-
main. This relationship, in conjunction with the model
for 〈a2p〉 based on the frequency spectrum φ(ω), enables
deriving a scaling of the filtered acceleration variance as
Reλ → ∞, 〈a2p〉 ∼ ε4/3D−2/3, which is supported by pre-
vious studies. The relation between the frequency and
the wavenumber ensures that q2p, either calculated from
the wavenumber spectrum E(k) or the frequency spec-
trum φ(ω), are compatible. This constraint is not en-
forced exactly in the present model, but it is satisfied
to a very good approximation for D/l ≤ 0.2 and suffi-
ciently high values of Reλ (as shown in Fig. 9). That is
because, at high Reλ, a well-developed inertial subrange
exists in the turbulence spectrum, and hence the parti-
cles have a size that falls into this inertial subrange, where
the relation between the frequency and the wavenumber,
mentioned above, applies. These conditions are satisfied
particularly well in laboratory experiments, where Reλ
is often large, say Reλ ≈ 500 − 1000. The model fails
when the size of the particles approaches a scale corre-
sponding to the peak of the wavenumber spectrum E(k)
(i.e. approximately the integral length scale of the turbu-
lence) or the Kolmogorov microscale η. In the latter case,
the particles reach the dissipation range in the spectrum,
so there is essentially no attenuation of the turbulence
statistics. The fact that the adjusted constants a1 and
b1, defining the high-frequency cutoffs of the energy spec-
trum of the fluid and particles, differ considerably from
a2 and b2, defining the corresponding acceleration spec-
trum cutoffs, suggests that both the viscous tail of the
frequency spectrum and the tail produced by truncation
of the spectrum by particle filtering are not very steep,
probably having an algebraic, rather than an exponential
decay.

The model shows that, for a given particle diameter D
and Reynolds number Reλ, the velocity variance probed
by the particles q2p underestimates much less the fluid

velocity variance in the turbulence q2 than the probed
acceleration variance 〈a2p〉 underestimates the true ac-

celeration variance 〈a2f 〉, and even less than the probed
dissipation rate εp underestimates the true dissipation
ε (if these quantities are evaluated based on their pri-
mary definitions). This is because 〈a2p〉 and εp receive
larger contributions from high wavenumbers/frequencies
in the spectrum (which are those truncated by the parti-
cle motion) than q2p does. When keepingD/l fixed, q2p/q

2,

εp/ε and 〈a2p〉/〈a2f 〉 all decrease as Reλ increases, be-
cause the fraction of the energy spectrum existing above
the cutoff wavenumber/frequency imposed by the parti-
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cles becomes progressively larger. In particular, it can
be shown that for sufficiently high Reλ, εp/ε ∝ Re−2

λ

and 〈a2p〉/〈a2f 〉 ∝ Re−1
λ . It was found that, for the con-

ditions considered in Mériaux et al.8 (D/l = 0.2 and
Reλ = 292 − 418), q2p/q

2 ≈ 0.8 (or qp/q ≈ 0.9) and

〈a2p〉/〈a2f 〉 ≈ 0.15 (or 〈a2p〉1/2/〈a2f 〉1/2 ≈ 0.4). In other
words, although quite large particles severely underesti-
mate the acceleration magnitude in the turbulence, they
typically underestimate the RMS velocity only slightly.

These effects have been illustrated by previous authors
for specific cases, but the present study provides a frame-
work to evaluate them systematically, helping to spec-
ify the conditions under which finite-sized particles may
be considered equivalent to tracers for the purpose of
estimating different turbulence statistics. The concept
of using finite-sized particles for probing some carefully-
chosen turbulence properties contrasts with usual prac-
tice and opens up new possibilities. Since it is possi-
ble to derive spatial structure functions using pairs of
finite-sized particles8, as long as the particles fall within
the inertial subrange of turbulence, the error affecting
these statistics is comparable to that affecting the ve-
locity variance. Therefore, in the context of laboratory
experiments, the energy dissipation rate could be esti-
mated without too much error via the velocity structure
functions without resorting to tracers (which require a
specific laboratory setup of particle image velocimetry
(PIV) based on laser), but using instead a few finite-sized
neutrally buoyant particles tracked by a simple camera.
Additionally, the fact that the turbulent flow model un-
derlying the particle filtering model predicts with good
accuracy various statistics of the turbulent flow itself for
an even wider range of Reynolds numbers suggests that
it might also be useful for more general purposes.
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