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Abstract
In this note, we prove a Paley–Wiener Theorem for the Mehler–Fock transform. In
particular, we show that it induces an isometric isomorphism from the Hardy space
H2(C+) onto L2(R+, (2π)−1t sinh(π t) dt). The proof we provide here is very simple
and is based on an old idea that seems to be due to G. R. Hardy. As a consequence of
this Paley–Wiener theorem we also prove a Parseval’s theorem. In the course of the
proof, we find a formula for the Mehler–Fock transform of some particular functions.
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1 Introduction

Given a measurable function f : [1,∞) → C, its Mehler–Fock transform is defined
by

f̂ (t) = P f (t) =
∫ ∞

1
f (x)Pit−1/2(x) dx, t ≥ 0,

whenever the integral exists. Here Pν is the Legendre function of the first kind of order
ν. A sufficient condition for the integral above to exist is that f (x)/

√
x belongs to

L1[1,∞), see [2, p.108]. Under suitable conditions, the Mehler–Fock transform has
an inverse. For instance, if

√
t f̂ (t) is in L1(R+), then

f (x) = P−1 f̂ (x) =
∫ ∞

0
t tanh(π t)Pit−1/2(x) f̂ (t) dt, x ≥ 1,

see [2, Thm. 1.9.53]. There is an extensive development of the properties of theMehler–
Fock transform, see for instance [2], where further references can be found. It is also
well known that theMehler–Fock transform has applications inMathematical Physics,
where it is used to solve Dirichlet problems on the sphere and conical surfaces, see
the book by Lebedev [5].

Let C+ = {z = x + iy ∈ C : x > 0}. The Hardy space H2(C+) consists of those
analytic functions on C

+ for which the norm

‖ f ‖2H2(C+)
= sup

x>0

1

2π

∫
R

| f (x + iy)|2dy

is finite. It is well known that the functions in H2(C+) have boundary values almost
everywhere, see [7], and indeedH2(C+) is a Hilbert space. In fact, the norm is given
by

‖ f ‖2H2(C+)
= 1

2π

∫
R

| f (iy)|2 dy.

One of the main interests when dealing with an integral transform is Parseval’s
theorem in the Hilbert space setting, see for instance [7], in which it is proved
that the Fourier transform is an isometric isomorphism from L2(R, dx/

√
2π) onto

itself. In the same vein, the Mehler–Fock transform is an isometric isomorphism from
L2([1,∞), dx) onto L2(R+, t tanh(π t) dt), see [1, Thm. 1.9.54] for instance.

Next we have Paley–Wiener theorems. For instance, the Fourier transform is an
isometric isomorphism betweenH2(iC+) and L2(R+, dt/

√
2π), see [7, Thm. 19.2].

Paley–Wiener theorem versions for the Fourier transform for weighted Bergman
spaces and weighted Dirichlet spaces can be found in [1]. In this note, we will
prove a Paley–Wiener Theorem for the Mehler–Fock transform, whose statement
is similar to the one for the Fourier transform. In particular, we will show that the
Mehler–Fock transform P defines an isometric isomorphism from H2(C+) onto
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L2(R+, (2π)−1t sinh t dt). The idea of the proof, as in [1], is based on the fact that
if a linear map takes a complete orthogonal system onto another complete orthogonal
system, then the map extends to an isometric isomorphism. This idea seems to be due
to G. R. Hardy, but we have been unable to find a precise reference.

2 Main Theorem

In this section,wewill prove the followingPaley–Wiener theorem for theMehler–Fock
transform.

Theorem 2.1 The Mehler–Fock transformP extends to an isometric isomorphism from
H2(C+) onto

L2(R+, (2π)−1t sinh(π t) dt).

Indeed, for f ∈ H(C+), we have

∫ ∞

0
|P f (t)|2t sinh(π t) dt = sup

x>0

∫ ∞

−∞
| f (x + iy)|2 dy.

What Theorem 2.1 states is different from Parseval’s theorem for the Mehler–Fock
transform stated in the introduction. It claims that for functions in L2([1,∞), dx) that
extend to functions inH2(C+), then it is again an isometric isomorphism too, but with
different norms, see also Corollary 2.5 in this connection.

Remark As a consequence of Theorem 2.1, for f ∈ L2(R+, (2π)−1t sinh(π t)), the
inverse Mehler–Fock transform

P−1 f (z) =
∫ ∞

0
t tanh(π t)Pit−1/2(z) dt, z ∈ C

+,

is well defined and belongs toH2(C+).

2.1 The Hardy Space of the Unit DiskD

To prove Theorem 2.1, we need to deal with the Hardy space of the unit disk D of the
complex plane. Recall that the Hardy space H2(D) is the space of functions

f (z) =
∞∑

n=0

anzn

analytic on D for which the norm

‖ f ‖2H2(D)
=

∞∑
n=0

|an|2

123



A. Montes-Rodríguez, J. Virtanen

is finite. It is obvious that H2(D) is a Hilbert space. It is also well known that the
functions in the Hardy space have boundary values almost everywhere, see [7] for
instance; in fact, the norm above has the integral representation

‖ f ‖2H2(D)
= 1

2π

∫ π

−π

| f (eiθ )|2 dθ = 1

2π

∫
|z|=1

| f (z)|2|dz|.

We recall that, given two functions f (z) = ∑∞
n=0 anzn and g(z) = ∑∞

n=0 bnzn , their
inner product is defined by

〈 f , g〉H2(D) =
∞∑

n=0

anb̄n = 1

2π

∫ π

−π

f (eiθ )g(eiθ ) dθ = 1

2π

∫
|z|=1

f (z)g(z) |dz|.

In addition, the Gelfand transform

(G f )(w) = 2

w + 1
f

(
w − 1

w + 1

)

is an isometric isomorphism fromH2(D) onto H2(C+), see [3, p. 106].

2.2 The Legendre Function as Hypergeometric Functions

Given complex parameters a, b, c, where c 
= −1,−2, . . ., the hypergeometric func-
tion 2F1(a, b; c, z) is defined by

2F1(a, b; c, z) =
∞∑

n=0

�(a + n)�(b + n)�(c)

�(a)�(b)�(c + n)n! zn,

see [6]. Consider now

fν(z) = (1 − z)ν−1
2F1(ν, ν − 1; 1; z).

The Legendre functions are related to the above hypergeometric function. Using Kum-
mer’s first formula, see [6, Thm. 20,p. 60], and the definition of the Legendre functions,
see [5, p. 165], we have

fν(z) = 1

1 − z
2F1

(
ν, 1 − ν, 1; z

z − 1

)
= 1

1 − z
P−ν

(
1 + z

1 − z

)
. (2.1)

Since Pν = P−ν−1, see [5, p. 167], for ν = i t + 1/2, t ≥ 0, we have P−i t−1/2 =
Pit+1/2−1 = Pit−1/2. Therefore, it follows from (2.1) that

fi t+1/2(z) = 1

1 − z
Pit−1/2

(
1 + z

1 − z

)
. (2.2)

123



A Paley–Wiener Theorem for the Mehler–Fock Transform

2.3 An Integral Representation for the Legendre Function

What follows relies on the formula

Pit−1/2(y) = cosh(π t)

π

∫ ∞

1

Pit−1/2(x)

x + y
dx, for y ≥ 1, (2.3)

see [5, p. 202, Ex. 12].
For each z ∈ D, we set

ϕz(x) = 1

x(1 − z) + 1 + z
, for x ≥ 1.

Weare now ready to state the connection between the functions fi t+1/2 and theMehler–
Fock transform.

Theorem 2.2 For ν = i t + 1/2, t ≥ 0, we have the the following representation via
the Mehler–Fock transform

fit+1/2(z) = cosh(π t)

π
Pϕz(t), z ∈ D.

Proof First of all, for each z ∈ D, we have |ϕz(x)| = O(x−1) as x → +∞ and of
course ϕz(x) is locally integrable on [1,∞). Thus Pϕz is a well defined function.

Next assume that 0 ≤ z < 1. Then (1 + z)/(1 − z) ≥ 1. Thus using (2.2) in the
first equality below and (2.3) in the second, we find that

fi t+1/2(z) = 1

1 − z
Pit−1/2

(
1 + z

1 − z

)

= 1

1 − z

cosh(π t)

π

∫ ∞

1

Pit−1/2(x)

x + 1+z
1−z

dx

= cosh(π t)

π

∫ ∞

1

Pit−1/2(x)

x(1 − z) + 1 + z
dx .

Since both sides are analytic functions of z on D, by the identity principle, it follows
that the equality above holds true for each z ∈ D. The proof is complete. �

2.4 The Continuous Dual Hahn Polynomials and an Isometric Isomorphism

The functions fi t+1/2, t ≥ 0, are the key in the development that follows. The point
is that these function are the generating functions of the continuous dual Hahn poly-
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nomials see [4, (9.3.12) p. 199], that is,

fi t+1/2(z) = (1 − z)−1/2+i t
2F1

(
1

2
+ i t,

1

2
+ i t; 1; z

)

=
∞∑

n=0

Sn
(
t2, 1

2 ,
1
2 ,

1
2

)
(n!)2 zn,

where Sn(t2) = Sn(t2, 1/2, 1/2, 1/2) are the continuous dual Hahn polynomials
with parameters 1/2, 1/2, 1/2. Using the facts that |�(i x)|2 = π/(x sinh(πx)) and
|�(1/2 + i x)|2 = π/ cosh(πx) for x real, we see that these polynomials satisfy the
following orthogonal relations, see [3, (9.3.2) on p. 196],

∫ ∞

0
Sn(t2)Sm(t2)

2π t tanh(π t)

cosh(π t)
dt = (n!)4δnm, (2.4)

where δnm = 1 if n = m and 0 otherwise. It is well known that the polynomials Sn(t2)
form a complete orthogonal system for

L2(R+, w(t) dt),

where w(t) = 2π tanh(π t)/ cosh(π t).
Consider the map � defined on H2(D) by

(� f )(t) = 〈 f , fi t+1/2〉H2(D) = 1

2π

∫ π

−π

f (eiθ ) fi t+1/2(eiθ ) dθ. (2.5)

It is not difficult to see that the Taylor coefficients of f1/2+i t behave asymptotically
as O(n−1/2), if t 
= 0, and as O(n−1/2 ln(n)) if t = 0. Therefore, fi t+1/2 is not in
H2(D). Thus, in principle � is not well defined for general f ∈ H2(D). However, we
have the following theorem.

Theorem 2.3 The map � defines an isometric isomorphism between H2(D) and
L2(R+, w(t) dt). In particular, for each f ∈ H2(D), the function � f is well defined
almost everywhere with respect to w(t) dt.

Proof Consider un(z) = zn , n ≥ 0, which form a complete orthonormal system of
H2(D). Then by definition of �, see (2.5), we have

(�un)(t) = Sn(t2)

(n!)2

and because of (2.4), we find that

‖�un‖L2(R+,w dt) = 1 = ‖un‖H2(D).
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The result now follows from the linearity of � and the fact that � takes the com-
plete orthonormal system {un} of H2(D) onto a complete orthonormal system of
L2(R+, w dt). In particular, for each f ∈ H2(D), the function � f is defined almost
everywhere with respect to w(t) dt . The proof is complete. �

2.5 Proof of Theorem 2.1

Proof Let f ∈ H(C+) such that g = G−1 f ∈ H2(D) is of integrable modulus on the
unit circle. Having in mind that Pit−1/2(x) is real for x ≥ 1 and t ≥ 0, using Fubini’s
Theorem in the fourth equality below and Theorem 2.3 in the sixth equality below, we
have

(P f )(t) = (PGg)(t)

=
∫ ∞

1
Pit−1/2(x)

2

x + 1
g

(
x − 1

x + 1

)
dx

= 2
∫ ∞

1
Pit−1/2(x)

1

2π

∫
|z|=1

g(z)

1 + x − (x − 1)z̄
|dz|dx

= 1

π

∫
|z|=1

g(z)
∫ ∞

1

Pit−1/2(x)

1 + x − (x − 1)z
dx |dz|

= 2 〈g, (Pϕz)(t)〉H2(D)

= 2

〈
g,

π

cosh(π t)
fi t+1/2

〉
H2(D)

= 2π

cosh(π t)
〈g, fi t+1/2〉H2(D).

Therefore, a standard density argument shows that P = 2Mϕ�G−1. Since

2Mϕ : L2(R+, w(t)dt) �→ L2(R+, (2π)−1t sinh(π t) dt)

is an isometric isomorphism, we obtain the statement of the theorem. The proof is
complete. �
Remark 1 For f ∈ H2(C+), one must compute in the following way

P f (t) = lim
b→∞

∫ b

1
f (x)Pit−1/2(x) dx,

which is only defined almost everywhere with respect to (2π)−1t sinh(π t) dt .

Remark 2 The proof of Theorem 2.1 shows that the following identity is true

∫ ∞

1

1

1 + x

(
1 − x

1 + x

)n

Pit−1/2(x) dx = 2π

cosh(π t)
Sn

(
1

2
,
1

2
,
1

2
, t2

)
, t ≥ 0.
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We have been unable to find the preceding formula in any table of Mehler–Fock
transforms.

The next corollary provides an alternative formula for the Mehler–Fock transform
of a function in H2(C+).

Corollary 2.4 If f ∈ H2(C+), then

∫ ∞

1
f (x)Pit−1/2(x) dx = 1

cosh(π t)

∫
R

f (i x)Pit−1/2(i x) dx .

Proof We take g = G−1 f ∈ H2(D). Then the definition of � and moving to the
right-half plane yields

�g(t) = 1

2π

∫
|z|=1

g(z)

(
1

1 − z
Pit−1/2

(
1 + z

1 − z

))
|dz|

= 1

2π

∫ ∞

−∞
f (iy)Pit−1/2(iy) dy,

which alongwith the fact thatP = 2Mϕ�G−1 proves the result. The proof is complete.
�

Consider now the Hilbert space H2
(D) consisting of the conjugate functions of

H2(D) and letH2
0(D) = zH2(D) and H2

0(D) = z̄H2(D). Then

L2(R, dx/2π) = H2
0(D) ⊕ [1] ⊕ H2

0(D).

In this way, it is possible to go to the right half plane and easily prove a Parseval
theorem for L2(iR).
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