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Abstract. In this paper a method is suggested for the calculation of the friction velocity for stable 

turbulent boundary-layer flow over hills. The method is tested using a continuous upstream mean 

velocity profile compatible with the propagation of gravity waves, and is incorporated into the 

linear model of Hunt, Leibovich and Richards with the modification proposed by Hunt, Richards 

and Brighton to include the effects of stability, and the reformulated solution of Weng for the near-

surface region. Those theoretical results are compared with results from simulations using a non-

hydrostatic micro-mesoscale two-dimensional numerical model, and with field observations for 

different values of stability. These comparisons show a considerable improvement in the behaviour 

of the theoretical model when the friction velocity is calculated using the method proposed here, 

leading to a consistent variation of the boundary layer structure with stability, and better agreement 

with observational and numerical data.  
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1. Introduction 
Most studies of turbulent boundary layer flow over complex terrain consider 

nearly unstratified conditions. Indeed, the description of the turbulent boundary 

layer (BL), using either numerical or theoretical models, becomes more difficult 

with increasing stability, not only because of the growing importance of nonlinear 

effects, but also because of the changes in the boundary layer structure and its 

interaction with the terrain. Such changes must be carefully taken into account in 

the calculation of the parameters that characterize the turbulent BL. 

One of the first theoretical BL models of flow over hills was developed by 

Jackson and Hunt (1975) and subsequently improved by Hunt et al. (1988a) 

(HLR). Hunt et al. (1988b) (HRB) incorporated a modification in the HLR model 

to take into account the effects of stratification. Belcher et al. (1993), using an 

approach similar to that of HLR, determined the form drag exerted on hills, and 

Belcher and Wood (1996) included the effect of stratification in the calculation of 

that quantity. Weng (1989), after performing a comparison with observations, 

found that the HLR solution overpredicts the velocity perturbation, especially near 

the surface, and suggested a modification that corrected this problem. On the other 

hand, to allow for the propagation of gravity waves outside the BL, Weng et al. 

(1997) proposed a new continuous wind profile as an alternative to the standard 

log-linear profile based on Monin-Obukhov (M-O) similarity theory.  

Many studies have been dedicated to the determination of the vertical flux-

profile relationships in the BL, e.g., Businger et al. (1971), Dyer (1974), 

Högström (1996) and Yagüe et al. (2006). Barker and Baxter (1975) derived 

formulas for the surface layer fluxes that can be applied as lower boundary 

conditions in BL models and Louis (1979) developed a parametric model for the 

representation of the vertical eddy fluxes in atmospheric models. Klug (1967) 

used the integrated form of the KEYPS profiles (Paulson 1970) to derive 

expressions for the friction velocity and the vertical heat flux, and Ting and Hay 

(1975), based on the free convection wind and temperature profiles, improved 

Klug’s prediction. Weber (1999), by means of wind measurements, compared the 

friction velocities resulting from different definitions, and Akylas et al. (2003) 

studied the concept of a minimum friction velocity.  

In his theoretical calculations, Weng (1997) employed a friction velocity 

independent of the atmospheric stability. On the other hand, his plots of the flow 

speed-up as a function of the Monin-Obukhov length using his continuous 

velocity profile display a jump at low stability values that is not conveniently 

explained. In the present study, these seemingly unconnected aspects are related, 

and a simple method is suggested for estimating the friction velocity, which 

corrects this problem. Theoretical predictions are produced using linear theory, 

i.e. the HLR model, combined with the modifications of HRB, Weng (1989) and 

Weng et al. (1997). Numerical simulations are carried out using the non-

hydrostatic, two-dimensional model FLEX, developed by Argain (2003). The 

theoretical model is applied in two cases, where: a) the friction velocity is kept 

constant, and b) the friction velocity is calculated for each stability regime, 

employing the method proposed here. The performance of the theoretical model is 

evaluated by comparison with the numerical model, and with field data reported 

by Coppin et al. (1994).  

This paper is organized as follows: in section 2 the theoretical model of flow 

over hills is briefly reviewed, and in section 3 the method proposed for estimating 
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the friction velocity is described. In sections 4 and 5 we give a brief description of 

the numerical model and of the experimental data. Section 6 contains a 

presentation and discussion of the results and in section 7 the main conclusions 

are summarized. 

 

2. Theoretical model 
The M-O similarity theory predicts that the non-dimensional vertical gradients of 

mean velocity U(z), and mean potential temperature 
θ
(z) are universal functions of 

height normalized by a length scale Lmo, in the form  
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Using the formula proposed by Dyer (1974) for stable conditions (z/Lmo>0) 
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Equations 1 and 2 can be integrated from the roughness height z0 to the height 

z+z0, to obtain 

  







+








++=

moL

z

z

z
z β

κ
θθθ 1ln)(

0

*
0

, (4) 

  







+








+=

moL

z

z

zu
zU β

κ
1ln)(

0

* , (5) 

where κ  is the von Kármán constant (κ =0.41), β is a constant (β=5 in Dyer 1974) 
and θ 0 is the potential temperature at the roughness height z0. Note that Eq. 3 
should not be used for z/Lmo>1 (Yagüe et al. 2006). The scaling velocity u∗  (the 

friction velocity) and temperature θ *  are defined from the vertical eddy fluxes of 
momentum and sensible heat, as 

0
* ''uwu =  and ( ) *0* /'' uwθθ −=  (u∗ and θ∗ are 

fundamental scaling parameters of this similarity theory). The quantity Lmo 

represents the M-O length scale, which is defined as 
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In the HLR model, the flow field is divided into different regions according to 

different flow dynamics: in an inner region, of depth hi, the acceleration, pressure 

gradient force and divergence of the turbulent momentum flux make comparable 

contributions to the streamwise momentum balance. In a middle region, of depth 

hm, defined by (hi<z<hm), it is assumed that the flow is inviscid but rotational, and 

in an outer region (z>hm) the flow is considered both inviscid and irrotational. The 

linearized HLR model connects the variables of each region using the method of 

matched asymptotic expansions, providing a complete description of the flow 

field.  
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According to HLR and Hunt and Richards (1984), the implicit equation for 

estimating hi in the stability-modified inner region is  

  LuhUh ii

22/)( κ=∗ , (7) 

where U(hi) is the upstream velocity evaluated in z=hi and L is the characteristic 

horizontal length scale (defined as the distance from the crest of the hill to the 

upstream point where the elevation is half of the maximum height, h0). In the 

inviscid regions, the flow behaviour is described by Scorer’s equation which, for 

two-dimensional flow, has the following form  
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In this equation, W′ represents the vertical velocity perturbation and N is the 
Brunt-Väisälä frequency, defined as 

  
z
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According to HLR, the middle layer is defined as the lower part of the outer 

region where the term involving the curvature of the velocity profile, U
-

1
(d
2
U/dz

2
)W′, balances the second derivative term d2W′/dz2. However, Weng 

(1997) showed that, as the flow becomes more stable, the buoyancy term, 

(N
2
/U
2
)W’, should also be taken into account in the determination of the middle 

layer height, hm. Thus, this author proposed a more general expression for the 

estimation of hm, namely: 

  ( )22221 )(/)(/)()( mmmm hUhNLdzhUdhU += −− . (10) 

In their paper about stable stratification effects on form and wave drag, Belcher 

and Wood (1996) showed that the height where buoyancy destruction and shear 

production of turbulent kinetic energy (E) have comparable magnitude is much 

higher than the inner layer depth (when hi/Lmo <<1), so the flow perturbations in 

the inner region are formally the same as for the equations that govern neutral 

flow. So, even though the length scales and velocity profiles are different in the 

inner region, the HLR solution in stable and neutral flow has the same form. The 

solutions for the various layers are obtained and asymptotically matched in 

Fourier space. According to HLR, the streamwise velocity perturbation in wave 

number domain is given by 
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where k is the horizontal wave number and 
sp '

~  represents
 
the Fourier

 
transform of 

the pressure perturbation at the surface. In the HLR model the perturbation 

pressure field, p′s, is determined by the solution in the outer layer and is 
normalized by ρU2(hm). The HLR model is valid for orographies whose ratio h0/L 
is approximately less than 0.3. In order to take the effects of the stratification into 

account, the pressure 
sp '

~  is calculated here according to the modifications 

proposed by HRB. 
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2.1. Flow speed-up 

The ratio of the wind perturbation (u′(x,z)=u(x,z)-U(z)) to the mean wind at a point 
far upstream, at a fixed height z, is called the fractional speed-up ratio (∆S) and 
can be written as 

  
)(
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zxu
zxS =∆ . (12) 

Calculating the inverse Fourier transform of Eq. 11, ∆S is obtained for the inner 
region as 
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where ζ(x,z0) is a function of order one that depends on the shape of the hill, 
surface roughness and stratification. In an analogous way, in the middle layer ∆S 
can be expressed as (Coppin et al. 1994) 
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where, again, the function ξ(x) is of order one and takes into account the shape of 
the hill. Since in the middle layer z>hi and U(z)>U(hi) for the M-O velocity profile 

of Eq. 5, comparison of Eqs. 13 and 14 reveals that ∆S in the inner layer is larger 
than in the middle layer. 

Weng (1989) found that the HLR solution, given by Eq. 11, overpredicts field 

observations, particularly near the surface, and proposed to replace the complex 

function ϕ(k,z,z0,hi,L) in Eq. 11 by a new function ψ(k,z,z0,hi,L). This new 
function ensures that u′(x,z)→0 as z→0 and that, as in the HLR solution, u′(x,z) 
matches with the middle layer solution as z increases. Weng (1989) validated this 

modified solution against observations from the Askervein Hill Project reported 

by Taylor and Teunissen (1985) (which has been used as a test case for numerous 

authors – see, for example, Lopes et al. 2007) and obtained significant 

improvement by comparison with the original HLR model. 

 

3. Estimation of the friction velocity 
The wind profile given by Eq. 5 should not be used in simulations of the 

propagation of internal gravity waves because U(z) grows indefinitely as z→∞. If 
Frh, the horizontal Froude number, is defined as Frh=U∞k/N∞, where k represents 

the horizontal wave number of the perturbation being considered and U∞=U(∞), 
this wind profile would always lead to Frh>1. In this case, gravity wave 

perturbations cannot propagate to the outer region. 

To circumvent this problem, Weng et al. (1997) proposed a continuous mean 

velocity profile that matches a constant free stream velocity U∞ for large z but still 

tends to the log-linear form close to the surface, as the standard M-O profile: 
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Here g1(z) is equal to U(z) in Eq. 5 and g2(z) has the following form 
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The constants c1, c2 e c3 depend on the values of β , Lmo, z0, U∞, u∗ and on a 

constant c0 (see Weng et al. 1997). The velocity profile of Eq. 15 can be varied by 

adjusting the constants c0 and σ . Being continuous, this profile can be used in 
theoretical models where it is necessary to calculate derivatives of the wind 

velocity, and prevents reflections at shear discontinuities in numerical simulations. 

When U(z) is calculated using Eq. 15, if z→∞ then U(z)→U∞=const. 

Weng (1997) obtained considerable improvements in the performance of the 

HLR model by using the HRB and Weng (1989) modifications and by calculating 

hm through Eq. 10, rather than using the expression suggested by HRL or HRB. 

These improvements were accomplished using the log-linear velocity profile, Eq. 

5. However, when Weng (1997) replaced the log-linear profile by Eq. 15 in the 

HLR model including the other modifications mentioned above, he found that the 

results diverge significantly from the observations, particularly in the weak to 

moderate stability range. The reason for this discrepancy is that the graphs of ∆S 
as a function of 1/Lmo display a spurious peak after an apparent discontinuity. This 

aspect, which was only mentioned briefly in Weng (1997), has not been 

conveniently explained. 

We suggest here that this disagreement is due to the fact that in Weng (1997) 

the calculations are carried out assuming u∗ to be a constant, regardless of the 
different stability regimes considered. In fact, the BL structure, and in particular 

the value of u∗, strongly depend on the stability regime. According to Eqs. 7 and 
10, the velocity profile U(z) has a decisive role in the calcultion of both hi and hm, 

and hence in the determination of the BL depth, h.  

Often, in analytical and numerical models used for studying the propagation of 

internal gravity waves, the potential temperature profile in the outer region is 

imposed by means of N∞ =const. and the velocity is set to a constant U∞. In order 

to have a wind profile that correctly describes the BL structure under these 

conditions, the value of u∗  must be such that, for a given value of N(h)=N∞, the 

approximate condition U(h)=U∞ is satisfied. 

Next, we will describe a simple method to estimate u∗. The velocity profile 
U(z) assumed in the derivation of this method is the well-known M-O log-linear 

profile of Eq. 5. The key assumption for relating the quantities u∗ and Lmo is the 
following expression, suggested by Zilitinkevich (1972) for estimating the BL 

depth, 

  fLuch mozs /∗= , (17) 

where f is the Coriolis frequency and czs=0.4. 

The potential temperature profile, Eq. 4, is often observed to be a good 

approximation far above its theoretical limit (z~Lmo). Calculating dθ/dz(z→∞) 
from Eq. 4, and combining Eqs. 6 and 9, the following relation can be obtained 

  12/1 )( −
∗∞ = moLuN κβ . (18) 

This provides a link between Lmo and the Brunt-Väisälä frequency in the outer 

region (N(h)=N∞). Using the preceding relation, Eq. 17 can be written as 
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The condition U(h)=U∞, combined with Eqs. 19 and 6 for h and Lmo, respectively, 

yields 
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This is an implicit equation for u∗. Thus, from known values of U∞, z0 and N∞, the 

velocity u∗ can be estimated by calculating the solution of Eq. 20. If the stability 

regime is known through the length scale Lmo, u∗ may alternatively be calculated 
from the expression  
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On the other hand, in the neutrally-stratified case h may be calculated using the 

expression of Rossby and Montgomery (1935) 

  fuch zn /∗= , (22) 

with czn=0.3 (Tjernstrüm and Smedman 1993). In this case, u∗ is estimated by 
solving the simpler equation  
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which produces satisfactory results in neutral conditions (not shown). 

In the stably-stratified case, it will be considered that Eq. 20 is applicable if the 

h calculated from Eq. 17 is smaller or equal to the h given by Eq. 22. When these 

depths are equal, the value of u∗ estimated from Eq. 21 is used to obtain the 
corresponding upper limit of Lmo for which this last equation may be applied. This 

value corresponds approximately to Lmo=600 m. 

The method proposed here can be extended for use with an arbitrary stability 

function Φh by determining the following expression for 
2

∞N , analogous to Eq. 18, 

from Eqs. 2, 6 and 9: 
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Using this relation and following the procedure explained above, u∗ can be 
determined in principle for any stability conditions. However, testing this method 

for non-stable stratifications is beyond the scope of the present study.  

It is important to note that the present method does not require that N(z)=const. 

and U(z)=const. in the whole outer region but just that the values of these 

quantities are well defined at the height z=h, in order to obtain a realistic u∗. So, 
more complex wind profiles may be devised to replace Eq. 15, that allow, e.g., 

vertical wind shear outside the BL.  

We recall that the theoretical model used in this study, and where the method 

described above is applied, is a combination of the HLR model with the HRB, 

Weng (1989) and Weng et al. (1997) modifications.  
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4. The numerical model (FLEX) 
The FLEX model is a nonhydrostatic micro- to mesoscale model developed and 

validated against experimental data by Argain (2003). This model has been used 

previously by Teixeira et al. (2005, 2008) to assess the behaviour of analytical 

mountain wave drag predictions by comparison with numerical results. The FLEX 

model includes a set of physical and numerical features that make it able to 

simulate mesoscale flows over arbitrary orography for any value of the static 

stability. The model uses a generalized orthogonal coordinate system and a local 

grid refinement technique that concentrates the computational effort where it is 

most necessary. Subgrid scale effects are modelled using a modified version of 

the standard E-ε model, for atmospheric stably-stratified BL flows. Stability 
effects near the surface were included by means of a combination of wall 

functions and M-O similarity theory expressions. The solution technique is based 

on the SIMPLE algorithm of Patancar (1980).  

 

5. Experimental data 
In the spring of 1984 and summer of 1985, Coppin et al. (1994) carried out a field 

study of different types of flow over a somewhat isolated north-south oriented, 

quasi-two-dimensional ridge of uniform low surface roughness – the Cooper 

ridge, located north-west of Goulburn in New South Wales, Australia. The 

orography is located along a valley that forces the winds to blow on the hill 

predominantly from the west side. The windward face of the ridge (west side) can 

be well fitted using a simple bell-shaped profile h(x)=h0/(1+(x/L)
2
) (where h0=115 

m and L=400 m). The lee side of the ridge falls away to about 0.5h0 before rising 

to another broader ridge. 

 

6. Results and discussion  
As in Coppin et al. (1994) and Weng (1997), the effect of the lee side feature on 

the predicted ∆S is neglected in the theoretical model and all the calculations are 
carried out here using the 2D bell-shaped hill described above. The wind velocity 

in the outer layer is taken as U∞=6 m/s, we assume that u∗=0.2 m/s when this 
quantity is prescribed (Weng 1997), and also that z0=0.05 m (Coppin et al. 1994). 

In the computations, the length Lmo is varied from 20 m to 600 m which, by Eq. 18 

(if u∗ is estimated from Eq. 20), corresponds to the following interval of Brunt-

Väisälä frequencies: N∞∈[0.0018,0.030] s-1. Hence, the outer layer dimensionless 
height ( ĥ =N∞ h0/U∞) and the dimensionless length of the ridge ( L̂=N∞ L/U∞ ) are in 

the intervals ĥ ∈[0.035,0.6] and L̂∈[0.12,2], respectively. As the upper limit of the 
L̂ interval is much less than 10, all studied flows are clearly non-hydrostatic. Note 

that the flow with ĥ =0.6 is also quite non-linear, but remains yet within the limit 
of validity of the HRB analysis (approximately ĥ <1). 
Figure 1 shows u∗  as a function of stability (1/Lmo), determined by the method 

proposed in the present study. Clearly, u∗ decreases significantly with increasing 

stability. In the less stable limit (largest Lmo) u∗  is approximately twice the value 
obtained in the more stable limit. This behaviour is to a certain extent intuitive, 

because stability inhibits turbulence. 
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Fig. 1 Friction velocity (u∗) as a function of 1/Lmo. Solid line: computed u∗; dashed line: prescribed 

u∗ (u∗=0.2 m/s) 

 

The velocity profile given by Eq. 15, introduced by Weng (1997), contains a 

free parameter c0. In the present work, the constant c0 takes the value c0=0.025U∞, 

instead of the value c0=0.1U∞ employed by Weng (1997). Figure 2 shows a 

comparison between a discontinuous profile, in which U(z) is calculated using the 

M-O profile, Eq. 5, for z≤0.99h and U(z)=U∞ for z>0.99h, and the velocity 

profiles from Eq. 15 obtained with c0=0.1U∞  and c0=0.025U∞ . The two stability 

values selected, Lmo=20 m and Lmo=600 m, are extremes of the Lmo interval 

considered. Both profiles were obtained using the value of u∗ computed by the 

proposed method (yielding u∗=0.111 m/s for Lmo=20 m and u∗=0.191 m/s for 
Lmo=600 m). In order to better visualize the differences between the profiles, these 

were plotted only for z/h>0.5. For z/h<0.5 the mean velocity is practically 

coincident for the three profiles, because near the surface all of them follow M-O 

similarity. On the other hand, the profiles revealed a low sensitivity to the 

constant σ. In all the calculations performed, σ=0.1 is used, as suggested by Weng 
(1997). 
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Fig. 2 Upstream velocity profiles, normalized by U∞=U(h), for (a) Lmo=20 m, (b) Lmo=600m. The 

height is normalized by h, estimated from Eq. 17. Solid line: discontinuous profile (U(z) given by 

M-O profile, Eq. 5, for z≤0,99h and U(z)=U(h)=U∞ for z>0,99h); dotted line: continuous profile, 

Eq. 15, with c0=0.025U∞ ; dashed line: continuous profile with c0=0.1U∞ (the value employed by 

Weng 1997). For each Lmo, u∗ is computed by the proposed method (u∗=0.111 m/s for Lmo=20 m 

and u∗=0.191 m/s for Lmo=600 m) 

 

The need to decrease the value of c0 in Eq. 15 stems from the behaviour of hm 

and ∆S as a function of stability, a problem that was apparently overlooked by 
Weng. As shown in Fig. 2, a smaller value of c0 leads to a more abrupt transition 

of the mean velocity from the Monin-Obukhov profile in the surface layer to its 

constant value aloft. However, larger values of c0 lead to anomalous variations of 

hm and ∆S with stability. Furthermore, if u∗ =const., the behaviour of hm and ∆S 
are not satisfactory even with c0=0.025U∞  (as will be seen), which emphasizes the 

importance of allowing u∗ to vary.  
Equation 11 shows that the behaviour of the streamwise velocity fluctuation, 

and hence also of ∆S (see Eq. 13) is highly dependent on the depths hi and hm. 
Therefore, a correct estimation of these quantities is very important. However, 

because Eq. 15 has the same form as the M-O profile, Eq. 5, near the surface, hi 

does not depend on u∗. The situation is different for hm, however. Figure 3 shows 

hm as a function of 1/Lmo, computed with prescribed or variable u∗  for the two 

values of c0. When u∗ is prescribed (=0.2 ms
-1
), hm varies discontinuously for both 

values of c0 in the region of weak stability. The location of the jump depends on 

c0: for c0=0.025U∞ it occurs near 1/Lmo≈0.05 m-1 (N∞≈0.0046 s-1), while for 
c0=0.1U∞ it occurs for 1/Lmo≈0.0024 m-1 (N∞≈0.0025 s-1) and is approximately 
twice larger in magnitude. There is no reasonable physical reason for the existence 

of these jumps. By contrast, for the hm curve obtained using u∗ computed by the 

method proposed here with c0=0.025U∞, the jump is eliminated. Note that the 

variation of hm obtained with the same method but with the M-O wind profile, Eq. 

5, (not plotted in Fig. 3) is practically coincident with that using the continuous 

profile, Eq. 15. This reinforces the idea that the method proposed here preserves 

the essential aspects of M-O scaling.  
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Fig. 3 Middle-layer height (hm) and boundary-layer height (h) as a function of stability. Solid line: 

computed u∗ with c0=0.025U∞; dashed line: prescribed u∗ with c0=0.025U∞; dash-dotted line: 

prescribed u∗ with c0=0.1U∞; doted line: h calculated using Zilitinkevich’s relation, Eq. 17 

 

Figure 3 also shows values of h calculated using Zilitinkevich’s relation, Eq. 

17. As can be seen h, like the hm determined with the proposed method, 

monotonically decreases with 1/Lmo. This behaviour makes sense, because the BL 

becomes shallower with increasing stability. In particular, the height at which the 

turbulent shear stress reduces to a given fraction of its surface value should 

always decrease with Lmo.  

According to Wyngaard (1975), h may be defined as the height where the shear 

stress reduces to 5 percent of its surface value. In accordance with M-O similarity 

theory, the shear stress in a BL with unidirectional flow may be calculated as 
1

* mzu U zτ ρκ −= Φ ∂ ∂ , where ρ is the density. In Fig. 4, values of h are shown 
using the theoretical model with either prescribed or variable u∗, and Wyngaard’s 
definition. These are compared with values of h computed directly from 

Zilitinkevich’s similarity relation, Eq. 17. It can be seen that Zilitinkevich’s curve 

and the one obtained with the method proposed here (modified HLR theory with 

computed u∗ using c0=0.025U∞) are almost coincident, revealing that the 

corresponding velocity profile is realistic. In contrast, the curves of h obtained 

with the same theory but prescribed u∗ (either for c0=0.025U∞, or c0=0.1U∞ as in 

Weng 1997) depart significantly from Zilitinkevich’s curve: the values of h 

obtained with c0=0.025U∞ considerably underpredict Zilitinkevich’s expression 

and those calculated with c0=0.1U∞, while in slightly better agreement, intercept 

Zilitinkevich’s curve, suggesting some physical inconsistency. 
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Fig. 4 Boundary layer depth (h) as a function of stability. Symbols: h from Zilitinkevich, Eq. 17; 

solid line: h calculated according to Wyngaard (1975), using a computed u∗ and c0=0.025U∞; 

dashed line: h as in the previous case but with prescribed u∗; dotted line: h as in the previous case 

but with c0=0.1U∞ 

 

The observations reported Coppin et al. (1994) may be used to assess the 

theoretical results produced by the model with the friction velocity computed 

using the new method. Figure 5 shows the fractional speed-up ratio (∆S) as a 
function of 1/Lmo, for different heights, from the different versions of the 

theoretical model, from the numerical model FLEX and from the observations of 

Coppin et al. (1994). Despite the considerable dispersion of the observations, the 

results produced by the proposed method compare better, in all cases, both with 

the numerical model and with the field data. More importantly, the speed-up 

values computed with a prescribed u∗ exhibit unphysical jumps in the weak to 
moderate stability range, which are bigger for c0=0.1U∞ than for c0=0.025U∞. These 

jumps of ∆S correspond directly to the jumps in hm observed in Fig. 3, due to the 
strong dependence of ∆S on hm. The improvement in the fit between the 
theoretical model and the data is clearer in moderate to high stability values 

(1/Lmo>0.015 m
-1
), where the results with prescribed u∗ clearly underpredict the 

observed speed-up. Except for the case z=16 m, where the numerical results 

slightly under-predict the observations, the FLEX model always appears to 

perform better than the theoretical model. Despite the existing differences, the 

improvement in the performance of the theoretical model due to the new method 

of calculating u∗ is striking. In general, this new method produces results much 
closer to both the field data and the numerical simulation results. 
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Fig. 5 Variation of the fractional speed-up ratio (∆S) as a function of stability above the hill crest, 
at the heights z=(2,8,16) m  (from bottom to top). Solid line: computed u∗ with c0=0.025U∞; 

dashed line: prescribed u∗ with c0=0.025U∞; dotted line: prescribed u∗ with c0=0.1U∞; dash-dotted 

line: FLEX model; symbols: observations from Coppin et al. (1994) 

 

Additional support for the approach proposed here is given by Fig. 6, which 

shows a comparison of vertical profiles of the streamwise velocity perturbation 

for Lmo=24 m,  using the two alternative methods of obtaining u∗. Also shown are 
results from the numerical model FLEX and observation data from Coppin et al. 

(1994). Both theoretical profiles were computed for c0=0.025U∞ . Note that d, the 
zero plane displacement, takes a value of 0.35 m, estimated from the field data. 

Despite the considerable differences between the profiles obtained with the 

theoretical model and the observations near the surface, which also occur in Weng 

(1997) and seem to be an intrinsic feature of his modified solution, it is clear that 

the proposed method, with variable u∗, leads to better results. It could be 

enlightening to make an analogous comparison for Lmo≈200 m, because the jump 
in ∆S occurs at this value of Lmo for the prescribed u∗ case but, unfortunately, there 
are no experimental data available for these conditions. As could be observed in 

Fig. 5, the analytical ∆S curves obtained with c0=0.025U∞  and c0=0.1U∞  are very 

close together for Lmo=24 m (1/Lmo≈0.04 m-1) at all considered heights. For that 
reason, the u’ profile obtained with the theoretical model and c0=0.1U∞, is not 
presented in Fig. 6. 
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Fig. 6 Profiles of the streamwise velocity perturbation normalized by u∗, for Lmo=24 m, using 

c0=0.025U∞. Solid line: computed u∗; dashed line: prescribed u∗; open circles: observations from 

Coppin et al. (1994); dotted line: numerical results from FLEX 

 

7. Conclusions 
The theory developed by HLR for boundary-layer flow over hills and extended by 

HRB to take into account the effects of stratification has been modified by Weng 

(1989), with a reformulation of the inner layer solution. Additionally, Weng 

(1997) incorporated in this theory a vertical wind profile that makes a smooth 

transition from the strongly sheared surface layer flow to a constant wind speed 

aloft. It was found here that, while such a profile is desirable from a theoretical 

and practical point of view, it leads to inconsistent behaviour of some of the flow 

properties. This behaviour manifests itself through a jump in the flow speed-up as 

a function of M-O length scale, which in turn results from the dependence of the 

height of the middle layer hm on stability.  

The reason for the anomalous behaviour of the solution was related with an 

inconsistent prescription of the friction velocity, which was taken as constant and, 

therefore, was independent of static stability. In this study it was shown that it is 

possible to obtain a consistent definition of the friction velocity, incorporating 

theoretical results from Zilintikevich (1972). It was also found that the 

smoothness of the transition from the M-O velocity profile, in the surface layer, to 

constant flow in the outer layer, must be tuned in order to avoid the same 

anomalous behaviour.  

The proposed method leads to an overall improvement of the solution, 

guaranteeing a consistent variation of the boundary layer structure, and of the 

flow speed-up, with stability. It also leads to significantly better agreement of the 

theoretical model with a set observations of boundary layer flows at different 

stability regimes, reported by Coppin et al. (1994), and with results of a numerical 

model also presented in this paper. 
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Figure Captions 

Fig. 1 Friction velocity (u∗) as a function of 1/Lmo. Solid line: computed u∗; dashed line: prescribed 

u∗ (u∗=0.2 m/s) 

Fig. 2 Upstream velocity profiles, normalized by U∞=U(h), for (a) Lmo=20 m, (b) Lmo=600m. The 

height is normalized by h, estimated from Eq. 17. Solid line: discontinuous profile (U(z) given by 

M-O profile, Eq. 5, for z≤0,99h and U(z)=U(h)=U∞ for z>0,99h); dotted line: continuous profile, 

Eq. 15, with c0=0.025U∞ ; dashed line: continuous profile with c0=0.1U∞ (the value employed by 

Weng, 1997). For each Lmo, u∗ is computed by the proposed method (u∗=0.111 m/s for Lmo=20 m 

and u∗=0.191 m/s for Lmo=600 m) 

Fig. 3 Middle-layer height (hm) and boundary-layer height (h) as a function of stability. Solid line: 

computed u∗ with c0=0.025U∞; dashed line: prescribed u∗ with c0=0.025U∞; dash-dotted line: 

prescribed u∗ with c0=0.1U∞; doted line: h calculated using Zilitinkevich’s relation, Eq. 17 

Fig. 4 Boundary layer depth (h) as a function of stability. Symbols: h from Zilitinkevich, Eq. 17; 

solid line: h calculated according with Wyngaard (1975), using a computed u∗ and c0=0.025U∞; 

dashed line: h as in the previous case but with prescribed u∗; dotted line: h as in the previous case 

but with c0=0.1U∞ 

Fig. 5 Variation of the fractional speed-up ratio (∆S) as a function of stability above the hill crest, 
at the heights z=(2,8,16) m  (from top to bottom). Solid line: computed u∗ with c0=0.025U∞; 

dashed line: prescribed u∗ with c0=0.025U∞; dotted line: prescribed u∗ with c0=0.1U∞; dash-dotted 

line: FLEX model; symbols: observations from Coppin et al. (1994) 

Fig. 6 Profiles of the streamwise velocity perturbation normalized by u∗, for Lmo=24 m, using 

c0=0.025U∞. Solid line: computed u∗; dashed line: prescribed u∗; open circles: observations from 

Coppin et al. (1994); dotted line: numerical results from FLEX 
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Fig. 3 
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