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VOLTERRA OPERATORS ON HARDY SPACES OF DIRICHLET SERIES
OLE FREDRIK BREVIG, KARL-MIKAEL PERFEKT, AND KRISTIAN SEIP

ABSTRACT. For a Dirichlet series symbol g(s) = ¥,,~1 b,n~%, the associated Volterra operator Tg
acting on a Dirichlet series f(s) =Y ,>1 a,n~* is defined by the integral f — — fs+°° fw) g (w)dw.
We show that T is a bounded operator on the Hardy space %" of Dirichlet series with 0 < p < oo
if and only if the symbol g satisfies a Carleson measure condition. When appropriately restricted
to one complex variable, our condition coincides with the standard Carleson measure character-
ization of BMOA(D). A further analogy with classical BMO is that exp(c|g]|) is integrable (on the
infinite polytorus) for some ¢ > 0 whenever Ty is bounded. In particular, such g belong to 7" for
every p < oo. We relate the boundedness of T to several other BMO type spaces: BMOA in half-
planes, the dual of JA1, and the space of symbols of bounded Hankel forms. Moreover, we study
symbols whose coefficients enjoy a multiplicative structure and obtain coefficient estimates for
m-homogeneous symbols as well as for general symbols. Finally, we consider the action of Tg
on reproducing kernels for appropriate sequences of subspaces of /2. Our proofs employ func-
tion and operator theoretic techniques in one and several variables; a variety of number theoretic
arguments are used throughout the paper in our study of special classes of symbols g.

1. INTRODUCTION

By a result of Pommerenke [32], the Volterra operator associated with an analytic function g
on the unit disc D, defined by the formula

(1.1) Tgf(z)::f0 fag' (wydw,  zeD,

is a bounded operator on the Hardy space H?(D) if and only if g belongs to the analytic space
of bounded mean oscillation BMOA(D). In view of the factorization H?- H? = H' and C. Feffer-
man’s famous duality theorem, according to which BMOA(D) is the dual of H*(D), it follows that
Tg is bounded if and only if the corresponding Hankel form Hy is bounded, where

Hg(f,h)::fvf(z)h(z)@dml(z), f he H*D).

In recent years, it has become known how to give a direct proof of the equivalence of the bound-
edness of Ty and Hy [3], with no mention of bounded mean oscillation (BMO) or Carleson mea-
sures, relying instead on the square function characterization of H' to show that Tefisin H 1(D)
whenever f and g are in H?(D). Although the systematic study of Ty was conducted much later
than that of the Hankel form Hy (see [2, 4]), one could now, based on this insight, easily imag-
ine an exposition of the one variable Hardy space theory which considers the boundedness of
Volterra operators before BMOA and Hankel operators. One advantage would then be that the
John-Nirenberg inequality, by Pommerenke’s trick [32], has an elementary proof for functions
g such that Ty is bounded.
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2 OLE FREDRIK BREVIG, KARL-MIKAEL PERFEKT, AND KRISTIAN SEIP

This conception of Volterra operators, as objects of primary interest for understanding BMO,
underlies the present investigation of such operators on Hardy spaces of Dirichlet series A7
with 0 < p < oco. The precise definition of these spaces will be given in the next section; suffice it
to say at this point that every Dirichlet series f(s) = ,51 apn~* in #7” defines an analytic func-
tion for Re s > 1/2, and that #°? can be identified with the Hardy space H” (D*°) of the countably
infinite polydisc D*°, through the Bohr lift. For a Dirichlet series symbol g(s) =} ,>1 byn~*, we
consider the Volterra operator Ty defined by

+00
(1.2) Tgf () ::—f fg' (w)ydw,  Res>1/2.
S

We denote the space of symbols g such that Ty : #£7 — AP is bounded by &,. The index p = 2
is special, and we frequently write & instead of Z5>.

A general question of interest in the theory of Hardy spaces of Dirichlet series is to reveal how
the different roles and interpretations of BMO manifest themselves in this infinite-dimensional
setting. The space of symbols generating bounded Hankel forms has been shown to be signifi-
cantly larger than (#!)* [30], and the space (#')* itself also lacks many of the familiar features
from the finite-dimensional setting. For instance, a function f in (#"')* does not always belong
to AP for every p < oo [26]. By Pommerenke’s trick, however, it is almost immediate that the
corresponding inclusion does hold for the space &, i.e.,

Xc [ #7.
0<p<oco
Furthermore, (#1)* is notoriously difficult to deal with, in part owing to the fact that H? (D°),
viewed as a subspace of L” (T), is not complemented when p # 2. We shall find that the space
& is significantly easier to manage.

One of our main results is that the spaces &, can be characterized by a Carleson measure
condition, in analogy with what we have in the classical one variable theory. In our context, the
Carleson measure associated with the symbol g will live on the product of T* and a half-line.
Again deferring precise definitions to the next section, we mention that this result takes the
following form: The symbol g belongs to &), if and only if there exists a constant C (depending
on g and p) such that

fwfo @178, 0) 20 dodma(p) < CIfI,

holds for every f in /7. Here m, denotes Haar measure on T, while y is a character on T*
and f,(s) := ¥ ;=1 apx(n)n~" for the Dirichlet series f(s) = },>1 a,n™°. This result, proved in
Section 5, is based on an adaption to our setting of an ingenious argument from a recent pa-
per of Pau [31]. Our Carleson measure condition gives us the opportunity to study non-trivial
Carleson embeddings on the polydisc D*°, see Sections 5.2 and 5.3. Our understanding is in-
complete, but some of the questions asked are more tractable than the important embedding
problem of A7 (see [34, Sec. 3]) while still being of a similar character. In the classical setting,
the description in terms of Carleson measures shows that Ty is bounded on H P(D) if and only if
it is bounded on H?(D). We will see that our Carleson measure characterization implies that if
gisin &), then g is in X, for every positive integer k. As is typical in this setting, we have not
been able to do better than this for a general symbol g, and the following interesting problem
remains open:

Question 1. Is Tg bounded on €2 if and only if it is bounded on .77 for every p < co?
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We are able to give an affirmative answer to this question only in the case when g is a linear
symbol, i.e., when g has non-zero coefficients only at the primes p; so that g(s) = Y. ;>1 a; p]_.s .

Before proceeding to give a closer description of our results, we would like to mention an-
other open problem related to Question 1. In Section 6, we will observe that if Ty : FO? — F? is
bounded, then the corresponding multiplicative Hankel form is bounded. Furthermore, we will
show that if T : #! — #" is bounded, then g is in (#"')*. Hence, if the answer to Question 1
is positive, then so is the answer to the following.

Question 2. Do we have &, c (A#1)*?

The reverse inclusion is easily shown to be false. In fact, it is not even true when formulated
for the finite-dimensional polydisc D? (see Theorem 6.6).

To give appropriate background and motivation for our general result about Carleson mea-
sures, we have chosen to begin by exploring in some detail the distinguished space %> and its
many interesting facets. This will allow us to exhibit the ubiquitous presence of number the-
oretic arguments in our subject, which is a consequence of our operators T, being defined in
terms of integrals on the half-plane Re s > 1/2. Roughly speaking, if trying to understand Ty at
the level of the coefficients of Tg f, one has to investigate the interplay between the number of
divisors d(n) of an integer n and its logarithm, log n. One may also analyze symbols of number
theoretic interest in terms of their function theoretic properties. In fact, our first interesting ex-
ample of a bounded Volterra operator Ty : AP — AP, will be established by the result, shown
in Section 2, that the primitive of the Riemann zeta function,

[e.°] 1
=- D-Dds=) oS
g(s) f(((H )-1)ds 2 logn”

is of bounded mean oscillation on the line Re s = 0. Such a BMO condition easily implies that g
isin &, and also that g is in &), for 0 < p < oo, once our Carleson measure condition is in place.

To close this introduction, we now describe briefly the contents of the six subsequent sec-
tions of this paper. We begin in Section 2 by introducing the Hardy spaces #7 and start from
the preliminary result that #£° <€ & < o< p<oo #P. In our setting, there is a considerable gap
between > and Ny<p<co /7, as for instance functions in #*° are bounded analytic func-
tions in the half-plane Re s > 0, while functions in (Ny<p<co 7 in general will be analytic in the
smaller half-plane Res > 1/2. In Section 2, the main point is to demonstrate how & can be
thought of as a space of BMO functions in the classical sense. Using the notation Cy for the
half-plane {s : Re(s) > 0} and 2 for the class of functions expressible as a Dirichlet series in
some half-plane Cy, we prove that

BMOA(Cp) N9 € & < BMOA(C;»),

and we also show that e8! is integrable for some positive constant c whenever g is in & .

Section 3 and Section 4 investigate properties of Z with no counterparts in the classical the-
ory. After showing that the primitive of {(s+a)—1isin & ifand only a = 1, we make in Section 3
a finer analysis by identifying and studying a scale of symbols associated with the limiting case
a = 1. More specifically, we find that if we replace p~'~% in the Euler product for {(s + 1) by
Alog p)p~'7%, then this new symbol is in & if and only if A < 1, the point being to nail down
the exact edge for a symbol to be in & when its coefficients enjoy a multiplicative structure.
The methods used to prove this result come from two number theoretic papers of respectively
Hilberdink [24] and Gal [19].
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In Section 4, we deduce conditions on the coefficients b, of a symbol g(s) = Y. ,,51 bpn~° to
be in . We begin by showing that a linear symbol is in & if and only if g is in .#2. This leads
naturally to a consideration of m-homogeneous symbols, i.e., symbols such that b,, is nonzero
only if n has m prime factors, counting multiplicity. We obtain optimal weighted ¢2-conditions
for every m = 2, showing in particular that the Dirichlet series of g in general converges in Cy,,,
and in no larger half-plane. Letting m tend to co, we find that there exists a positive constant c,
not larger than 2v/2, such that
00 1/2

ITgll < C|1bol? + Y Ibyf2ne=Viosmogiosn
n=3
holds for every g in &. These results are inspired by and will be compared with analogous
results of Queffélec et al. [5, 27] on Bohr’s absolute convergence problem for homogeneous
Dirichlet series.

Section 5 begins with our general result about Carleson measures and is subsequently con-
cerned with a study of to what extent our results for &> carry over to &,. As already mentioned,
our understanding remains incomplete, but we will see that a fair amount of nontrivial conclu-
sions can be drawn from our general condition.

In the last two sections, we return again to the Hilbert space setting. Section 6 explores the
relationship between T, Hankel operators, and the dual of #". In particular, this section gives
background for what we have listed as Question 2 above. Finally, Section 7 investigates the
compactness of Ty, with particular attention paid to the action of Tg on reproducing kernels.
Here we return to the symbols considered in Section 3 which will allow us to display an example
of a non-compact Tg-operator.

Notation. We will use the notation f(x) <« g(x) if there is some constant C > 0 such that | f(x)| <
Clg(x)| for all (appropriate) x. If we have both f(x) < g(x) and g(x) < f(x), we will write
fx)=gx).If

lim & =1,

X—00 g( X)
we write f(x) ~ g(x). The increasing sequence of prime numbers will be denoted by {p;};>1,
and the subscript will sometimes be dropped when there can be no confusion. Given a positive
rational number r, we will denote the prime number factorization

= pflpgz,“py
by r = (p;)*. This associates uniquely to r the finite multi-index x(r) = (x1, 2, ...). For y in T*,
we set y(r) := (y;)*, when r = (p;)*. If r is an integer, say 7, then the multi-index x (n) will have
non-negative entries. We let (m, n) denote the greatest common divisor of two positive integers
m and n. The number of prime factors in n will be denoted Q(n) (counting multiplicities) and
w(n) (not counting multiplicities), and 7 (x) will denote the number of primes less than or equal
to x. We will let log,. denote the k-fold logarithm so that log, x = loglog x, log; x = logloglog x,

and so on. To avoid cumbersome notation, we will use the convention that log; x = 1 when
X < Xxi, where x, = e and x;.,; = e** for k = 2.

2. THE HARDY SPACES .#”, SYMBOLS OF VOLTERRA OPERATORS, AND BMO IN HALE-PLANES

2.1. Hardy spaces of Dirichlet series. The Bohr lift of the Dirichlet series f(s) =Y ,,>1 ann° is
the power series Bf(z) = Y. ,>1 a,2<"™. For 0 < p < oo, we define .#” as the space of Dirichlet
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series f such that 8 is in HP (D*), and we set

I fllzer :== 1B f | Hr @) = (‘[Too |e%f(z)|pdmoo(z))p-

Here my, denotes the Haar measure of the infinite polytorus T, which is simply the product of
the normalized Lebesgue measure of the torus T in each variable. Note that for p = 2, we have

1z = @1'“"'2)%'

We refer to [33] (or to [6, 22]) for a treatment of the properties of #°”, describing briefly the basic
results we require below. For a character y in T*, we define

fr(8):= Z anx(myn”°.
n=1

For 7 in R, the vertical translation of f will be denoted by f;(s) := f(s+i7). Itis well-known (see
(22, Sec. 2]) that if f converges uniformly in some half-plane Cy, then f, is a normal limit of
vertical translations {f7,}r=1 in Cp.

The conformally invariant Hardy space Hip (Cp) consists of holomorphic functions in Cg that
are finite with respect to the norm given by

< |~

1 dt
:=sup|— g+in|?
. U>Ig)(nfu@|f( N
The following connection between .#7 and Hip (Cop) can be obtained from Fubini’s theorem:

1) W= [ NRAD e et

Based on (2.1), one can deduce Littlewood-Paley type expressions for the norms of #7”. This
was first done for p =2 in [7, Prop. 4], and later for 0 < p < coin [8, Thm. 5.1], where the formula

(2.2) ||f||]j.,ﬂ,:|f(+oo)|p+fwfRf0 fyo+inlP~?|fyo+inlodo

was obtained. When p = 2, we have equality between the two sides of (2.2). We note in pass-
ing that this fact can be used to relate & to #°, the space of bounded Dirichlet series in Cy
endowed with the norm

dt
T 2 Moot

I flloo :=sup| f(s)I, S=Oo+it.

>0

Indeed, let M, denote the operator of multiplication by g on A2, and recall the result that Mg
is bounded if and only if g is in A, with [[Mg|l = ||gll (see [22, Thm. 3.1]). Since (fg) =
f'g+ (Tgf), it then follows from the Littlewood-Paley formula and the triangle inequality that

(2.3) ITgll =208 lloo

and consequently A° c &
Dirichlet series in #7 for 0 < p < oo are however generally convergent only in C;/2. In this
half-plane, we have the following local embedding from [22, Thm. 4.11]. For every 7 in R,

7+1
(2.4) f \fA2+inde<CllfI°,..
T
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It is sometimes more convenient to use the equivalent formulation that
2 12
<
(2.5) IIfIIHiz(C“z) = ClfI -

It is interesting to compare (2.1) and (2.5). These formulas illustrate why both half-planes Cy
and C;,, appear in the theory of the Hardy spaces #”. It will become apparent in what follows
that both half-planes show up in a natural way also in the study of Volterra operators.

2.2. BMO spaces in half-planes. The space BMOA(Cy) consists of holomorphic functions in
the half-plane Cy that satisfy

1 1
IIgIIBMo(CB)::sup—f f(6+it)——ff(9+ir)dr dt < oo.
[l Jr [l Jr

IcR

We let as before 2 denote the space of functions that can be represented by Dirichlet series in
some half-plane. The abscissa of boundedness of a given g in &, denoted by 0, is the smallest
real number such that g(s) has a bounded analytic continuation to Re(s) = o, + 6 for every
6 > 0. A classical theorem of Bohr [10] states that the Dirichlet series g(s) converges uniformly
in Re(s) = o}, + 6 for every 6 > 0.

Lemma 2.1. Assume that g is in 2 NBMOA(Cy). Then

(i) ghasop<0;
(ii) gy is inBMOA(Co) and |Igyllzsmo = lgllsmo for every character y;
(iii) g is inNo<p<oo /7 and exp(c|9Bg|) is integrable on T for some c > 0.

An interesting point is that the space 2 N BMOA(Cy) enjoys a stronger translation invariance,
expressed by items (i) and (ii), than what the space BMOA(Cy) itself does. Lemma 2.1 can also
be interpreted as saying that 2 N BMOA(Cy) is only “slightly larger” than #°°. We will later see
that part (iii) of Lemma 2.1 holds whenever Ty is a bounded operator.

Proof of Lemma 2.1. By the definition of o, there exists a positive number M such that |g(o +
it)| < M whenever 0 = 0}, + 1. Since g is assumed to be in BMOA(Cy), there exists a constant C
such that

foo| (1) = glop+1+i0)] op+1 at _ ¢
— (02 — =<
o & £ (op+1)2+(T—-0% 7

Therefore, by the triangle inequality, we find that

t+op+1
f lglit)ldTt <2(0p+1)- (M + C).
t—op—1

Writing g as a Poisson integral, we see that this bound implies (i). Now (ii) follows immediately
from the translation invariance of BMOA, the characterization of BMOA in terms of Poisson in-
tegrals, and that f is a normal limit of vertical translations of f in Cy by (i). To prove (iii), we use
the John-Nirenberg inequality to conclude that there is ¢ = c(l|gllsmo) > 0 and C = C(llgllsmo)
such that

”eclg—g(l)ln » .:l eclglin-gl at
LUR " 7 Jg 1+12~ 7

Since 0 (g) <0, we know that g is absolutely convergent at s =1, so

e85 iy = 1oy
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where the implied constant depends on g, but only on the absolute value of its coefficients. In
particular, we can conclude that

”eclgxl ”Lil(i[R) =C,

for every y € T®, and C does not depend on y, by (ii). Integrating over T* and using Fubini’s
theorem as in (2.1) allows us to conclude that exp(c|98g]) is in L%(T°°), which also implies that

We require the following standard result, which can be extracted from [20, Sec. VI.1].
Lemma 2.2. Let g be holomorphic in Cg. Then the measure
dt

1+ 12
is Carleson for Hip (Co) if and only if g is in BMOA(Cyp), and ||,ug||CM(Hp) = ||g”213M0(a:0)‘

g(s)=1g"(o+ in?(o-0)do

We are now ready for a first result, saying that for the boundedness of Ty it is sufficient that
g is in BMOA(Cy) and necessary that it is in BMOA(C;,2). On the one hand, it is a preliminary
result, following rather directly from the available theory of #2, outlined above. On the other
hand, as we shall see in Section 3 and Section 4, Cy and C,,, are the extremal half-planes of
convergence for symbols g inducing bounded Volterra operators.

Theorem 2.3. Let Tg be the operator defined in (1.2) for some Dirichlet series g in 9.
(a) If g is inBMOA(Cy), thenTg is bounded on FE2.

Suppose that Tg is bounded on FE2. Then,

(b) g satisfies condition (iii) from Lemma 2.1;
(c) gisinBMOA(C,/2).

Proof. We apply (2.2) to T f and use Lemmas 2.1 and 2.2. Since (fg"), = fxg)’( we find that
* dt
2 - . 2
ITgl2,. = fwfRfO (&0 +inPodo 25 dme(p
< fT e e 182l Bmorey 4meo (1) = 1 152 18 lmorcy)-

This completes the proof of (a).
For (b), we first observe that T¢1 = g, so that g isin F€2. Applying Tg inductively to the powers
g" forn=1,2,..., we get that

g™ ll 72 < ITgl"nl.
Using this and the triangle inequality, we obtain

2 c|Tgll\n
”ecL%gl “iﬁﬂ"o) = ||eC|%g|/2||Lz(1yoo) = ZO( 2g ) »
n=

cl%gl

which implies that e is integrable whenever ¢ < 2/|| Tg|.
To prove (c), we use the Littlewood—Paley formula for le (C1/2) and (2.5) to see that

dat

* 1
c N2 o c 2 4L _ 2 2 ) )
/ﬂ;fllz|f(0+lt)| lg'(o+it)] (0 z)daHtZAIITgfIIHiZ(CUZ) < ITgfll5e < 1Tl f1I%-

This means that
dt

1+ 12

ug(s) = |g’(0+iz‘)|2 (0—%) do
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is a Carleson measure for 42 in C;». By [29, Thm. 3], this implies that ug(s) is a Carleson mea-
sure for the non-conformal Hardy space H?(Cy,2), which as in Lemma 2.2 means that h(s) :=
g(s)/(s+1/2) is in BMO(C,2). Indeed, we have proved that || klgmo(c,,,) < ITgl

Let us show that the factor (s +1/2)~! can be removed, so that g is in fact in BMOA(C1,,). We
note first that if | I| = 1, then it follows from the local embedding (2.4) that

fl|g(1/2+it)|2dt<<|I|-||g||§.,£2,

since g is in % by (b). Hence we only need to consider intervals of length |I| < 1. For a charac-
ter y in T, we define

Clearly, ||Tgx | = ITg|l for every x in T. This means that

sup llhyllBmocc, ) < 1Tl
YET™®

In particular, the BMO-norm of # is uniformly bounded under vertical translations of g, so
that we only need to consider intervals I = [0, 7] for 7 < 1. On this interval, (s + 1/ 2)~! and its
derivative is bounded from below and above. It follows that g is in BMO(C, ). ]

Combined with a result from [22], part (b) of Theorem 2.3 yields the following result.

Corollary 2.4. If T is bounded on F€?, then for almost every character y on T, there is a con-
stant C such that

1+t

(2.6) gy(o+i0)| = Clog—

holds in the strip0 < o < 1/2.

Proof. We assume that Ty is bounded on Ff?. Then by part (b) of Theorem 2.3, there exists a
positive number ¢ such that the four functions e*°8 and e*°€ are in #2. Now let f be any of
these four functions. Then [22, Thm. 4.2] shows that, for almost every character y, there exists
a constant C (depending on y) such that

1+t

o

|fylo+it)— f(+o0)|=C

for every point o + it in Cy. Combining the acquired estimates for the four functions e*°8 and
e*'°8 and taking logarithms, we obtain the desired result. O

Our bound (2.6) shows that almost surely | g, | grows at most as general functions in BMOA(Cy)
at the boundary of Cy. It would be interesting to know if this result could be strengthened. For
instance, is it true that g, almost surely satisfies the BMO condition locally, say on finite inter-
vals, whenever Ty is bounded on A2 Note that we cannot hope to have the stronger result that
gy is almost surely in BMOA(Cy). Indeed, the proof of part (a) of Theorem 2.3 gives that if g is
in BMOA(Cyp) for one character y, then this holds for all characters y. In view of this fact and
what will be shown in Section 4, g, will in general be in BMOA(C; /) and in none of the other
spaces BMOA(Cy) for0<6 < 1/2.
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2.3. An unbounded Dirichlet series in BMO. The canonical example of an unbounded func-
tion in BMO(R) is log|¢|, the primitive of 1/¢. The Riemann zeta function {(s) is a meromor-
phic function with one simple pole, at s = 1. We now show that the primitive of —({(s) — 1) has
bounded mean oscillation on the line o = 1. In view of Theorem 2.3, this supplies us with an
example of a bounded Tg-operator.

Theorem 2.5. The Dirichlet series

& 1

gls):=Y ns.

= nlogn

is in BMOA(Cy).

Proof. We will show that g is in BMOA(C,), with BMO-norm uniformly bounded in € > 0. Since
g(s—1/2)isin A%, we can use the local embedding as in the proof of Theorem 2.3 (c) to con-
clude that g satisfies the BMO-condition for intervals of length |I| = 1.

Focusing our attention on short intervals, we fix a real number a and 0 < T < 1 and set

1

n—ia
1+¢
logn<1/T n logn

c:=
To prove the theorem, we will show that

a+T
f lge+it)—cl?dt<CT
a

where C is a universal constant.

Notice first that
a+T T
f Ig(£+it)—c|2dt:f I§e+it)—cl*dt,
a 0
where
_ 00 n—ia s
g(s)'_,gznlognn :

Accordingly, set b, := n-iay (nlogn). Then we have that

a+T 172
(f |g(e+it)—c|2dt) <
a

1,5, o] ([ ]

To deal with the second term, we use the local embedding (2.4) in a similar manner as above,
using now that

Z b,n ¢(n~'t=1)
logn<1/T

Z bnn—En—lt
logn>1/T

T
fo IfAr2+e+inlPde<|fl%,

in this case, since T < 1. This gives us that

T .
f Z bnn—&‘n—lt
0

logn>1/T

2
dt< Y bl <T,
logn>1/T

as desired.
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For the first term, we compute:

T
(2.7) f
0

where

2
Y bpn™m7 =1 di= ) bpbu(mn)~ hya(T),
logn<1/T logm<1/T
logn<1/T

(n/m)_iT -1 niTq (1/m)_iT -1

+T.
ilog™ ilogl ilogm

hmn(T) =
We write h,,, as a Taylor series in T, whence
[e,0]
Rnn(T) = Y dk,, T,
k=3

where

k-1 _ k-1
ST
The point is that in the coefficient d¥ ,, the terms of order (logm
Estimating the remaining terms in a crude manner, we have that
r 2k k-2 j ke j—1
ldy,,| < o jZZI(log m)’ (log n) .

)k—l )k—l

and (logn cancel.

Note that for 1 < j < k-2, we have

* Y |byllbml(logm) logm)* /™! < T.
logm<1/T
logn<1/T

We observe that this inequality fails if j = 0 or j = k-1, corresponding to the terms which
disappear from d¥ .
Combining these estimates with (2.7) we obtain

fOT

also for the first term, concluding the proof. U

2
Y bynf(n7V -1 de<T
logn<1/T

3. MULTIPLICATIVE SYMBOLS

In this section, we study symbols of the form

= yn) _
3.1 s) = n-,
3.1 g(s) n;Z logn
where w(n) is a positive multiplicative function. We know from the previous section that if
w(n) = n”}, then g is in BMOA(Cy), and therefore g is in &. We begin by considering the dis-
tinguished case when the function ¥ (n) corresponds to horizontal shifts of the Riemann zeta
function. To be more precise, our first task will be to show that g is not in & when g is the
function in BMOA(C,_,) with coefficients given by ¢(n) = n~% and 1/2 < @ < 1. In particular,
this means that the Dirichlet series g(s) = Y ;=2 1/(v/nlogn)n~7, identified in [14] as the sym-
bol of the multiplicative analogue of Hilbert’s matrix and shown there to generate a bounded
multiplicative Hankel form, is indeed far from belonging to &, as it corresponds to the case
a=1/2.
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In this section and the next, we will be working at the level of coefficients. Observe that if
(&)=Y s1ann *and g(s) =Y ;=2 by/(logn)n=*, then

© 1
T f(9=Y — by |
o f(9) 2 logn(%ak n/k)n

k<n

Since the operator

[e.0] [e,0] an
a+) apn® — aj+ ) n-*
n=2 n=2 logn

is trivially bounded and even compact on .7, we will sometimes tacitly replace Tg with Tg,

- x 1
Tgf(s):= —(Zakbn/k)n_s,

n=logn kin
where it is understood that b; = 1.
Theorem 3.1. T is unbounded when g is the primitive of {(s+ a) -1 and a < 1.

Proof. 1f f(s) =Y ,,>1 ann”°, then with the convention just described, we have that
o0
1

Tgf(9)=) — Y agk®n”".

=, n%logn kin

We now choose f(s) = HLI (1+p;*), which satisfies | fl 2 =2/'. Let # be a subset of {1,..., J}.
Choosing n = n 4, where

ng:=[1 pj
jef
we see that
Y agk® = n; 1_[ 1+ p;“).
king jesg
It follows that
[Tl = X [Ta+pyer,

Bz (log nj)z jeg
which gives
2 J-1 i L 7
T >2 min —— || A+ p>%"~.
” gf”,;gz 1#1=J/2 (logn #)? jle:[g i
We conclude that 1
ITef 1% > € 0D 12,

for an absolute constant c. O

The preceding clarification of the case of horizontal shifts of primitives of the Riemann zeta
function motivates a more careful examination of what we need to require from the multiplica-
tive function y(n) in (3.1) for g to belong to &. We will now see that a surprisingly precise
answer can be given if we make a slight modification of the Euler product associated with {(s).

We will need the following simple decomposition of bounded Tg-operators. Let My, , denote
the truncated multiplier associated with h(s) =) ,,>;c,n *and x = 1:

My, f(s):= ) (Z Ckﬂn/k) n’,

n=x\kin
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where f(s) =Y ,,=1 ann~*. We observe that M, , acts boundedly on .#7? for every Dirichlet series
h, but the point of interest is to understand how the norm of My, , grows with x. Truncated
multipliers are linked to Tg by the following lemma.

Lemma 3.2. Suppose thatTg acts boundedly on FE2. Then
3 o0 _ (e,0) _
1 2 WMy Pl < T f e =4 3 47Ny, g f

for every f in A2.

Proof. We start from the expression
2

X 1
ITgf1%,:= Y. ——| Y br(logk)an k| ,
which we split into blocks in the following way:
o0 1 2 o0 2
Y= X |Xbilogkany| <ITgfl%, < Z Y. |2 brloghan| -
k=04 21 <2k Vkin = e2k71<nse2’c kin

The upper bound is immediate from the right inequality, and the lower bound follows from the
left inequality and the fact that

2
Y biank| =My, i f 5 = My, i £ O

kin

k-1 k
2" <n=e?

The preceding lemma, which says that T is bounded whenever the norm of M , grows
roughly as log x, connects the study of T, to the truncated multipliers considered by Hilberdink
[24] in a purely number theoretic context. Based on this observation, we shall now present a
natural scale of multiplicative symbols gj, where 0 < A < oo, such that g; induces a bounded
Tg-operator if and only if A < 1. We shall later see, in Section 7, that Tg, is non-compact for the
pivotal point A = 1.

Theorem 3.3. For 0 < A < oo, let g be the Dirichlet series (3.1), where y(n) is the completely
multiplicative function defined on the primes by yw(p) := Ap~(log p). Then T is bounded if and
onlyifA <1.

Proof. We begin with the case A < 1, for which we adapt the proof of [24, Thm. 2.3]. Hence we let
¢(n) be an arbitrary positive arithmetic function and note that the Cauchy-Schwarz inequality
implies that

2
d
=) Z—w( )Zilf(k)w(k)lan/klz-

IMgr  fII2,2 = (d)a

g xf 15 r;x %,11// nid 22 o)
We therefore find that
3.2) | Mg xlljfz = Z pmwy(n) maxz WEZ;

We now require that ¢ be a multiplicative function satlsfylng

, psM,
PP =y o
K32, w(p"), p>M,
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where the positive parameters K and M will be determined later. We find that

fo'e) 2
> pmy(n) < H(l + Z PP (p )) < exp( > Z wpM+K Y (Z wpk)) )
nsx k=1 p<Mk 1 p>M \k=1

A ll -2 1 2
y PPy P CEP)
p=m1=Ap~ilogp (1 —Ap~'logp)
By Abel summation and the prime number theorem in the form

y y y
= + +0 ,
) logy (logy)? ( (logy)® )

- exp|

we infer that

log M
(3.3) Y @my(n) <exp (}LlogM+ O(1)+O(K—g ))
n<N M
We now turn to the second factor on the right-hand side of (3.2). We then use that also
d
=Y w(d)
dim @(d)

is a multiplicative function. We observe that

o k)_zw(p) {1+Z°°1w(pr), p<M,
p(p") 1+K71, p> M.

Consequently

(3.4) om) < ]

p=M

& 1

1+Y w(pr)) (1+K )" <exp (MogM+ o) +0 (K‘ll ogx ))
r=1 082 X

where we used that w(m) < log(m)/log,(m). If we now choose M =logx, K = (logx)/log, x,

and insert (3.3) and (3.4) into (3.2), then we find that

IMg I < Clog x)*.

Finally, we invoke Lemma 3.2 and conclude that Ty is bounded whenever 1 < 1.
To show that Tg is bounded when A = 1 we modify the proof. In addition to the function ¢(n),
we use another auxiliary function hx(n) and use the Cauchy-Schwarz inequality to obtain

d
IMg < f1%= ) =)y —— y(d) S wk)p(k)|an > hy(nl k).

d)ap
n<x le( Jnia n=Xdn @(d)hy(n/d) kin

din

We require from h, (n) that
sup Y hi(m) <oo.
e >m
This will ensure boundedness if we can prove that

w(d)
) = —_—
W)= ) )

enjoys the same uniform bound as that we found for ®(m) for a suitable h,(n). To this end, we

choose
B 1, Vx<n<zx,
n)=
x exp( 210%2101;%11) l<sn<vx,
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which implies that
@y, (m) < d(m)e?'°8* < exp (log, m +2logy x + O(1)).

This means that in what follows, we may assume that log(m) = (log x)/ (log, x)2. Using again the
definition of &, (n), we also obtain, for 6 >0,

y(d) 2log, &

. —_—— <® 825,

5) L @i = 2meE
m/dzx‘s

On the other hand, if m = xf with 0 < < 1, then arguing as before and choosing the same M
and K, we get

1
®(m) < exp|log, x - logﬁ +0()|.

Hence, with f =logm/logx and 6 = /2, we find in view of (3.5) that

v(d) -
———— < Clogx.
L o @hamid) = €8
dsym
It remains to estimate
’W(d) 2lo U/(d)
36 _— < 83 X _—
>0 err:z p(d)hy(m/d) mzm @(d)
d=vm d=vm
Note first that
lll(d)< —e/2 dfw(d) —e/2
— = —_— = E(m).
o= L T T Em
d=ym
The definition of E(m) shows that, in particular,
E(ph) = Z pry(ph _ JA=-prupn p=M,
o o) T |1+K'pfA-y(p)/A-pfy(p)), p>M.

We may assume that ¢ is so small that the factor (1 —y(p))/(1 — p*w(p)) does not exceed 2.
Letting &2 denote an arbitrary finite set of primes p, we then get that
E(m) < 1-pey(p)” max 1+2K 1 p*
ps!:[gm( P yip ) @:Zpgglogpslogmpljg( p )

£

Sexp((logm)glog2m+2K 1 max logm+O(1)|.

!
12;gx sp=x
We now choose
4log; x

logm

Then the latter estimate becomes
1 gx)g
0g, X
—£/2

E(m) < exp ((log m)®log, m+ K '——=—1logm| < exp (log, m+ O(1)) < exp (log, x + O(1)).

We finally observe that the factor m
right-hand side of (3.6).

will take care of the term log; x in the exponent on the
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Following an insight of Gal [19], we argue in the following way in order to show that Ty is
unbounded when A > 1. We start from the fact that

[1r= eV (1+o()

p<y
which is a consequence of the prime number theorem. We let ¢(n) be the multiplicative func-
tion defined by setting

log x

1, p=<
(p"):= log, x
vp {0, otherwise.

and r=< llog2 X,

Then ¢(n) = 0 for n > x if x is large enough. We set a,, := ¢(n)/ (¥, ¢(n))"/? and use the Cauchy-
Schwarz inequality to see that

(x

n=sx

Y aqy(nld)

2)”2 _ Zn @) Lan @y (nid)
dln

Y ap(n)

To simplify the writing, we set y := logx/log, x and ¢ := L% log, x]. Then we infer from the pre-
ceding estimate that

[z

n<N

2)1/2> l_[ 1+[+[’(’U(p)+(€—1)uj(p2)++u/(p()
psy 1+/¢

Y aqy(nld)
dln

¢ Al
> pl;[y(l + mw(p)) =exp (£+ 1 logy+0(1)

> (logx)”

for some 1 < A’ < A when x is sufficiently large. We appeal again to Lemma 3.2 to conclude that
T, is unbounded. O

We notice that, clearly, the symbol g is not in BMOA(Cy) for any A > 0. In fact, for o >0,

& _ 1
Z wnmn? = H (1 - W(P)p_g) 1_ exp (AZ :ngr’Z) = eit/a’
n=1 14 p

which shows that g is not even in the Smirnov class of C.

4. HOMOGENEOUS SYMBOLS AND COEFFICIENT ESTIMATES

The multiplicative symbols of the previous section represent analytic functions in Cy. How-
ever, we saw in Theorem 2.3 that for T, to be bounded, it is necessary that g be in BMOA(C; ).
We will begin this section by showing that the latter condition cannot be relaxed by much. In-
deed, to begin with, we will prove that linear Dirichlet series give examples of bounded Tg-
operators with symbols g converging in Cy/, but in no larger half-plane.

Theorem 4.1. Let g(s) = Zp bpp‘s be any linear symbol in SE?. Then ITgll = 1gll 2.

Proof. We consider an arbitrary function f(s) = ¥, a,n"* in #? and compute:

[e) 2

T, flI%,, = T — b,(logp)a
s f V5= 2, Gogmp ,; prOEP nip
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By the Cauchy-Schwarz inequality

Z by(logp)anp

2
S(Zlogp)(zIbplz(log;v)lampl2 < (logn) Y_ |byl*(log p)lan, |-
pln

pin pln pln

This shows that | Tg|l < [|gll 2. Since Tg1 = g, clearly [ Tgll = [|gll 2. O

We note that the space of linear symbols g in #? is embedded not only in BMOA(Cy,») but
in fact satisfies the local Dirichlet integral condition

1 1
f f Ig'(o+iD|Pdodt < |Igl5,
0 1/2

as shown in [28, Example 4]. We do not know if this stronger embedding can be established for
a general symbol in &'.

While the norm of a linear function g viewed as an element in the dual of #" is also equiva-
lent to ||g|l 5= (see [23]), there is a striking contrast between the preceding result and the char-
acterization of linear multipliers. Indeed, let again M, denote the operator of multiplication by
gon A2, and recall that Mgl = lIglloo- (see [22, Thm. 3.1]). Hence, in the special case when g
is linear, it follows from Kronecker’s theorem that

2 byp”*
p

The difference between a linear symbol g acting as a multiplier M, and as a symbol of the
Volterra operator Ty is therefore dramatic: A bounded multiplier has coefficients in ¢ 1, while
the boundedness of T; means that the coefficients are in ¢2. The former implies absolute con-
vergence in Cy and the latter only in Cy 5.

We may understand the phenomenon just observed in the following way. For a general sym-
bol g(s) =Y ,=1 bnn~*, we have, using also (2.3), the series of inequalities

:Z|bp|-

Mgl = llglloo = sup
>0 p

o 1/2 o
(4.1) (Z |bn|2) < Tgll <2lgloo <2 |bnl.

n=1 n=1
The case of linear functions shows that neither the left nor the right inequality can be improved.
Loosely speaking, the maximal independence between the terms in a linear symbol serves to
make | Tg|| minimal and thus equal to || gll> and, at the same time, to make || Mg || maximal and
hence equal to ) ,-; |b,|. This motivates an investigation of what happens when the depen-
dence between the terms in the symbol increases. Such a study, originating in the classical
work of Bohnenblust and Hille [9], has already been made in the case of multipliers, in terms of
m-homogeneous Dirichlet series. We will now follow the same path for Tg-operators.

Recall that Q(n) gives the number of prime factors in n, counting multiplicities. An m-

homogeneous Dirichlet series is of the form

(4.2) gs):= Y byn.

Qn)=m
In this terminology, linear symbols are 1-homogeneous Dirichlet series. A precise relation-
ship between boundedness and absolute convergence for m-homogeneous Dirichlet series was
found in [5, 27]:

m—1
g "5
> b <,

Q(n)=m n 2m

Y. byn”*

Qn)=m

(e e]
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Here the exponent of logn on the left-hand side cannot be improved. Making the choice m =
v/1ogn/log, nin (4.2), we may obtain the following statement: If for some ¢, C > 0 we have

[ /1 1 00
4.3) Y [yl 2 (eylognlog,n) _ . > bun~S||
n=1 \/ﬁ n=1 (o)

then ¢ < 1. It was later shown in [16, 17] that (4.3) holds for ¢ < 1/v/2, and that this is optimal.

The series of inequalities (4.1) suggests that we should search for upper ¢?-estimates for ITgll
as the appropriate analogues of the lower ¢! estimates (4.2) and (4.3). Therefore, we now aim at
finding weights w,, (n) such that

1
2
(4.4) ITgll < Z Ibnlzwm(n)) for g(s)= Z b,n"°.
Qn)=m Qn)=m

The crucial ingredient in the proof of Theorem 4.1 which covers the case m = 1, is the estimate
Y logp <logn.
pln

To find a replacement for this estimate, we argue as follows. Observe that if m < Q(n), then

(4.5) Y logk< Y Y - Y log(pipz-pm)=m Y -+ Y logpm=mwm)™ 'logn.

kin pilnpaln ppin piln  pmin
Q(k)=m
This is sharp, up to a constant depending only on m. Indeed, let n be square-free, so that Q(n) =
o (n). Then

-1 -1
Y logk=) ) logp:Z(logp)(w(n) ) ):(logn)(w(n) . )
o P pin "o "o

This gives us an example of an admissible weight w,(n), since w(n)/logn is bounded. It turns
out that we can obtain the following optimal result from (4.5).

Theorem 4.2. The inequality in (4.4) holds when m = 2 with the weight function

logn

log, n

(4.6) wa(n) =Cy

and Cy an absolute constant. This is sharp in the sense that we cannot replacelog, n in (4.6) by
(log, n)*¢ for any € > 0. When m = 3, the inequality in (4.4) holds with

m-=2

n m
(logn)™m-2
and Cy, an absolute constant. This is also sharp in the sense that we cannot replace (log n)™ 2 in
(4.7) by (logn)™*¢=2 for any € > 0.

4.7) w,(n) =C,y,

Proof. To prove that (4.6) is sufficient, we let Tg act on f(s) = ¥~ a,n"°. By the Cauchy-
Schwarz inequality,

x 1 logk
ITgf1%2< Y ( )3 (logzk)logk)( Y P —2 |an/k|2)
n=2

(logn)?\ 4 kin log, k
Q(k)=2 Q(k)=2
> log,n ( )( , logk 2)
< logk | b |a@nskl” -
Silogn? | £ ¥\ £ o,

Q(k)=2 Q(k)=2
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We complete the proof by using (4.5) and the well known estimate w(n) < logn/(log, n).
To prove that (4.6) is best possible, we assume that there is some ¢ > 0 such that

1

logn 2
ITgll <C |by > —2——
8 ? Q(nz)=2 " (Ingn)HE

for every 2-homogeneous Dirichlet series g. Let x be a large real number and consider the

symbol
1 ( )l+£/2
e= ¥ (log, (pq) ),

x/2<p=x

where g ~ e” is a prime number. The weight condition is then satisfied uniformly in x, since

1 1 1 1
> b = BP9 &P X184y = 1.
Q(n)=2 (log, n) x/2<p<x p X
We now want to show that [|Tg| is unbounded as x — oo, and choose as a test function
(4.8) f&:= [] (@+p™).
x/2<p=x

Let Sy denote the set of square-free numbers generated by the primes x/2 < p < x, so that
IIfIIi,,Lp2 =S, = 2V® where N(x) := m(x) — n(x/2). Note that if n is in S, then w(n) < N(x). It
follows from the prime number theorem that

N(x) ~ .
) 2logx

Set Vy:={n€ Sy : w(n) = N(x)/2}. By the symmetry of the binomial expansion

N [N (x) N(x)
1Sxl = Z ( = Z + 1 Vkl,
n=0\ N n<Nmw/iz\ 2
we find that | V| ~ |S,|/2. Then
”Tgf”2 1 1 lo ( ) 1+€/2 2
ITgl? = —5 22 > | 5 leepd) 7,00
IflI1%2 1Skl nev, (log(ng))™ | paing
1 (10 )1+£/2 2 1 (10 x)1+8/2 2
= > &9 = > 8 wmn)| =logx)’,
|SX| neVy I pln p |Sx| neVy
giving the desired conclusion.
The proof that (4.7) is sharp is similar. Let € > 0 be given and consider
g(s) — Z n—1+1/m(10g n)m—1+£/2n—s.
w?rf]szxm
We observe that
1 moq m
Q(n)=m neSy n X

w(n)=m

Now, if n is in Sy, then it follows from the prime number theorem that logn <« x. As test func-
tion, we use again (4.8). The function

[— t—1+1/m(10g l.)m—1+€/2
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is eventually decreasing for every m = 3 and every € > 0. We find that

ITe /1% _ 1 y !
1£1%,, 1Sl ey, (logn)?

2

”Tg”ZZ Z k—l+1/l’)’l(logk)m—1+£/2
Q[Ilz‘)zm

1 2

1
>— ) —
| Sl 2, X2

nevVy

1
> (log x)* Y 1> (logx)5,
|Sxl nevVy

x—m+1 (logx)m”/Z w(n)
m

where we used that k < x” in the inner sum.
It remains to establish that (4.4) holds with the weight (4.7). Let Ty acton f(s) =Y > a,n”°.
By the Cauchy-Schwarz inequality,

s 1 _ _ _
ITefI2, < 3 2( R 1(logk>’”)( Y bk 2 log b2 a2
= (o™t ol

Hence it suffices to show that
Ap(n):= Y K™ logk)™ < (logn)?.

kin
Q(k)=m
Suppose that n has the prime factorization n = (p;)*. Let ¥ denote a decreasing rearrangement

ofk andlet 71 = (pj)?. The function
t— t2'" logn™
is eventually decreasing for every m = 3, so clearly A,,(n) < A, (7). On the other hand 7 < n,
so we may without loss of generality assume that n = 7. Hence, we have that
n=pkte.pke,

where k1 = k3 = -+ = k4 > 0. By the prime number theorem,

d
(4.9) Pa ~ Z logp = log( H pj) <logn.
P<pa j=1

By summing over the largest prime first, we find that

m—1
Ap(m < Y (mlogp)mpZ/m_l( Y qz“”_l) < Y plogp) < p3 < (logn)*
P<Pa q=p p=pa

using the prime number theorem twice. U

As promised, Theorem 4.2 exhibits m-homogeneous Dirichlet series g in & that converge in
C1/m, but in no larger half-plane, for every m = 2. This can be loosely interpreted as saying that
the more prime factors we have in each non-zero term, the closer we get to the half-plane C,.
In this sense, the multiplicative symbols of Section 3 correspond to m = oo, and it is therefore
not surprising that they converge in Cy.

Setting m = y/2logn/log, n, we are led to a family of weights w (cf. (4.3)) that give estimates
of the type (4.4) with no reference to homogeneity, allowing arbitrary Dirichlet series g.

Theorem 4.3. Ifc <2, then

1
00 2
(4.10) IT IISC( |b |2nexp —cy/lognlog, n ) .
§ n;z ! ( 2 )
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Conversely, if (4.10) holds for every Tg-operator, then ¢ < 2v/2.

Proof. We observe first that we must have ¢ < 2v/2 for (4.10) to hold in view of the sharpness of
Theorem 4.2 and the fact that

n1—2/m

(logn)™m2

if m=+/2logn/log, n.

It remains therefore only to show the positive result that (4.10) holds whenever 0 < ¢ < 2. To
simplify the notation, we set ¢.(k) := exp (c\/logklog, k). By the Cauchy-Schwarz inequality,

& 1 (k) k
T, fl%,, < ( 1 kz)( bel?
ITg f1I%, <n;2(10gn)2 % P (logk) %I k! )

= n(logn)? exp (—2\/5 lognlog, n),

|an/k|2).
Choosing some ¢/, ¢ < ¢’ <2, we find that

y (pCT(k)(logk)z <Y %(k) =: A(n)
kin kin

The rest of the proof is devoted to showing that A(n) < (logn)?, which is precisely what is
needed.

Since x — ¢ (x)/x is eventually decreasing on [1,00), we may, as in the last part of the proof
of Theorem 4.2, assume that n = 7. By splitting into homogeneous parts and using (4.9), we
find that

(k 1
Am= Y ¥ (Pck( )s Y. o (logm™) ). =
m=<Q(n) Q('E')'im m=<Q((n) Q('E')'im

In each inner sum ¥ k™!, we divide every prime factor of k by some a > 0 and then bound the
resulting sum by an Euler product (Rankin’s trick), to obtain that

1 -1 1
Z —sa_ml_[(l—ﬁ) :a_mexp(az—+0(1))
oln © PP o

< a Mexp (a Y l) = a "exp(alog, ps) < exp(—mloga+ alogs n).
p=pd

Choosing a := m/(logs n), we obtain in total

A(n) < Z exp [c’\/m(log2 n)(logm +log; n) — mlogm + mlog, n+ m]

m<Q(n)

<Qm+ ) exp [c’\/Zm(log2 n)(logs; n) — mlogm+ mlog, n + m] ,

m<log, n

where we first used that the exponential in the sum is bounded when m = log, n, and then that
log m <log; n when m <log, n. To estimate the final sum, we use calculus to conclude that the
index m of the largest term should satisfy

12
C? (log, n)(log, n) = m (logm —log, n)°,
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and we see that m = (¢’*/2 + o(1))log, n/log; n. Combining this with the standard estimate
Q(n) <logn/log2, we find that
12

c 2
A(n) < logn + (log, n) exp - +0(1) | (log, n) | < (logn)*,

whenever ¢’ < 4, which is the desired estimate. O

It is not surprising that there is a gap between the necessary and sufficient conditions of
Theorem 4.3. When considering the inequality (4.3), the necessary condition obtained from m-
homogeneous Dirichlet series misses the sharp condition, also by a factor v/2. In the latter case,
the proof of the sharp necessary condition captures cancellations by L* estimates for random
trigonometric polynomials [16]. This suggests that our arguments, which only deal with the
absolute values of the coefficients of g, cannot be expected to tell the full story.

5. BOUNDEDNESS OF Tg ON SP

5.1. Carleson measure characterization. We will now consider the action of the Volterra oper-
ator T on the Hardy spaces 7, for 0 < p < oo. To this end, we recall that &), denotes the space
of symbols g in & such that the Volterra operator T acts boundedly on .77, and we set

Iglla, = ITgll 2 zer).

We will now establish our characterization of the elements of &), in terms of Carleson measures.
Applying the Littlewood-Paley formula (2.2) to Tg f, we immediately obtain a characteriza-
tion of the symbols g that belong to Z>: g is in &> if and only if it there is a positive constant
C(g) such that
dt

2 - o . 2 . 2
||Tgf||(%)2AfwfRf0 @+ infigyo+infodo =

Using Fubini’s theorem, we may remove the integral over R, since each t represents a rotation
in each variable on T*. From this observation we obtain the characterization

5.1 fT i} fo P18, @F odo dme(y) < C@I fI%,0.

Clearly, the smallest constant C(g) in (5.1) satisfies C(g) = I Tgll ¢ z2).

dmes(Y) < C@° I f1I%z.

Theorem 5.1. T acts boundedly on #P for 0 < p < oo if and only if there is a positive constant
C(g, p) such that

5.2) fv ) fo FIP1g,0) 20 dodme(p) < C(g, I I,

forall f € #6P. Furthermore, if

(5.3) C(g,p):= sup U f |fy@)1P gy ()P0 dodme(y) g
1fll7ep=1\JTJO

then C(g, p) = I Tgll £ ep).

We observe that if we restrict to only one variable, meaning that we consider only Dirichlet
series over powers of a single prime, then the condition of Theorem 5.1 is independent of p and
reduces to the familiar one variable description of BMOA(D).
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Our proof of Theorem 5.1 adapts arguments from [31], the main difference being that we
will additionally integrate every quantity over T°. Before giving the proof, we collect some
preliminary results. By using Fubini’s theorem once more, we find that (5.2) is equivalent to

dt
1+ 2

(5.4) fTOOfRfO fyo+inlPIg, (o +infodo dmeo(x) < C(g, P21 fII7,,.

The virtue of introducing an extra parameter in (5.4) is that it allows us to apply techniques
adapted to the conformally invariant Hardy space Hip (Cp). In addition to the Littlewood-Paley
formula (2.2), we will use the square function formula

5.5) HfW"~MI”+jnt[(f Forintdodr 2T dmum
. 760 — 1 1% Jr 1"1 x ]_+T2 OOX)

which can be found in [13, Thm. 7]. Here, for 7 in R, I'; is the cone
I';={o+it:|t—1|<0}.
For a holomorphic function f in Cy, let f* denote the non-tangential maximal function

(5.6) f (@ :=suplf(s)l, T€R.

sel's

Since 1/(1+7?) is a Muckenhoupt A,-weight for all g > 1, it follows from the work of Gundy and
Wheeden [21] that f is in H (Co) if and only if f* isin L'(®) = LP (1 + %) ~'d7) for 0 < p < 0o,
with comparable norms.

Lemma 5.2. Let ¢ be a function and u a positive measure on {o + it : 0 <o < 1}. Then

1 1+ 2
5.7 o+it)ldulo,t fo o+it du(o,t .
(6.7) fu;efo lp( )du(o,t) RFTI(.D( )| p p( )“_T2
If i is a positive measure on all of Cy, then
(5.8) fjm|(+ﬂm( n»ff|(+fﬁ+ﬂd(n
. o+1i o, o+1i o, .
RJO ? g RJI, ¢ s 1+72
Proof. Foro +itinCy, we consider theset I(oc +it):={treR: o+itel;}. Acomputation shows
that
drt o
[t oces
Io+it) 1472 1+1¢2
and that
f drt o
< R 0<o<oo.
Io+in 1+7%2 1+ 12
The estimates (5.7) and (5.8) now follow from Fubini’s theorem. OJ

Proof of Theorem 5.1. We may assume that g is in /" since otherwise Ty is trivially unbounded.
Thus, for almost every y in T, the measure

2
gy (0, 1) = Ig;((a+ incodo o

is well-defined on C,.
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Suppose first that p = 2 and that (5.4) is satisfied. Then by the Littlewood-Paley formula (2.2),
Holder’s inequality, and two applications of (5.4), we have that

ITgf1%,, :fwfﬁfo ((Tgf)y (@ +i)P2 I fy (0 +it)Pdug (0, 1) dme(Y)

ez 0o 2

< C(g, P) IITgfII ||f||;gp,
giving us that | T fl.zr < C(g, p)II fll 7e».

Suppose now that Tg acts boundedly on JCP, still considering p = 2. By (5.7), Holder’s in-
equality, (5.6), (2.1), and the square function characterization, we have

1
Pdu, , dme, ff D1Ple!
fmf[Rfo |fylPdpg,y dme < - rT|f;¢((7+1)| ng
foof fy (r) f (T ) *do dt dmoo(x)

<If1%, ”Tgf”]fp < IITgllg(JLop)llfII]fp

The remaining integral can be estimated using the uniform pointwise estimates that hold for f
and g in A7 in the half-plane Re(s) = 1, yielding that

|. fR fl P dpig (@, 0 dmoo () < 117181200 < N1 I TglSs g

Suppose now that 0 < p < 2 and that (5.4) is satisfied. Using the square function characteri-
zation (5.5), (5.6), Holder’s inequality, (2.1), and (5.8), we obtain

20 ) 2 pl2 drt
IITgfllgfp:Awqu(fr |fy(o+in)|7Igy (o +it)] dadt) mdmoo()()
@=pp pi2 A
* 2 . Pio/ X 2
wa‘[%(fx (T)) (/; |fx(0'+lt)| |gx(0'+lt)| dadt) 1572

@-pp d
<Iflz2 (f ff fylo+inligo+infPdodi—— dmoo(x))

[NIas

@2=pp 7
<ifie ([ L[ |fx(o+ir)|’7dug,x(a,r)dmoo(x))

@-p)p r®

<Ifl2 C&pPIflZ,=CEpPIfI,,.

Finally we deal with the case when 0 < p <2 and Tg: A7 — A7 is bounded. Note first that
by the Littlewood-Paley formula (2.2), we have

ITe 17, = fw i} fR fo ((Tg) 1721y iy (@, 8) dmo (1),
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Using Holder’s inequality and this identity, we obtain
2-p
[e ] p_z 00 35
f fR fo P ditgy (@, 0) dmoo () < ITg S ;fp( fT fR fo |(Tg )P diig 40, 1) dmoo()

2 p2-p)

p_ ple—p)
<ITef1l 2,C(8 p* PIT Il 2
< C(g, P PITgllep som I F 1 -

By an approximation argument, we can a priori assume that C(g, p) is finite. Then, by taking the
supremum over norm-1 Dirichlet series f, we obtain that C(g, p) < [Tgll.#(#r), as desired. []

5.2. Necessary and sufficient conditions. Theorem 5.1 can be applied to find necessary and
sufficient conditions for membership in &, parallel to the result for &, proved in Theorem 2.3.
However, there is one essential difficulty when passing from p = 2 to the general case 0 < p < oo,
namely that the proof of part (c) of Theorem 2.3 relies on the local embedding property of .72
expressed by (2.5). The local embedding extends trivially to hold for p = 2k, for every positive
integer k, since

(5.9) ”f”g}k(@l/z) = “fk”?{iz((ﬁl/z) = 6||fk||2%2 = CV”f”%Zk’

but it is a well-known open problem whether it holds for any other p. We refer to [34, Sec. 3] for
a discussion of the embedding problem.
Arguing similarly for the embedding constant (5.3), we find for every positive integer n that

(5.10) C(g,p) =C(g,np).

We will use this to prove a rather curious incomplete analogue to part (c) of Theorem 2.3. In
view of (5.9) and (5.10), we are allowed to apply integral powers before and after using the local
embedding property of #?, leading us to the expected necessary condition for g to belong to
Zp, but only for rational p.

Theorem 5.3. Suppose that g isin2.
(a) Ifg is inBMOA(Cy), then Ty is bounded from P to 7P .
(b) Ifg is in &, then g satisfies condition (iii) from Lemma 2.1.
(©) Ifgisin%Zy, and p isinQ., then g is in BMOA(Cy2).

Proof. The proof of (a) is identical to the proof given for p = 2 in Theorem 2.3, using Theo-
rem 5.1, (5.4), and that Carleson measures in one variable are independent of p. The proof of
(b) is also the same.

For (c) we need two facts which follow from close inspection of the proof of Theorem 5.1. First
of all, it is clear from the first part of the proof that for p = 2 there is a constant C;, independent
of p, such that

ITgll £7er) = C1C(8, P),
where C(g, p) is as in Theorem 5.1. Hence, we conclude by (5.10) that there is a constant C,
such that for every positive integer n we have

(5.11) ITgll £ zemry = Coll Tgll £ (727).

Secondly, by mimicking the next part of the proof, also for p = 2, we see that there is a constant
Cs such that

1
(5.12) f f IF(9IP1g ()P (0 - 1/2)do
RJ1/2

dr -2
<G3|T 2 P )
Tz =Gl gf”Hip(Cl/z)”f”Hip(Cuz)
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atleast for Dirichlet polynomials f. Here we have implicitly applied the maximal function char-
acterization of Hip (C1/2). However, by the inner-outer factorization of Hip , we see that the con-
stants involved do not blow up as p — co. To prove the theorem, let p =2k/n > 0 be a rational
number. Hence, by (5.11), Ty is bounded on F6%* with control of the constant. Combined with
(5.12) and the embedding (5.9), we find, setting C, = C, that

1 dt
2k oS 2 (e 2
fRfmlf(S)l 1g'(8)I“(c —1/2)do <C3||Tgf”Hizk(CU2

1+12
< C3C; CHIT gl % m 1 f 1 o

It follows that vg(o +i1) := |g'(s)|?(0 — 1/2) dodt/(1 + t?) is a Carleson measure for /2, with
constant uniformly bounded by [T Clearly, the argument in [29, Thm. 3] produces

2(k-1)
)”f”Hf"(cl/z)

?Z’(]fﬂ)'
uniform estimates, so we conclude that v, is a Carleson measure on HiZk(Cl/g), with constant
uniformly bounded by the same quantity. By appealing to the inner-outer factorization again,
we conclude that there is a constant Cs such that

Ivellema) < CsllTgl% en < CoClg, P)*.
The proof is now completed by arguing as at the end of the proof of Theorem 2.3. U

Theorem 2.5 now gives us an interesting example of a Tg-operator that is bounded on all
JEP-spaces.

Corollary 5.4. Let g be as in Theorem 2.5, i.e.,

_ o 1 =S
8(s) = ,;2 nlognn '

ThenTg : AP — FEP is bounded for every p < co.

5.3. Linear symbols. We will now extend Theorem 4.1 by proving that all linear symbols g yield
bounded operators Ty on #7, for the whole range 0 < p < co. We do this by showing that in
this special case, the constant C(g, p) in the Carleson measure condition (5.2) may be chosen
independently of p.

Theorem 5.5. Let
gs)=) bip;*
j=1

be given. Then T is bounded on AP if and only if g is in F€2. In fact,

o 1
sup f f @17 gy (@) Pododme(y) = < 1Ig1%,.
Fe7P | fll ep=<1JT Jo 4

holds whenever 0 < p < co.

It suffices to consider finitely many, say d, variables. The Poisson kernel on the polydisc is
then given by
d 1-|z;?
P (w) =[] !

— 7127
j:1|1 WJZJ|

where |z;| <1 and w = (w;) is a point on T4, Suppose that 0 < @ < p and that f is in HP (D).
Then | f|* is separately subharmonic in each variable, which gives us the following.
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Lemma5.6. If f isin HP (DY), then
If(Z)I"‘SAsz(W)If(w)I“dmd(w)

for every point z inD? and 0 < a < p.

Lemma 5.6 shows that if the Carleson embedding condition (5.2) holds for all harmonic func-
tions f, for one p, then (5.2) holds for all f in .#7, for every p. Hence, to prove Theorem 5.5, we
only need to verify that linear functions g in . induce Carleson measures on the harmonic
functions for p = 2. Obviously this raises the question whether the corresponding statement is
true for other symbols g from Sections 3 and 4, or even if it could be true that the Carleson con-
dition for analytic functions implies the same condition for harmonic functions, cf. Question 1
in the introduction. We only have the answer in the simplest case of linear symbols.

To simplify the computations to be given below, we will use the multiplicative notation that
comes from identifying the dual of the compact abelian group T* with the discrete abelian
group Q. (see [22, 33]). This means that the Fourier series of f on T takes the form

Y er)x(r),
reQ+

where ¢(r) = (f(x), x(r)) ;2(7). (The notation y(r) is explained at the end of the introduction.)

Proof of Theorem 5.5. To see that the supremum cannot be smaller than 1/4, it suffices to set
gs)=p; *and f(s)=1.
To prove the bound from above, we begin by expanding the function h,(y) := | fxlp/ 2ina
Fourier series on T,
hy(x) =Y cr)x(r).
reQ+
Using Lemma 5.6 with z; = p]_.")((pj) and a = p/2, we get that

m m
| (a)|P’25f Iy (W) P (w)dmg(w) = (=] mm™x(=],
Jx Td " ‘ ¢ (m,Xn;'zl (”) X(”)
where we in the last step integrated the Fourier series of 1, term by term against the Poisson
kernel. It follows that

m

c (;) c(%)‘ (mnuvp;pr)”°|bjbillogp;log py,

d
[U;:f |f%(0)|p|g;((0)|2dmoo(7()S Z
Too k=1

mp _Pj
nv

=~

where it is understood that (m,n) = 1 and (u,v) = 1. By symmetry, we get I, < 21,1 + 215,
where

v =Py
pjlm pgln

pjlm,pglv
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We estimate the contribution from these two sums separately. First, by the Cauchy-Schwarz
inequality, we have

d m 2logp;logpi £ B2, 2 B2 108 P
I‘”<(Z Y G = )(}Z > |e(5)| 1bsPim )20)

Jik= lpﬁmpkm k=1 (1,v)=1 (pjpk

]
<( ‘C(ﬂ)rlogmlogn)%( y ‘ ( )‘ i b, 2iby logpjlogpk)%
Nt W0 (mn)>? ww=1' V' jk=1 (pjp)?° |’

where we in the final inequality changed the order of summation in the first factor and used
that}., |, logp; <logm. To compute the integrals, we will use the identity

oo 1
f (loga)za_zaada =-,
0 4

which is valid for every a > 0. We use the Cauchy-Schwarz inequality again and take the two
integrals into the respective sums, to deduce that

1 1
0 my 2 logmlogn |’ d logpjlogpk ’
Io10do < cl—|| —= b PIbp|? —————= | .
fo ol ((m%zl‘ ( n )‘ 4(logmn)2) ((ﬂ’%":l‘ (v)‘ ];:1 4(logp]-pk)2
The fractions with logarithms are bounded by 1/16, so in total we get that

o0 1
2 p
fo Ia,ladOSEIIgllﬁzllfllﬂp-

To estimate I,; », we use the Cauchy-Schwarz inequality and change the order of summation:

d (logp;)? d IINE (log pr)?\?
Iyo < |bi|? ) ( Ld |b'|2—)
72 (1;1(17;)11) L ( )‘ (mp e jrk= l(upvl (V)’ ! (Vpk)zg
jlm v

| £ o2 £ Sy [oft) xSy

32 2
(mm=1" "1 m (Mpj)=?) =" W o0 (Vp=

The two factors are symmetrical, so by using the Cauchy-Schwarz inequality again we get

‘[Ooolgygados ||g||2]€2 Z ’C(E)lz Z (logpj)z

mm=1! !l S5, 4logmp;)?
Igll?,, my |2 logm logpj\™" 18151 1%,
=22y ‘c(—) l Zlogpj(2+l 1 ]) <2 # 7
4 mm=1' 01 logm T, ogp; logm 16

where we used thatlogm/logp; +logp;/logm =2 when p ;|m. Combining everything yields
(e ¢] [e.°] [e.o] 1
fo Iyodo < zfo Iy1odo +2f0 Ipp0do < annzjf2 (N O

6. COMPARISON OF & WITH OTHER SPACES OF DIRICHLET SERIES OF BMO TYPE

6.1. Hardy spaces .#7 and BMOA(Cyp). Our initial motivation for studying T was to consider
Z =%, as a type of BMOA-space for the range of Hardy spaces #”. From Theorem 2.3, we
have the following inclusions, which show that & is in every 47, for 0 < p < co.
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Corollary 6.1. We have the following inclusions,
A CBMOAC)N2CXC [ #7.

0<p<oco
Proof. The inclusions are all from Theorem 2.3. That the first inclusion is strict follows from
Theorem 2.5. The second inclusion was observed to be strict in the remark at the end of Sec-
tion 3, but it can also be deduced from any example in Section 4. The strictness of the last
inclusion follows from Theorem 4.2 and the fact that

(6.1) Igllzzr = 1 8ll 72

when g is an m-homogeneous Dirichlet series, with implied constants depending on m and p.
To verify (6.1), we argue as follows. Let d(n) be the number of divisors of the positive integer
n. By the extension of Helson’s inequality discussed in [12, Sec. 5] and [35, Thm. 3], there exist
nonnegative number « and f, depending on p, such that

6.2) (i la,” )%< S apn
damie) ~ ="

n=1
The key point is that if Q(n) = m, then m+ 1 < d(n) < 2™, proving (6.1). (In fact, by a suitable
application of Holder’s inequality, we can prove (6.1) using only the right inequality in (6.2).) [

1

o) 2

< ( Y lanltdmnf| .
JEP n=1

In the next three subsections, we will compare & with two other analogues of BMOA, namely
the dual space (#!)* and the space (/2 © #?)* of symbols generating bounded multiplicative
Hankel forms. Let us first recall that neither of these spaces is contained in

n .

0<p<oo

This follows immediately from a result of Marzo and Seip [26], which states that the Riesz pro-
jection P on the polytorus is unbounded from L (T°) to H* (D). In fact, it is not even known
whether P(L*°(T*)) is contained in H”(D*) for any p > 2. Note that P(L*°(T*)) is naturally
identified with (/')*, and that it is strictly continuously contained in (/2 © .7%)* [30].

6.2. Hankel forms. Let us now consider the space of symbols g such that the corresponding
Hankel forms Hg are bounded. The form Hy is given by

Hg(fh) = (fhyg>ﬁ2y

from which it is clear, by definition, that Hg is bounded if and only if g is in (A2 0 A%)*. Apply-
ing the product rule for derivatives, we find that

(6.3) He (fh) = f(+00) h(+00)g(+00) + (0~ (f'h), &) 72 + (0~ (F 1), &) 2,
where -~

6_1f(s)::—f fw)dw.
The “half-Hankel” form

(6.4) (f, ) — (0~ (f'h), &) s
isbounded ifand only if g € 071 (042 © #?))*. Tt is clear from (6.3) that
(6.5) O~ 1(0A7? 0 F%)* < (H* 0 H?)".

Whether the inclusion in (6.5) is strict, is an open problem. It was observed in [13] that it is
equivalent to an interesting Schur multiplier problem.
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Corollary 6.2. Suppose that the Volterra operator Tg acts boundedly on F62. Then the Hankel
formHyg is bounded.

Proof. The Littlewood-Paley formula (2.2) may be polarized, to obtain

_ —— 4 S P dt
(6.6) (f 8 2 —f(+oo)g(+oo)+nfpof[Rf0 fx((7+lt)gx(a+zt)ad01+t2 dmeo(Y).
We find that
=1, ¢/ _é/‘ ffm / . TN dt
0 (f h),g);taz—ﬂ oo Jo s f%(0+zz‘)h%(cr+lt)g)(((7+lt)0da1_”2 dmeo ().

Hence, it is clear from Theorem 5.1 that if T is bounded, then so is the form (6.4). Thus we may
complete the proof by using the inclusion (6.5). U

On weighted Dirichlet spaces of the disc (including the Hardy space), even in the vector-
valued setting, the boundedness of a half-Hankel form also implies the boundedness of the
corresponding T, operator (see [3]). However, by [13, Lem. 10], a half-Hankel form on F?
generated by a symbol g with positive coefficients is bounded if and only if Hg is bounded.
Since the symbols of Theorem 3.1 generate bounded Hankel forms for @ = 1/2, but not bounded
T, operators for a < 1, this shows that the same relationship between the half-Hankel form and
T does not hold in the present context.

6.3. The dual of #'. The most tractable sufficient condition for g(s) = ¥,,>; b,n"*° to belong
to (A1)* was put forward by Helson [23]: g isin (#1)* if

o0
6.7) |byl*d(n) < oo,

n=1
where again d(n) denotes the number of divisors of the integer n. In fact, Helson’s result is
stated in terms of the Hankel form H considered above. If g satisfies (6.7), then H is Hilbert-
Schmidt. Note that, by a consideration of zero sets based on [35, Thm. 2], we can show that a
Dirichlet series g satisfying (6.7) will not always be in BMOA(C,/2).

The examples of g in &> considered in Sections 3 and 4 are easily seen to satisfy (6.7). More-
over, we see that the symbols in Theorem 3.1, 1/2 < a < 1, are in (#1)*, but not in %>. Hence
(#Y)* is not contained in &>, and it is tempting to conjecture that Z» < (A1)*.

First, let us show how to construct a class of Dirichlet series in (#1)* N %, that do not satisfy
(6.7), showing that Helson’s criterion is not well adapted to understanding Volterra operators.

Theorem 6.3. Suppose that N = {ny, ny, ...} < N\{1} is a set with the property that (n;, ni) = 1 if
j#k. If
(6.8) gs)= > byn?,
neN
then |Tgll 72y = gl 2. Moreover, for f(s) =Y ,>1 ann™*°, we have

1

2
laol*+ Y lanl®| = V2l fll .

newN

The second statement in the theorem yields [ gl 1)+ < V2ligl 2, by the Cauchy-Schwarz
inequality applied to (f, g) »=. Define the integers n; :=2, np :=3-5, n3:=7-11-13, and so on.
The set A :={ny, ny, ...} satisfies the assumptions of Theorem 6.3, but d(n;) = 2J.s0 (6.7) is not
always satisfied.
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Proof of Theorem 6.3. For the first statement, we simply observe that

Y logn<logN,

n|N
neN

which allows us to follow the proof of Theorem 4.1 to obtain that every Dirichlet series of the
form (6.8) satisfies [ Tgll = I gl 2.

For the second statement, fix some n = nj, and set d := w(n), m:= Q(n) and « := x(n). By
Helson’s iterative procedure [23], it is sufficient to demonstrate that for f in H 19,

1 2
6.9) (|610|2+§|a1<|2) < 1fll g @ay-
We begin with Carleman’s inequality (see [36]),

(i |ck|2)%
o k+1 -

Setting F(w) =Y >0 Ck w* we use E Wiener’s trick (see [11]) with an mth root of unity, say ¢, so
that

oo
Y cw*
k=0

H'(D)

Fp(w™) := %(F(w) + F(we) + F(wg®) + -+ F(we™ 1) = Z Cmiew™*

Clearly || Fyull ip ) < | Fll g1y, s0 we find from Carleman’s inequality that

|ka|
(6.10) (kzo il )

chw

H'(D)

Returning to our function f in H'(D%), we let f; denote the k-homogeneous part of f and de-
compose [ accordingly:

f@=) fil2.
k=0

Substituting z; — wz; for 1 < j < d, we find, using Fubini’s theorem, (6.10), and Minkowski’s
inequality, that

k=0

1 1
] ? & | fim(@)17)2

We retain only the two first terms in the sum on the left-hand side. The proof of (6.9) is com-
pleted by noting that || foll ;1 pay = laol and that |ax| < || finll ;p ey, where the latter inequality
holds because |x| = Q(n) = m. OJ

As for the question of whether &, c (A#1)*, our best result is the following corollary of the
characterization given in Theorem 5.1. For its interpretation, one should recall that (5.10) im-
plies that &, < &,. Hence, the corollary also motivates further interest in the question of
whether &, = &), forall p, 0 < p < co.

Corollary 6.4. Suppose that the Volterra operator T acts boundedly on F. Then g isin (F1)*.



VOLTERRA OPERATORS ON HARDY SPACES OF DIRICHLET SERIES 31

Proof. Let f be a Dirichlet series in .#°! and suppose that f(+oco) = 0. Let g be &, and apply
(6.6) along with the Cauchy-Schwarz inequality,

o e dr
fwroo[u%fo fé(a+zt)g§c(0+zt)odal+tzdmoo()()‘

1
oo|f)£(0’+l.l')|2 dt 2
( [ oo 2 dmety

x(f ffoolf(a+it)|| "o +it)odo dt dm ()%
A Ex 142 M)

We finish the proof by using Theorem 5.1 with p = 1, since the quantity on the second line is

bounded from above and below by | f II;/;I in view of the Littlewood-Paley formula (2.2). O

IKf> 8) 72| =

Observe that by part (a) of Theorem 5.3, this shows in particular that if g is in BMOA(Cy) N2,
then g is in (#!)*. This inclusion can also be deduced directly from the two Littlewood-Paley
formulas (2.2) and (6.6), using the Cauchy-Schwarz inequality and Lemma 2.2.

6.4. On the finite polydisc D?. Let us now confine ourselves to studying Dirichlet series

f(s)= Z a,n_?®
n=1

restricted to the first d primes, by demanding that a, = 0if p|n, for j > d. Through the Bohr lift,
the restricted Hardy spaces Jf; (which are complemented subspaces of #7) are isometrically

identified with H” (D). We consider now a Dirichlet series g restricted to the first d primes and
let T act on Jf{;.

Corollary 6.5. For0 < p <oo, Ty is bounded on Jf(fl’ if and only if it is bounded on Jffl.

Proof. This follows from Theorem 5.1, since the Carleson measure characterization is now over
D4, and the Carleson measures of H? (D%) are independent of p (see [15]). [l

Moreover, using the result that H2(D% 0 H2(D%) = H'(D?) from [18, 25], we conclude that
symbols inducing bounded Tg-operators on the finite polydisc belong to (H L(d%))*. This sub-
section is devoted to showing that, even in the finite-dimensional setting, the dual of H" still
does not characterize the bounded Tg-operators.

Let D denote the differentiation operator on Dirichlet series,

Df(s):=f'(s)=-)_ ap(logn)n™".

n=2

Identifying again Jf; with H” (D%), we find that we may write

d
(6.11) Df(z1, ..., 25) == )_(logp)zj0z; f (21, ..., Za)-
j=1

Note the similarity between D and the radial differentiation operator

d
(6.12) Rf(z1,..., 20):= ) 20z, f (21, ..., Za).
j=1



32 OLE FREDRIK BREVIG, KARL-MIKAEL PERFEKT, AND KRISTIAN SEIP

The Volterra operator T, defined with the radial differentiation operator R and radial integra-
tion R~! has previously been investigated on the unit ball B, of C? by a number of authors. A
seminal contribution is that of Pau [31], who proved that Ty is bounded on H?(B,) if and only
if g is in BMOA(B). In particular, for p = 2, the T, operator is bounded if and only if the corre-
sponding Hankel operator is bounded, i.e., if and only if g defines a bounded linear functional
on H?(B,) @ H*(By).

We shall now see that the corresponding statement is not true on the finite polydisc D?. The
statement and proof are written for the Volterra operator defined in terms of radial differentia-
tion (6.12), but the argument works equally well for the half-plane differentiation (6.11). In the
following theorem, we use the notation g; ® g2(z, w) := g1(2) g2 (w).

Theorem 6.6. There exist a function g, in H* (D) and a function g, in BMOA(D) such that Tg, g,
is unbounded on H?(D?).

To obtain the desired conclusion from this theorem, namely that T is not bounded simulta-
neously with the Hankel operator Hg even on the bidisc, it suffices to observe that the symbol
g1 ® g is in BMOA(D?) and therefore in (H?(D?) o H2(D?))" = (H'(D?)".

Proof of Theorem 6.6. Suppose that f(z, w) =Y, n=0 @m,n2" w". Then

_ am,
Rf(zw)= Y (m+mamz™w" and R 'flzw)= Y —2z"w"
m,n=0 mn=0 M+N

m+n>0

We consider the Volterra operator Tgf = R™'(fRg), choosing f = fi ® f>, where f and f are
both in H?(D). We compute and find that

(6.13) f(z, wRg(z, w) = f1(2) fo(w) (28} (2) g2 (W) + we) (2) gy (w)).

We consider first the second term of (6.13), which we write as h; (z) ho (w), where
h(2):=fil2)g1(2) = ) amz™ and  hy(w):=whHhw)gy(w) =) byw".
m=0 n=1

Since f; is in H2(D) and g is in H®(D), clearly hy is in H?(D), s0 ¥,;50|@m|? < co. In a similar
way, we see that h; is the derivative of a function in H?(D) because f, is in H*(D) and g, is in
BMOA(D) so that the operator T, is bounded on H?(D). This means that ¥,,-; |b,|?/n? < co.
We conclude therefore that

-1 2 _ S = Iaml |bn | n|2
IR b2 |y = 2 D =5 Zl ml’ Z

m=0n=1 (m+ n)2

Changing our attention to the first term in (6.13), it remains for us to show that we can pick
fi, f>, g1, and g, satisfying our assumptions, so that the H?(D?)-norm of

(228 (2 fo(w) g2 (w))

is infinite. Replace for the moment zf; (z) g} (z) with an arbitrary function h; in z0H?(D), say
(e,0)
h(z)= ) amz™.
m=1

Choose f, and g» as

o0 n

w
= _— d :—l ]._ .
fo(w) n; Jrdogn) an g2 (w) og(1-w)
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The coefficients of hy(w) := fo(w)g2(w) =Y ,,»3 b, w™ are given by

b —nil L L > 1 nil 1 > !
" S Vklogh) (n—k) ~ Vnlogn) {Zyn—k i’
Hence we find that
_ X X apl? X |aml*log(m+2)
Ry h)||? > L _
|R= 2)||H2(D2)> n;l,é(m+n)2n mzzl (m +1)2 *°

for an appropriate choice of h; in zaHZ([D): However, by a factorization result of Aleksandrov
and Peller [1], there exist f1] in H*(D) and g{ in H*(D) for 1 < j <4, such that

4 . .
=2z fl2g) .

j=1
Therefore, at least one of the four pairs ( flj , g{ ), 1 = j <4, will do as the choice of (f1, g1)- O

7. COMPACTNESS OF Tg ON S

7.1. Basic results. We turn to a brief discussion of compactness of Tg. Every polynomial sym-
bol g(s) = ¥,<n byn~* defines a compact Tg-operator, since in this case Tg is the sum of N
diagonal operators with entries in ¢y. This means that all bounded operators from Section 4
actually are compact. To see this, let Sy denote the partial sum operator, acting on a Dirichlet
series f(s) =Y ;=1 ann ° by

N
Snf() =) amn".
n=1

Suppose now that we have an estimate of the type ||Tg||2 <Y us2 |b,|?w(n) for some positive
weight function w(n). If the right hand side is finite for some Dirichlet series g, then
ITg = Tsygl® < ) Ibal*w(m) =0,  N—oo,
n=N
demonstrating that T is compact. In particular, every bounded Tg-operator with a linear sym-
bol is compact, since then [|Tg |l (%2) = lIgll 72, by Theorem 4.1. Let us also mention that the
Volterra operator defined by the primitive of the zeta function considered in Theorem 2.5,

(s) i . -
s)= n,
§ =5 nlogn

is compact by this argument and Theorem 4.3. In the next subsection, we will produce a con-
crete example of a non-compact operator, by testing the Volterra operator of Theorem 3.3, for
A = 1, against reproducing kernels for suitable subspaces of 72.

We mention that it is possible to prove versions of Theorems 2.3, 5.1, and 5.3 for compact-
ness, by replacing bounded mean oscillation by vanishing mean oscillation, and embeddings
by vanishing embeddings. The details are standard, see for instance [31] for the arguments in a
different setting.

We present only two results in this section. The first is that the closure of Dirichlet polyno-
mials in BMOA(Cy) is VMOA(Cy) N9, as it relies on the translation invariance (i) of Lemma 2.1
enjoyed by Dirichlet series in BMOA(Cy). Recall that VMOA(Cy) consists of those g e BMOA(Cy)
such that

dt=0.

1 1
lim su —f (it)——f (it)dr
5—>0*|1|<I<)3|I| If ] If
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We endow the space BMO(Cy) N2 with the norm | f lsmo(cy)nz := | f (+00) | + || flIBMO(cy) -

Theorem 7.1. Let g be a symbol in VMOA(Cy) N D and € be a positive number. Then there is a
Dirichlet polynomial P such that || g — Pllsmo(cy)n2 < €.

Proof. Let Bs denote the horizontal shift operator given by Bsg(s) = g(s+ 6), and, as above, let
Sy denote the partial sum operator. We choose P = BsSy g, for some § > 0 and N to be specified
later. Clearly P(+o0) = b; = g(+00). Since g is in VMOA(Cy), we know from [20, Thm. VI.5.1] that

(lsirr(l) g — Bsgllsmo(cy) = 0.
Choose 6 > 0 so that ||g — Bsgllsmo(cy) < €/2. Then

lg — Pllsmo(c,y) = 118 — Bsgllsmo(cy) + I1Bsg — Pllmo(cy) < €/2+2||Bsg — BsSngll 7.

Now, by (i) of Lemma 2.1, we know that 0(g) < 0. By a theorem of Bohr [10], this implies that
Sng(s) converges uniformly to g(s) in the closed half-plane Cg, for every 6 > 0. Hence there is
some N = N(g,0) such that || Bsg — BsSngll 7~ = |Bs(§ — Sng) |~ < €/4. O

Our second basic result is that Tg is never in any Schatten class, unless g is constant. This is
in line with [31, Thm. 6.7], showing that a radial Volterra operator T # 0 defined on H?(B,) can
be in the Schatten class S, only for p > d.

Theorem 7.2. Let -
g)=) byn~*
n=1
be a non-constant Dirichlet series. Then Ty : FE? — F? isnotin Sp, forany p < co.
Proof. Since g is not constant, we know there is at least one non-zero term, so set
N=inf{n=2: b, # 0} <.

We will use [37, Thm. 1.33] in the following way: Set e, (s) := n~* and assume that 2 < p < co.
Then the set {e,;} ;=1 forms an orthonormal basis for .#7?, so that:

o0
p p
”Tg”Sp =3 ITgenl,.-
n=N

A simple computation shows that if n = N, then we have

X byl (logm)? . |by|?(log N)? . |byI?(log N)?

T 2 _ > >
ITgenlze: mzzz (log mn)? (lognN)? (2logm)?

In particular, |Tge,ll 42 = (IbyllogN)/(2logn) and hence ||Tg||§p > oo. The inclusion between
Schatten classes allows us to conclude that Tg cannot be in S, for any 0 < p < co. U

7.2. Estimating y-smooth reproducing kernels. We will now study the action of T on repro-
ducing kernels for suitable subspaces of #?2. The reproducing kernel k,, of #7? itself at w,
where Re(w) > 1/2, is given by

-1
kw(s):=C(s+w)=]] (1 - p_s_w) )
p
Considering these reproducing kernels is insufficient in our analysis of the multiplicative sym-
bol g from Theorem 3.3. Indeed, regardless of the value of A, the Dirichlet series g(s) converges
absolutely all the way down to Re(s) = o > 0. Testing T on the kernels ky, in Cy> is therefore
not enough to detect that it is unbounded for A > 1.
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To address this, we consider y-smooth reproducing kernels. Let P*(n) denote the largest
prime factor of n. The integer n is called y-smooth if P*(n) < y. The y-smooth reproducing
kernels, k}, are defined for Re(w) > 0 and y = 1, by cutting off prime numbers larger than y.
This means that we set k3, (s) := { (s + W, y), where

((s+wy)=T1[1-p7) .

p<y

Notice that we already used another variant of cut-off kernels in the proof of Theorem 3.3.
Following G4l’s construction, we tested against a finite-dimensional kernel at o = 0, cut off to
be smooth (in the sense of primes) and retaining only suitable small powers of each prime.
Our motivation for turning to the more involved investigation of the reproducing kernels k;, (s)
is that they provide slightly better estimates than the rougher argument stemming from Gél’s
work. More specifically, we will see that the multiplicative symbol g from Theorem 3.3 with
A =1 provides the only concrete example of a non-compact Tg-operator in this paper. As in
Section 3, we consider without loss of generality the operator Tg instead of Ty, the difference
between the two being compact.

Suppose that f(s) = ,,>1 ¢(n)n~*, where ¢ is a non-negative completely multiplicative func-
tion and that g(s) =) ,,=; by,n™* has non-negative coefficients. A computation shows that

_ 0o 00 o0 k2
(7.1) 1Tl = X Z(meOgm)(bnlogn)w(UZlZ)z) > L

.
m=2n=2 =1 (log e+ log 2 )

We will now choose f to be a y-smooth reproducing kernel and estimate the innermost sum.
Lemma 7.3. Let ¢(n) be the completely multiplicative non-negative function defined by setting

n? ifPt(n)<y,
@(n):= /P . Y
0, otherwise.

Fixa,0<a<1.Ify*=1/0, then for sufficiently large y (depending on ), we have

00 2 kyZ
R [ i

2
k=1 (logk+log mn ) ((1+0(1))(1—20)—1y1‘2‘7+10g mn )

(m,n) (m,n)

where o(1) tends to 0 as y — oo.

Proof We may assume that 0 < o < 1/2. Observe first that ||k, IIZJ.,LD2 =((20,y). For simplicity of

notation, we write a :=log i ,’7’1“:1) . By Abel summation, we see that

©Y(x,y) X729 dx
S(p(m,n)~20f s
1 (logx+a)” X

where as usual ¥(x, y) denotes the number of y-smooth integers less than or equal to x. Ob-
serve that (s, y) is the Mellin transform of ¥ (x, y),

((s,y) = sf W (x,y) dx.
0
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Hence by writing W (x, y) as the inverse Mellin transform of {(s, y), integrating over the vertical
line Re s = ¢ for some 0 < ¢ < 20, and then changing the order of integration, we obtain

©Y(x,y)x 27 dx co( 1 [ético ds x%0  dx
I::f —Z—Zf —f C(s,y)x——
1 (logx+a)” ¥ J1 \27i Ji-ico (logx +a)® X

1 cf+loo( 0o xS—20 dx)\ ds
— s, f — |
27 Jeioo 1 (logx+a)® X | s

\ J/
g

J

By substituting x = e’, using the identity
1 d [
_ —(t+a)x

—_— = e dx,

(t+ a)? da fo
and interpreting the resulting integral as a Laplace transform, we find that

00 p=t(20-9) d 00 oo dt
J= f ——dt=—— (emf e” "} (t)dt) = f e” =29 (t —20)—.
o (t+a)? da 20 20 s—t

Therefore, by changing the order of integration again, we obtain that

oo 1 ¢+ioco ds
_ —a(t=20) (4 _ -
I‘fm ¢ y 20)(2mf¢_ioo CEN G —r)) ‘

We evaluate the inner integral by residues, capturing the simple pole in s = £, to see that

o0 ©{(t+20,y) _
1:[ e” 720 (t 20 )—(( Vg [TUH209) ar gy
20 t 0 t+20

Hence, to prove the statement of the lemma, we need to estimate
20 = 20 ®{(t+20,y)
(@2o,y) ¢Ro,yJo  t+20
from below. Observe that
((t+20,y)
(2o,
when, say, t <2y~ % Herel < C = 1+0(1). Assuming that o = y~%, we have that 20 /(t+20) = 1/2,
and we therefore obtain
20 ®{(t+20,y)
(2a,y) Jo I+20
1
2(a+C(1—20)"1y1-20)?

for sufficiently large y. On the other hand, the same type of estimates carried out in reverse
order shows that

((t+20,y) —at foo / s
- 1-2
{20, y)f rr20 ¢ A< 0 texp(—(a+C'(1-20)""y ") t) dt

te U dt

= exp ( -Ct Z p—ZU]ng) = exp (—C(l — 20)—1 tyl—ZU)
psy

—at =4 3 o1 1-20
te dt> rexp(—(a+C(1-20)""y' %) 1) drt
0

=

1
(a+C'(1 —20)‘1y1‘2‘7)2’
where1>C' =1+ 0(1). O
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Applying (7.1) and Lemma 7.3 to a symbol of multiplicative type (3.1), we find that

T ky 2 20 -2
(72) ” 8 0'2||Jf2 - Z Z w( ( ) (1 " 0(1)) (1 20_)_1 1-20 " log mn
” g”yﬂ Pt*(m)sy P*(n)<y ( n)?

under the assumptions on y and o from Lemma 7.3.

(m, n)

Theorem 7.4. For 0 < A < oo, let g be the Dirichlet series (3.1), where y(n) is the completely
multiplicative function defined on the primes by y (p) := Ap~'(logp). Fixa,0< a < 1. Ifo =y~ %,
then

Tok)
(7.3) ” gy ”Jf’Z yZ(/’l—l).

165 1%

In particular, T is not compact when A = 1.

Proof. Let p(n) denote the Mobius function, the only property of which we need is that u(n) =
unless n is square-free. Restricting the sums in (7.2) to square-free numbers and using that
(m, n)2? =1, we find that

mn \?

T k||’
(7.4) ITskoll 5 l"’fz > Y ¥ ”’( (1+0(1)(1-20)""y"20 1 1og

[kolee reimey risy | (m
pOMZO0  p(m)£0

, )

Now using that m and n are y-smooth and square-free, so that both log m and log n are bounded
by n(y)logy < (1 + 0o(1)) y by the prime number theorem, we obtain from (7.4) that

[ v oy v
|62~ ¥ oty wita, (M)
H(M#O ()#0

i y y(m) 3 y(n) (1 y w(m))
y? pramey M7 pimey N7 Y premey MY
w(m)#0 w(n)#0 p(m)#0

We may now complete the proof of the estimate (7.3) by the following computation:

y ¥m_ o (1+%) [z ’”(p))>exp(ia 5 logp):exp(;_glogy).

P+[m)5y ma p=y p=y p y p=y p
p(m)#0

In the last step, we used Mertens'’s first theorem, which asserts that )_ p<y k’% —logy is bounded
in absolute value by 2. Now (7.3) follows because y~?logy = logy + o(1) when y — co by our
choice of 0.

Finally, let {0 ;} j>1 and {y;} j>1 be sequences such that 6 ; — 0 and y; — co as j — oco. Then for

every Dirichlet polynomial P, we have that (P, kf,”}l) 2 converges as j — oo. On the other hand,

we have that || kgi | 72 — oco. Therefore kgi /N kgi | 42 converges weakly to 0 in 2. Hence, the
estimate shows, for suitably chosen o ; and y;, that T is not compact for A = 1. OJ
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