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We show that for a fixed operator-valued analytic function g the boundedness of the bilinear (Hankel-type) form
(f,h) = [ytr (g™ fR') (1 — |2|*)* dA, defined on appropriate cartesian products of dual weighted Dirichlet spaces of

Schatten class-valued functions, is equivalent to corresponding Carleson embedding estimates.

1 Introduction

The characterization of bounded Hankel operators in terms of Carleson-type embeddings goes back to Fefferman’s
famous duality theorem for the Hardy space H' and has attracted a lot of attention during the past decades. The

result can be stated in the following form: For a fixed analytic function ¢ in the unit disc D = {z € C : |z] < 1}

we have
2
sup i [ FRY -1y da] ~ sup [ £~ A, 1)
£l IRl2<1 1775 U, Ilfll2<1/D
where A denotes the usual area measure, | - ||z the norm on the Hardy space H?, D, = {2 € C : |z| < r}, and

the functions f,h above are polynomials. The bilinear form on the left hand side can easily be transformed
into the usual Hankel form by simply replacing h by h*(z) = h(Z), which, of course leaves the HZ2-norm
unchanged. Moreover, the quantity on the right hand side is the norm of the embedding operator from H?
into L2(D, |¢'|?(1 — |2|?) dA), which is finite if and only if g € BMOA.

The Hilbert space-valued version of (1) is obtained by considering operator-valued analytic functions g
and by replacing the modulus by the norm, and the products by scalar products. It is related to a number of
important open questions in the area. In the infinite dimensional case, both the BM O-norm, and the Carleson
embedding condition are not fully understood (see [10] and [9]). Further cases where the embedding conditions

are more involved are given by the weighted Dirichlet spaces. Even for the classical unweighted Dirichlet space
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2 A. Aleman and K-M. Perfekt

D29(C) the corresponding estimate

2

sup
Ifllp2.0,lIhllp2,0<1

lim /D g (fh) dA

r—1

~  sup / |fg'|>dA
D

[ fllp2.0<1

has been proved only very recently in a somewhat indirect way by Arcozzi, Rochberg, Sawyer and Wick [2].

The present paper is concerned with a related class of Hankel forms that appear to be more tractable and in
their turn have attracted some attention. They are obtained by replacing the term (fh)" above by fh’. We shall
work in the general context of Schatten class-valued weighted Dirichlet spaces which cover all situations discussed
above. Given a fixed separable Hilbert space H we consider the usual Schatten classes S, = Si(H), 1 <t < o0

and let DP(S;), 1 < p < 00, B> —1, be the space of S;-valued holomorphic functions f in I with
1/p
sy = 1Os.+ [ 175 0 - 12)%aa) - <.

It follows from results in [11] (see also Section 2 below) that the dual of DP+#(S,,) with respect to the D*-
pairing can be identified with D%7(S,/), in the sense that every continuous linear functional £ on D?*#(S,/) can

be written as

6(f) = tr (£(0)g(0)") +/tr (f'(2)g'(2)") (1 = |2*)* dA(2),

D
for some unique g € D%7(S,) with ||¢|| ~ ||g||. Here tr(T") denotes the trace of the operator T, and 1 <

p,pv,q,q <oo, a>0,and 8,7 > —1 satisfy the relations %—I— % =1, i + % =1, and % + % =a.

We are interested in the boundedness of the Hankel form defined on D?#(S,/) x D%7(S,/) by

(fsh) = /Dtr (g'(2)" F(2) (2)") (1 = [2*)* dA(2), (2)

I'(z)T'(y)

Fty) denote the beta function. Note

where ¢ is a fixed analytic operator-valued function in D. Let B(z,y) =

that in the scalar case S,y = H = C, with respect to the standard orthonormal basis of D?2(C) given by ey = 1,

Bla+1,n)"Y%2", n>1

)

1
en(z) = ﬁ

our form corresponds to the matrix (A4;;), with A;0 =0, Ag; = mjB(a + 1,/)"2B(a+1,i+ j)§(j), and

1+ N1 N1 . N
Aij = ijB(a+1,z) 5B(a+1,j) %B(a—l—l,z—l—j)g(z—i—j)

for i,j > 1, where g(n) denotes the n-th Taylor coefficient of g. By Stirling’s formula,

a—1  a+l

Aij~ By =172 j 2 (i+7)“g(i + 7).
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Schatten class-membership of matrices of type (B;;) has been considered in the vector-valued case by Peller in
[11] for & > 0 when p <2 and a > % - 1% when p > 2. In the scalar-valued setting for p = 2, the boundedness
of the form (2) has been characterized by Rochberg and Wu [13] in terms of the corresponding embedding

condition, that is, they have obtained an analogue of (1) in this context.

The main result of this paper extends the estimates of Rochberg and Wu to the general context considered

here. In Section 3 we prove that for an analytic operator-valued function g in D

sup
Hf”Dp,E v”hHqu <1

lim / tr (¢ ()" FH(2)) (1 - |2P)* dA(z)
D,

r—1

1/p
( / ||g’<z>*f<z>||§p,<1—|z|2>ﬁdA<z>) e
D

~  sup
Ifllpp.s<1

When > p — 1, the space DP?(S,/) is a weighted Bergman space and we show that the quantities in (3) are
bounded if and only if g belongs to the Bloch space, that is, if and only if (1 — |z|?)||¢’(2)|| is bounded in D. In
this case we can replace ¢'(2)* by ¢'(z) on the right hand side of (3). A more surprising fact is that in general
this is no longer possible when 8 < p — 1. When dimH = oo, p = p’ = 2, and 8 < 1, we construct examples of

rank-one operator-valued analytic functions g in D such that the quantities in (3) are infinite, but

( /D lg'(2)F(=)]13,(1 |2|2)BdA(z)>l/ .

sup
1 Fllp2.s <1

In the dyadic case similar examples have been constructed in [4]. We are grateful to Sandra Pott for helpful

discussions on this subject.

Our estimate (3) can be interpreted in terms of duality. More precisely, it shows that the embedding
condition characterizes the dual of the weak product space 971 (Dpﬁ (Spr) ©® ODTY (Sq/)), consisting of analytic

functions F' : D — Sy with derivatives of the form

F'= fahi
n=0
where f,, € DPA(S,), h, € D?7(Sy), and Y. || fullps.s [[hnllper < 00. The norm is given by

I = 1E )]s, +inf Y [ fallps [hnlipo

where the infimum is taken over all possible representations. With this point of view it is natural to compare

(2) and the Hankel form
(1) = / tr (¢ (2) (F(R(2))) (1 — |22)* dA(2),
D

which, when bounded, corresponds to a continuous linear functional on D?#(S,,) ® D%7(S,/). In the case when
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B8 >p—1and v >qg—1, it is not difficult to verify that the two forms are equivalent. In the finite dimensional
case this continues to hold true for the Hardy space case DP#(S,) = D%7(S,/) = D%1(S;) (see Aleksandrov
and Peller [1]), and also for the Dirichlet space D*?(Ss)-case, but this latter statement is considerably more
difficult to prove (see [2]). However, if H has infinite dimension it follows from the results of Davidson and

Paulsen in [5] that in the D*!(S;)-case these two forms are not equivalent (see also Pisier [12]).

2 Preliminaries

We begin with a brief discussion of duality for the weighted Dirichlet spaces considered in this paper. Given a
Banach space X and a finite measure p on D, we denote by L% (1), 1 < p < oo, the corresponding LP-space of

Bochner integrable X-valued functions, with the usual norm

1/p
11l = (/D 17 du) < oo,

We assume that X* is separable, which ensures that (LP)* ~ L9 with the usual pairing (see for example [6]).
Let due = (1 — |2]?)*dA, a > —1. We consider the Bergman space L?*“(X), which is the closed subspace of
L% (pa) consisting of analytic functions in ID. We shall use the following standard result, which is usually stated

for scalar functions but continues to hold in the vector-valued case with the same proof.

Proposition 2.1 ([7]). Let -1 < o, 8 < o0 and 1 < p < oco. If dim X > 1, then

o= [ S ) aaw

is a bounded operator on L% (ug) if and only if 4+ 1 < (« + 1)p. In particular,

« — |w|?)>
Pof(z) =211 / U= 1wl ) da(w)

7 Jp (1 —wz)xt?
boundedly projects L% (115) onto the space L2P(X) if B+ 1 < (a + 1)p. O

This result has a number of applications, some of which are well known duality results. These are actually
special cases of the description of the dual of a vector-valued Besov space (see [11]). We have that the dual of

the Bergman space LP?(X) can be identified with L&Y (X*) via the pairing

(fg) = /D (F(2),g(2))(1 - =) dA(2),

where o > —1, % + % =1, and % + % = « (see also [3]). For further reference, the following proposition states the

corresponding result for the Dirichlet space DP#(X), 1 < p < oo, B > —1, the space of X-valued holomorphic
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functions f in D with

1/p
1l = 17Ol + ( [irena- z|2>ﬁdA<z>) < oo.

Proposition 2.2. Let X be a Banach space with separable dual and let 1 < p < co. Suppose «, 3,7 > —1 are
such that % + 7 = a, where % + % = 1. Then (D7 (X))* ~ D%7(X*) under the D*“-pairing, in the sense that

for every continuous linear functional ¢ € (Dp’ﬂ )* there exists a unique g € D?” such that

((f) = (£(0),9(0)) +/<f’(2),g’(2)>(1 —|21%)* dA(z), f € D7, (4)

D

where (f'(2),9'(2)) = ¢'(2)(f'(2)). Furthermore, every g € D?%? induces a continuous linear functional on DP+#

via (4), and [|€]] ~ [|gl[pa.~- O

When X = S,/ we will use the pairing given by

tr(f(O)g(O)*H/tr(f’(Z)g’(Z)*)(l— |2[*)* dA(2),

D

where tr (T') denotes the trace of the operator T'. An immediate consequence of this and Stokes’ theorem that
will be used below is the fact that if 3 > p — 1 then DP#(X) = LPA=P(X).

Another application of Proposition 2.1 is the following refinement of the first estimate given there.

Lemma 2.3. Let —1 < a, 3 < oo and 1 < p < oo be such that 3+ 1 < (a+ 1)p . For f € LPA(X), let

_ ’(1)2 a
Rof(2) = /D L2l rw) dA(w).

|1 — wz|otl|z — w

Then

||R04f||LP(;L3) S ||fHLgﬁ(X) :

Proof. For z € D, let d, denote the pseudohyperbolic disk with pseudohyperbolic center and radius z and 1/2,

Z—w 1
d, = D:‘ — 5.
{we 1—wz<2}

respectively,

We decompose R, into two parts:

Rof(2) = /D L= lol)™ Y pw)ll dA(w) + / Lol fw)lly dAGw).

\d. |1 — wz|otl|z — w a, |1 —wz|oTHz — wl

R. f(2) R f(=)
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By Proposition 2.1 we have that ||R, f|l,, < |1fll..-

To estimate the remaining term, we note that

(1 — |w‘2)a < 1
[1 —wz|oetl ~ 1 — |22’

w E d,.

Hence,

1 1
R < — ——dA < .
RLS S Tl [ (o 4400 S sl

Letting dNZ denote the pseudohyperbolic disk with center z and radius 3/4 we obtain, by subharmonicity, that

/! 1
[Rof(2)l S sup 1fllx < A=}p)r /;f [f(w)llx dA(w).

This shows that || R}, f|l;» S ||fll e, since the right-hand side is dominated by the Hardy-Littlewood maximal

function of || f(-)| - [ |

3 Main Results

As pointed out in the introduction the main result of this paper is the following theorem.

Theorem 3.1. Let 1 < p,p’ < 00, « >0, and 8 > —1. Let ¢ and ¢’ satisfy %—1— % =1 and ﬁ + % =1, and let

v > —1 be defined by + 'Y = «. Then for every analytic B(H)-valued function g in I we have

sup 1im/ tr(g'(2)" f(2)h' (2)") (1 = |2[*)* dA(2)
HfHDp,ﬁ(sp,)7”hHD(1,'V(sq,)§1 r—1 D,
1/p
~ ([1seraems, a- ki) .
HfHDp B(s )<1
where D, = {z € C : |z| < r} and the above suprema are computed for polynomials f, h. O

The proof relies on the following simple observation.

Lemma 3.2. Suppose that X is a Banach space and that « : D — X is continuous on D and twice continuously

differentiable in D with integrable Laplacian Au. Then for any w € D we have

ouw) = u@as+ [ B augang
u\w) = — ——Uu S — AU 5
21 Jop (1 —&w)? ™ Jp (1 = Ew)(w —¢)
where ds = ds(&) is the length measure and 0 is the Wirtinger operator d = % (9, — i0y), w = x + iy. O

Proof. The statement follows from differentiation of the Green potential formula (see Corollary 3.8 in [7])

utw) = 5 [ 1_7|w'2u(§)ds(§)+ '5 ‘Au £)dA(E). .

21 Jop [§ — wl?
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Proof of Theorem 3.1. Standard approximation arguments show that both quantities may in fact be
computed over all f and h analytic on the closed disc D. Since the quantity on the left is smaller than the
one on the right hand side, we can assume without loss of generality that the left hand side is finite, call its
value F. In this case we can easily verify that g belongs to the Bloch space. Indeed, let f(z) = ﬁ, S eSSy
and h/(2)* = ﬁ, T € S, where ¢ and b are chosen so that a +b=a+2,a+1 > %, and b > VTH. With

these choices computations show that

r—1-

lim / tr (¢ ()" I (2)) (1 - 2P)* dA(2)|
D,

19l B10cn = sup (1 = [w]*) llg' (w)llgq0) S Fy = sup
weD £kl <1

Let f be an S,/-valued holomorphic polynomial. For % < p < 1and z € D consider the function

o) = S0 (1 — In[*)*g'(pn)
uf(w) = W(l—pwz)a/m) = dA(n).

It is continuous in D and satisfies (see Theorem 1.2.2. in [8])

TR 7

) = (7= paya )0 (u), weD.

If we apply Lemma 3.2 to w2 with w = pz the result is

2)* g 2Z*i g uP s l 17‘€|2 uP
Hord o) = 52 [ ot ase +1 [ 8z aac).

I (p,z) I>(p,z)

To prove the theorem we will estimate the norms of these two terms in L% | ((1— |2[*)? dA(z)).
p

We proceed by duality in order to accomplish this for the term I;. Let H be a polynomial, not necessarily

holomorphic, and recall that such polynomials are dense in L% | ((1 — |2]%)” dA(2)). Noticing that —=L = 1—€W

1
n—¢§

for £ € 0D, we obtain

(€)*g' (o) (p€)
1—n¢

- ( =y oy o on dA(n)) = o [ GGG T - )" a4,
D D

o [ (- o) aaG) = ( [a-wpr [ ds(€) dA(n))

where h() is given by h(0) = 0 and

h’(g):/DIWdA(z), ¢ eD.
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Note that h is analytic in D and that "l pay S IH]| e, by Proposition 2.1. A computation with power series

and polar coordinates shows that

/Dtr(f(n)h’(pn)*g’(pn)*)(l—|n|2)adA(77)= im [ tr (f(pn)h/ (p*7)*g'(n)*)(1 — [n|*)* dA(n).

r—1- D,

In view of the duality between LP and L? we may finally conclude that

Lim [[12(p, o S Fy [l fllpr.s - (5)
p—1

To deal with the second term I we begin by calculating

(1 =€) Hpz =€)
(1= p€z)>t!

_ 2\«
Acut(e) = 457D iy ) 4 4a

TErEE GRSk

Hence we may further decompose I,

Ol (L) e
B(p2) =4 [ G e PO 00 dA©) o | S €)' (06 dA).

I3(p,2) Ii(p,2)

We have
I1300. s, % oo | o D@15, asce
v p |1 — p€z|*F|pz — ¢ v
Since |9/l gjoen S Fy it follows from Lemma 2.3 that
lim ([ 1300, )lp» S Fo lfllpoos - (6)
p—1

For the final term Iy we again use duality. With H and h as earlier, a computation similar to the one

corresponding to the term I; shows that

[ o HE) 0= 2P 44() = iy [ & (FOONGPE €)1~ I€)" dA©).

Therefore we obtain

Lim [[Z4(p, )l o S Fo ll fllprs - (7)
p—1

Since f(pz)*g'(p?z) is a linear combination of I1(p, 2), I2(p, 2), and I4(p, z), applying Fatou’s lemma together

with the inequalities (5), (6), and (7) gives

Hg/*f“LP = ||f*9/||Lp N Fy ”fHDzuB .
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This concludes the proof. u

The embedding condition in Theorem 3.1,

_ / g/ ()" S, (1~ |22)7 dA(2) < oo,

Hf”Dp 5(5 =

is easily understood when 3 > p — 1, i.e. when DP#(S,/) is a weighted Bergman space, but, as pointed out in the

introduction, for the remaining cases this condition is much more mysterious, as the proposition below indicates.
Proposition 3.3.

(i) If 8 > p — 1 the quantities in Theorem 3.1 are finite if and only if g belongs to the Bloch space.
(ii) If 8 <1 and dimH = oo then there exists an analytic operator-valued function g in I such that g(z) has

rank one for all z € D,

B / 19 (2)F ()13, (1 — 2)? dA(2) < oo, (®)

”J‘HD2 B(SQ)

but there exist rank-one operators fy € Sy such that

/D 19 ()" foll2, (1 — =) dA(z) = oo. (9)

Proof. (i) According to the proof of Theorem 3.1 the necessity holds true for any 8 > —1. Conversely, if g
belongs to the Bloch space and 3 > p — 1, as pointed out in Section 2, we have that DP#(S,/) = LPP=P(S,,),

so that

/D lg' ()" (I, (1~ [212)° / 1FEIE, (1= [P dAG) ~ | flss,,) -

(ii) We may assume that # = H? = D?9(C) is the usual scalar-valued Hardy space. Furthermore, under

this assumption, note that

/ I FI% (0~ 2P dA(z) = sup / 19/ Rl2a (1 — |2[2)° dA(2).

”f”D2 E(Sg) Hh”D2,ﬁ(H2)S1 D

To see that the left quantity is less than the one on the right compute with a fixed orthonormal basis of H?2.
For the converse inequality, consider functions f such that f(z) has rank one for every z.

Let a;, = k%/2 and define u : D? — C by u(z,w) =3, ka—ﬁék*‘lwk, and let g : D — B(H?) be given by

g(2)x = (x,u(z, ) g2, x€ H>.
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That is, g(z)x is always a constant function, so that g(z) certainly has rank one. Note that ¢'(z2)x =

(z,0.u(z,")) g2 and

We claim that this g has the desired properties. Indeed, given h € D?#(H?) we write h(z,w) = (h(z)) (w) =

>k hnkz"w" as a power series and compute

11112 _225 2) =
/D”thHz(l 122)° dA(2) /D

2
(1= [2*)7 dA(z)

i ( > akhnk> 2

m=0 n+k m
Nz:o m+ 1)5+1 zk: whni| <D m+1 (m+ 1)B+1 ZaiZlhnm n*(n+1)'7
= n+k=m m=0 n=

Z Z n mfn‘Q(n + 1)1_6 ~ ||h||D275(H2) :
m=0

This shows that (8) holds. Note that the calculation above relies on the fact that sup,, W Yoo a2 < oo.

To obtain (9) choose 0 # y, z € H? with 2(0) # 0 and define fy by fox = (z,y) 22, € H?. Then

L 10Gr i, 0= 1527 a46e) ~ [ 100G B, (1 - ) 44G)
Zaﬁ/ﬂ)zﬁk —12]%)P dA(z NZ BH = o0,
k

k

as desired. |

The main result has a reformulation in terms of duality which is given below.
Corollary 3.4. Under the assumptions of Theorem 3.1, define the space X as

X ={g:|glly < oo},

where g : D — B(#) is analytic and | - || is the corresponding norm

1/p
lole = lg@l+  sup (/ g F I, <1|z|2>BdA<z>) |

HDp ﬁ(s ,)

Then (9~ (DP#(S,) ©® OD%7(S,/))" ~ X via the D*®-pairing, in the sense that for every bounded functional

le (871 (Dp‘ﬂ ® 8Dq”y))* there is a unique g € X such that

U(F) = tr (F(0)9(0)") + / tr (F'(2)g'(2)") (1 = [2*)* dA(2) (10)

D
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for all F € 9! (Dpﬁ ® 8D‘m). Furthermore, every g € X induces a bounded linear functional via (10), and

1l ~ [lgll x- =

Proof. It is obvious that every g € X induces a continuous linear functional ¢ which satisfies ||¢|| < ||g|l -

Conversely, assume that £ € (6*1 (Dpvﬁ ® 8D‘m))*. For n > 0, define g,, € B(H) by
tr (Tgy) =0(z"T), T €S,

and let g : D — B(H) be given by

1 ﬁ;i 1
_ - - n
9(2) = g0 + ™ n?B(a+ 1,n) gnZ

where B is again the usual Beta function. A computation with power series and polar coordinates demonstrates
that
0(h) = tr (h(0)g(0)*) + lim tr (W' (2)g'(2)*) (1 — |2?)* dA(2),

r—1— D,

at least for Sy-valued polynomials h. The boundedness of £ in conjunction with Theorem 3.1 now easily implies
that g € X, so that (10) in fact holds. Choosing F' so that F'(z) = ﬁ, T € &;, establishes the uniqueness

of g. The remaining inequality [|g||, < [|¢]| is a consequence of the closed graph theorem. u
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