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Abstract: In our companion paper [3] we studied a number of different Sobolev spaces on a general (non-
Lipschitz) open subset Q of R", defined as closed subspaces of the classical Bessel potential spaces H*(R")
for s € R. These spaces are mapped by the restriction operator to certain spaces of distributions on Q. In this
note we make some observations about the relation between these spaces of global and local distributions.
In particular, we study conditions under which the restriction operator is or is not injective, surjective and
isometric between given pairs of spaces. We also provide an explicit formula for minimal norm extension (an
inverse of the restriction operator in appropriate spaces) in a special case.

Keywords: Bessel potential Sobolev spaces, non-Lipschitz domains, restriction operator, s-nullity,
unitary realisations of dual spaces, minimal norm extension

MSC 2010: 46E35

1 Preliminaries

We study properties of Sobolev spaces on a general (non-Lipschitz) open set Q ¢ R". In our companion paper
[3] we studied two types of spaces: those consisting of distributions on R" (specifically, H5(Q), POIS(Q), H%,
defined below), and those consisting of distributions on Q itself (specifically, H*(Q) and H(Q), again defined
below). In this note we study properties of the restriction operator as a mapping between the two types of
spaces. The results presented here, while elementary, do not seem to be available in the literature, which
generally focuses on the more standard Lipschitz case (cf., e.g., [9]). As in [3], our motivation is the study of
integral equations on non-Lipschitz sets. (For a concrete example, see [3, §4], where we consider boundary
integral equation reformulations of wave scattering problems involving fractal screens.)

We begin by defining the Sobolev spaces involved. Our presentation follows that of [3], which in turn
is broadly based on [9]. Given n € N, let D(R") denote the space of compactly supported smooth test func-
tions on R", and for any open set Q c R", let D(Q) := {u € D(R") : suppu c Q}. For Q c R", let D*(Q)
denote the space of distributions on Q (anti-linear continuous functionals on D(Q)). Let §(R") denote the
Schwartz space of rapidly decaying smooth test functions on R", and §*(RR") the dual space of tempered
distributions (anti-linear continuous functionals on 8(IR")). For u € §(IR"), we define the Fourier transform

(&) := W JIR" e $%y(x) dx, & € R", extending this definition to $*(RR") in the usual way. We define the

1 Following Kato [6], we work with dual spaces of anti-linear functionals, which simplifies certain aspects of the presentation.
Our results translate trivially to dual spaces of linear functionals; see [3, §2] for further discussion.
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2 —— D.P.Hewettand A. Moiola, A note on properties of the restriction operator on Sobolev spaces DE GRUYTER

Sobolev space H5(R") by

H*(R") := {u € $*(R") : |ullms(rny < 00},  Where ||l s gny = J(l +1&1%)°[a(®)l* dg,
IR"

which is a Hilbert space with the inner product
(s Ve = [ (14 16 2§)7E) .
]RY[

For any —oo < s < t < 0o, H{(R") is continuously embedded in H*(R") with dense image, and we have
lullgsrey < lullgere) for all 0 # u € H(R™). Recalling that F(0%u/9x*)(¢) = (i&)*u(§) and |a] := Z}Ll a; for
a multi-index a € INS, by Plancherel’s theorem it holds that

B m\/|eal olaly — plaly
(u, v)gnmny = ae%g’ <|¢X|)( a )]R[ W(X)W(X) dx, m e Np. (1.1)
|alsm

Hence, functions with disjoint support are orthogonal in H™(R") for m € INy. But we emphasise that this is
not in general true in HS(R") for s € R\ Ng.

For a closed F ¢ R", we define Hf_- :={u € HS(R") : supp(u) c F}. The question of whether a given set
E c R" can support nontrivial elements of H5(R") will be important in what follows. This question was
investigated in detail in [5], where we introduced the concept of s-nullity. (This concept is referred to by some
authors as (2, —s)-polarity, see, e.g., [8, §13.2].)

Definition 1.1. For s € R, we say that a set E ¢ R" is s-null if there are no non-zero elements of H*(R") sup-
ported entirely inside E (equivalently, if H} = {0} for every closed set F c E).

There are many different ways to define Sobolev spaces on an open subset Q ¢ R". In [3] we studied the
following three spaces, all of which are closed subspaces of H*(R"), hence Hilbert spaces with respect to the
inner product inherited from H*(RR"):

H = {u € H*(R") : supp(u) ¢ Q}, s eR,
Q) =Dy ®, SER,
H(Q) = {u e H*(R") : u = 0 a.e. in Q°}

={u e H*(R") : m(suppun (Q)) =0}, s=0;

here m(-) denotes the Lebesgue measure on R". (We note that ﬁIS(Q) can also be identified with the set of
functions defined on Q which can be extended by zero to produce functions of the same Sobolev regularity
on the whole of R", see Remark 2.4.) These three spaces satisfy the inclusions

H5(Q) c H5(Q) ¢ HE

(with ﬁIS(Q) present only for s > 0). If Q is sufficiently smooth (e.g., C°), then the three sets coincide, but in
general all three can be different (this issue is studied in [3, §3.5]).
Another way to define Sobolev spaces on an open set Q is by restriction from H*(R"). For s € R, let

H%(Q) := {u € D*(Q) : u = Ul for some U € H*(R")}, |ullgsq) = Uelgsi(r]}{n)"U"HSUR")’

Ulg=u

where U|q denotes the restriction of the distribution U to Q in the standard sense (cf. [9, p. 66]). The inner
product on H*(Q) can be written as (u, vV)gs(q) := (QsU, Qs V)psrn) for u, v e HS(R"), where U, V € H(R")
are such that Ulg = u, V|q = v and Qs is the orthogonal projection Qs: H¥(R") — (H}.)", see [3, §3.1.4].
It follows that the restriction operator

lo: (Hye)" — H*(Q) is a unitary isomorphism. (1.2)
Brought to you by | University of Reading

Authenticated
Download Date | 8/4/17 3:11 PM



DE GRUYTER D.P. Hewett and A. Moiola, A note on properties of the restriction operator on Sobolev spaces =— 3

We also introduce the closed subspace of H5(Q) defined by
H3(Q) := D)@

The question of when H*(Q) and H§(Q) are equal is studied in detail in [3, §3.6].
For any open set Q ¢ R", closed set F ¢ R" and s € R, the following dual space realisations hold, in the
sense of unitary isomorphism (see [3, §3.2]):

{ (H(Q)* = HS(Q), (H(Q)* = HS(Q),
(1.3)

(Hy)" = (A (FO),  (HQ)" = (H3(Q) nHyg)"" @,

The duality pairings corresponding to these realisations are defined in terms of the duality pairing

(U, V) Hs (Rr)xH-s (R7) = J u(&)v(€)de,

R"

which extends the L?(IR") scalar product.

2 Properties of the restriction operator |o: H°(R") — H*(Q)

In this section we examine the relationship between the spaces H5(Q), Jig 5(Q), H% c H5(R"), whose elements
are distributions on R", and the spaces H*(Q) and H{(Q), whose elements are distributions on Q. The two
types of spaces are linked by the restriction operator |o: HS(R") — H%(Q), and in this section we investi-
gate some of its properties. In particular, we ask: for a given value of s and an appropriate pair of subspaces
X c HS(R"), Y c H5(Q), whenis |q: X — Y (i) injective? (ii) surjective? (iii) a unitary isomorphism?

We start by recalling that |g : X — H5(Q) is continuous with norm at most one for any subspace X ¢ H5(R")
and that | : (H}.)* — H*(Q) is a unitary isomorphism.

For Q being Lipschitz with bounded 0Q, we have the following result, which states that |q: H(Q) -
H{(Q) is an isomorphism for certain values of s. (As in [3, 9], we say that Q is Lipschitz if its boundary can be
locally represented as the graph, suitably rotated, of a Lipschitz function from R"! to R, with Q lying only on
one side of 0Q.) The result for s > 0 is classical (see, e.g., [9, Theorem 3.33]); the extensionto -1/2 < s < 0is
proved below (it is an immediate consequence of Lemma 2.7 (i) and [3, Corollary 3.29 (ix)]). In interpreting
this result one should recall that for Q being L1psch1tz, it holds that Hy(Q) = H5(Q) if and only if s < 1/2
[3, Corollary 3.29 (ix)] and also that HS(Q) Jig Q) = HS for all s € R (see [3, Lemma 3.15], which follows
from [9, Theorems 3.29 and 3.21]), with HS(Q) present only fors > 0.

Lemma 2.1. If Q is Lipschitz, 0Q is bounded, and s > -1/2,s ¢ {1/2,3/2, ...}, then|q: H5(Q) — H{(Q)is an
isomorphism (with norm at most one).

We would like to understand to what extent this result generalises to non-Lipschitz Q, and also how | acts on
the spaces H5(Q) and H% in the case where these are not equal to H3(Q). Some partial results in this direction
are provided by the following lemma.

Lemma 2.2. Let Q c R" be open and let s € R. Then the following hold:

@) lo: H% — HS(Qo) is injective if and only if 0Q is s-null.

(ii) For s 20, |o: H5(Q) — HS(Q) is injective; if s € Ny, then it is a unitary isomorphism onto its image
in H5(Q).

(iii) For s > 0, |o: HS(Q) — H((Q) is injective and has dense image; if s € No, then it is a unitary isomorphism
onto H3(Q).

Proof. Part (i) is obvious from the definition of the restriction operator. For part (ii), the injectivity statement
is obvious, since if u € HS(Q) and u|g = 0, then u = 0. It follows that | : HS(Q) — H*(Q) is a unitary isomor-
phism onto its image in H%(Q) when s € Ny, because in this case the H*(R") inner product (see (1.1)) can be
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written as a sum of integrals over products of functions/derivatives in the “physical” space (as opposed to
the Fourier space), so disjoint support is enough to guarantee orthogonality. Hence, when s € INg, we have
POIS(Q) c (Hg)*, and we know by (1.2) that |q is a unitary isomorphism from (H{.)* onto H(Q). Part (iii)
follows from part (i) and the density of D(Q) in both H5(Q) and H§(Q) (since the image of a closed set under
an isometry is closed). O

Remark 2.3. By combining Lemma 2.2 (i) with the results concerning s-nullity in [3, Lemma 3.10] (see also

[5]) one can derive a number of corollaries. For example, the following hold:

(i) For every open Q, there exists -n/2 < sq < n/2 such that |q: H% — H(Q) is always injective for s > sq
and never injective for s < sq. In particular, |qg: HS5 — H%(Q) is always injective for s > n/2 and never
injective for s < —n/2.

(ii) If Q is Lipschitz (even with unbounded boundary), then |q: HS(Q) = Hsﬁ — H5(Q) is injective if and only
ifs >-1/2.

(iii) For every —1/2 < s, < 0, there exists a C° open set Q for which | : HS(Q) = H% — H5(Q) is injective for
all s > s, and not injective for all s < s..

Remark 2.4. To expand on Lemma 2.2 (ii), we note that the restriction operator
lo: HS(Q) — {u e H(Q) : uze € H*(RM)} c H¥(Q)

is a bijection, where we denote by u,e the extension of u € H*(Q) from Q to R" by zero and u — uy is the
inverse of |q, see also [3, Remark 3.1].

Remark 2.5. Lemma 2.2 (iii) and [3, Remark 3.32], which follows from [7, Chapter 1, Theorem 11.7], imply
that if Q is C* and bounded, and if s € {1/2, 3/2, ...}, then the restriction | : H5(Q) — H§(Q) is not surjec-
tive, demonstrating the sharpness of Lemma 2.1.

Remark 2.6. If Q is a Lipschitz open set with bounded boundary, Lemma 2.1 and the definition of H5(Q)
give that o : H(Q) n HY(R") — H5(Q) n H(Q) is an isomorphism for all 0 < s < 1, s # 1/2. Then [9, Theo-
rem 3.40] gives that:

e o: HS(Q)n HY(R") — H(Q)is an isomorphism for 0 < s < 1/2,

« lo: H(Q)n HYR") — H}(Q) is an isomorphism for 1/2 < s < 1.

Characterising (H2(Q) n H1(R"))|q and deriving similar results for non-Lipschitz sets appear to be open
problems.

Lemma 2.2 (ii) and (iii) only deal with the case s > 0. In the next lemma we relate properties of the restriction
operator acting on H5(Q) for s and —s. In particular, this lemma allows us to infer the statement of Lemma 2.1
for -1/2 < s <0 from the classical statement for 0 < s < 1/2 (recalling that H}(Q) = H*(Q) for Q being
Lipschitz and s < 1/2). For clarity, in this lemma and its proof we denote the restriction operator acting on
H5(Q) as g H5(Q) — H5(Q). The proof of the lemma makes use of the fact that we can characterise the
Banach space adjoint of [{, in terms of |°, using the dual space realisations (1.3).

Lemma 2.7. Let Q c R" be non-empty and open, and let s € R. Then the following hold:

() I5: HS(Q) — H5(Q) is bijective if and only if | : H5(Q) — H™5(Q) is bijective.

(i) 15°: H5(Q) — H5(Q) is injective if and only if g H5(Q) — H%(Q) has dense image; i.e., if and only if
H{(Q) = H(Q).

Proof. Let J5: H5(Q) — (H5(Q))* and J5: H5(Q) — (H5(Q))* be the unitary isomorphisms defined in
[3, equation (21)] as follows:

Jsu(v) = (U,v)s and I:v(u) = (v,Uy_s forue HS(Q), ve H(Q),

where U € H™5(R") denotes any extension of u with U|q = u. Let |f)* : (H5(Q))* — (H5(Q))* denote the Banach
space adjoint (i.e., the transpose) of |, defined by (|3, )(¢p) = I(¢|3)) for I € (H*(Q))* and ¢ € HS(Q). We can
characterise | in terms of | ;°, using Js and J*;. Precisely, it holds that [ 7% = Js|°. To see this, simply note
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that, by the definition of Js and J%,
(5 72w (v) = @EwIY) = (U, v)s = Tsl)(v), ueHS(Q), veH(Q).

From this characterisation, the statements of the lemma follow immediately using classical functional-
analytic results, e.g., [1, Corollary 2.18 and Theorem 2.20]. O

We have seen that the restriction operator |g: H5(Q) — H((Q) is an isomorphism for Q being Lipschitz and
fors >-1/2,s ¢ {1/2,3/2,...}. The next proposition shows that this result also extends to the case where Q
is a finite union of disjoint Lipschitz open sets, even when the union is not itself Lipschitz. Note that we do
not require the closures of the constituent open sets to be mutually disjoint. The result therefore applies, for
example, to the prefractal sets generating the Sierpinski triangle [3, Figure 4 (a)], which are finite unions of
equilateral triangles touching at vertices.

Proposition 2.8. The statements of Lemma 2.1 extend to finite disjoint unions of Lipschitz open sets with
bounded boundaries.

Proof. The injectivity statement follows from the s-nullity of finite unions of Lipschitz boundaries for
s > -1/2 (cf. [3, Lemma 3.10 (v) and (xix)]). The surjectivity follows from Lemma 2.9 below. O

Lemma 2.9. Let the open set Q c R" be the union of the disjoint open sets {A j}jj\i 1» N € N, and suppose that the
restrictions |, : fIS(Aj) — H{(Aj) are surjective for all 1 < j < N. Then also |q : HS(Q) - H§(Q) is surjective.

Proof. In this proof we denote by |q, o, the restriction operator from D*(Q1) to D*(Q;), when Q, c Q3 c R"
are open sets. Fix u € H3(Q). Then, for all 1 <j < N, ulq,4; € H*(4;) belongs to Hy(4;), since Q is a disjoint
union and so (D(Q)|rn,0)l0,4;, = D(4j)|rn,4,- By assumption, ulg a; = wj|rn,4; for some w; € H%(4;) ¢ H*(Q).
Finally, w := Z].’\il wj € H5(Q) satisfies Wlrn,o = u (using the fact that any test function ¢ € D(Q) can be
uniquely decomposed as a sum ¢ = Z,'Ail ¢;, where ¢; € D(4Aj)), and this shows that u is in the range of |r» q,
as required. O

For s > 0, we can rephrase the results of this section as follows. For any open set Q, the restriction opera-
tor |o: HS(Q) — H(Q) is continuous with norm one, is injective, has dense image, and the zero extension
U — Ug is its right inverse on its image, i.e., uze|q = u for all u € H5(Q)|q. Furthermore, for s > 0, the follow-
ing conditions are equivalent:

() lo: HS(Q) — H(Q) is an isomorphism,

(ii) lo: H(Q) — H3(Q) is surjective,

(iii) the zero extension u — uy. is continuous Hy(Q) — H(Q),

(iv) there exists ¢ > 0 such that ||| gs(rr) > cll@|lgsrn) for all € D(Q) and @ € HS(R") such that P|g = ¢.

By Proposition 2.8, we know all these conditions hold for disjoint unions of Lipschitz open sets with bounded
boundary and s ¢ {1/2,3/2,...}. But results about the surjectivity (or otherwise) of |q : H(Q) - H{(Q) on
more general Q do not seem to be available in the literature and in this case we only know (by Lemma 2.2 (iii))
that the conditions above are true for s € Ny. The following therefore appear to be open questions: For which
Q are (i)—(iv) true forall s > -1/2, s ¢ {1/2, 3/2, .. .}? For which values of s are they satisfied for a given Q?

2.1 When is |q: H5(Q) — HS(Q) a unitary isomorphism?

To study when |q : H5(Q) — H3(Q) is a unitary isomorphism, we first note the equivalences in the following
lemma. We emphasise that the norm on the left-hand side of the equality in part (ii) in the lemma is the
minimal one among the H5(R")-norms of all the extensions of ¢|q, while that on the right-hand side uses
¢ =0in QF.

Lemma 2.10. Let Q be a non-empty open subset of R" and let s € R. The following are equivalent:
i) lao: HS(Q) — H(Q) is a unitary isomorphism,

(ll) ||¢|Q||H5(Q) = ||¢||H5(]Rd) fOT all ¢) € D(Q),

(iii) D(Q) c (H)* .
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Proof. The implications (i) = (ii) and (iii) = (i) are trivial (the latter holding by the density of D(Q) in H(Q)
and (1.2)). (ii) = (iii) follows because |q: (Hg )" — H*(Q) is an isometry (cf. (1.2)). Explicitly, if ¢ € D(Q),
then ¢ = ¢p1+¢, foraunique pair ¢, € (H}.)* and ¢, € Hy,. It follows that ||| gs(ray = P 1l zs (ray+ P2 s (re)»
and that [|plallms) = lp1lallas@) = IP1llpswa). So, if the equality in (ii) holds, we must have that ¢, = 0,
ie., ¢ e (HY)" O

Lemma 2.10 allows us to prove the following proposition, which shows that the unitarity property holds
whenever the complement of Q is negligible (in the sense of s-nullity). An extreme example is the punctured
space Q = R" \ {0}, for which the proposition holds for any s > —n/2.

Proposition 2.11. Lets € R, and let Q be an open subset of R" such that Q° is s-null. Then |q : H(Q) - H§(Q)
is a unitary isomorphism.

Proof. The assumption that Q€ is s-null means that (H.)* = ({0})* = H’(R") > D(Q). Therefore, part (iii) of
Lemma 2.10 holds and hence the result follows. O

Conversely, we can demonstrate that when the complement of Q is not negligible, | : H*(Q) — H(Q) is not
in general a unitary isomorphism except when s € Njy.

Proposition 2.12. Assume that Q is non-empty, open and bounded. Then the three equivalent statements in
Lemma 2.10 hold if and only if s is a non-negative integer.

Proof. We have seen in Lemma 2.2 (iii) that |o: H(Q) — H{(Q) is a unitary isomorphism when s € Ny, for
any Q. When s ¢ INg and Q is bounded, we shall prove that this does not hold by showing that statement (iii) of
Lemma 2.10 fails. Take any ¢p € D(Q) and define the translate ¢pq(x) := ¢p(x — d) ford € R™. Then ¢pq € D(R").
In fact, since Q is assumed bounded, for large enough |d|, we have that ¢pq € D(ﬁc) c H§ ., so that in particu-
lar supp ¢ N supp ¢q is empty. Define y(d) := (¢, pa)rs@wr) = (P(-), (- — d))gswny. Then the formula for the
Fourier transform of a translate gives

X@) = (¢, b (re) = j €4, (£) dg,

Rn

where

HE) = A+ EPPIPENP = A+ & +---+ E°19@I>,  with& = (&1, ..., &).

Since u(&) is an element of S(R"), x(d) is also an element of S(R™), with Fourier transform (&) = (271)"?u(§).
But for s + 0,1, 2, ..., the function p(&) does not extend to an entire function on C" because the fac-
tor (1 + .{12 +---+&2)% has singularities in C". (For example, for n = 1, these singularities occur at the
points & = +i.) Hence, by the Paley—Wiener theorem (see, e.g., [4, Theorem 2.3.21]) x(d) cannot have com-
pact support in R". As a result, we can always find d, with |d| large enough, that ¢q € @(56) C Hfzc and

xd) = (¢, pd)mswry # O. O]

Remark 2.13. In proving the “only if” statement in Proposition 2.12, we required Q to be bounded. With
minor modifications, the same proof works for some unbounded Q. A first example is when Q¢ is bounded
with non-empty interior. A second example is when either Q itself or 56, the interior of the complement of Q,
assumed to be non-empty, is contained in the hypograph {x € R", x, > g(x1, ..., Xn_1)}, where g: R*1 — R
satisfies limg|_,, (X) = 0o; the proof of Proposition 2.12 works in this case because y(-d) = m The result
does not hold for every open set Q, as Proposition 2.11 demonstrates. However, we conjecture that the state-
ment of Proposition 2.12 holds for any Q for which Q¢ has non-empty interior. But proving this conjecture
appears to be an open problem.

Remark 2.14. Proposition 2.12 illustrates the fact that Sobolev norms with non-natural-number indices
are non-local. In particular, it implies that given any s € R \ Ng, any ¢ € D(R") and any (arbitrarily large)
bounded set Q containing the support of ¢, there exists i € D(R") with support in Q¢ such that

¢ + Pllas ey < lpllaswrn).
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As an illustrative example, we exhibit a sequence {®y}yen, ¢ H 1(R) of distributions with compact
support supp @y ¢ [0, 2N] such that each one of them is an extension of the preceding one (that is to say
Dp+1l(—c0,2N+1/2) = PNl(—c0,2N+1/2) for all N > 0) and their norms are strictly decreasing in N, in other words
IOn+1llm1 () < I1PNIE-1(R)- Such a sequence can be defined as follows: choose any 0 < a < 1/e and set (Where
8y denotes the Dirac delta? centred at x € R)

2N
D := o, Dy := Z(—a)kék =Ody_1 - 0(2N7152N_1 + a2N52N, N e N.
k=0
The Fourier transform formula &y = V%ei"‘f and the identity [, (1 +¢&%)~*e!* d¢ = me”% imply that the
H~1(R)-scalar product of two delta functions is

1
(6x, 6y)H\(R) = Ee—IX—yI’ (2.1)
giving
2 1 < 2k j+k ,—(k=j)
- _qY ke (k=i
"cDN”Hfl(]R) = 5 z a" + Z ( a) e .
k=0 0<j<k<2N
With some manipulations, it is not difficult to prove that every extension strictly reduces the norm:
4N-2

m((l +a®)(1-ae)+ 2(1 - g)(ae)HN) <o.

”q)N")%I*(]R) - ”q)N—l”il—l(]R) ==

We point out that while the sequence {|® | z-1(r)} 5., is decreasing, our results in §3 (equation (3. 1) in partic-
ular) imply that for every N € Ny, the extension of ®y/|(_co,2n+1/2) With minimal H ~1(R™) norm is supported
in (oo, 2N + 1/2] and has the expression @y + cd,n+1/2 for some ¢ € C.

3 The space (H;.)* and minimal norm extensions

From (1.2), the elements of (H}.)* are the extensions of the elements of H*(Q) with minimal H%(R") norm.
In this short section we make some remarks on the nature of the elements of (H3,.)*, and on minimal norm
extensions. We also refer the reader to the related discussion in Remark 2.14 above.

For m € Ny, the fact that functions with disjoint support are orthogonal in H™(R") (cf. (1.1) and the
sentence following it) implies that H ™(Q) ¢ (Hg.)*. Thus, we have

H™(Q) ¢ A™(Q) ¢ (HRL)* < (H™@Q)*, m e N,
which, by duality (1.3), implies that
(H-™* c H™Q) ¢ HZ", meNo.

In particular, minimal extensions from H™™(Q) to H-™(R") are supported in Q. Hence, if u € H™(Q), then
there exists U € Hg" with Ulq = u. Furthermore, given any such U, the minimal extension of u is given by
Q-mU =U +w, where w € H ..

For example, if Q = (a, b) c R, then the actionof Q_,, on U € Hg” can be written explicitly, since H,' is
finite-dimensional and its elements are (derivatives of) delta functions supported in 0Q = {a, b}. In particular,
forU e Hg,

Q_1U=U+c46,+cpbp forsomecgy,cp € C. (3.1)
Using (2.1), the minimisation of |U + ¢,84 + cu6p |7, () Shows that
o (U, 8p)1w) - €77%(U, )1 (w) o = (U, 8a)u-1w) - €77%(U, 8p) 1 (w)
a sinh(b — a) o b sinh(b — a) :

2 To fit our convention of using anti-linear functionals, 8y acts on test functions ¢ € S(R") by 6,(¢) = p(x).
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For instance, if u € H-1(Q) is given by u = 8, for some a < x < b (viewed as a distribution on Q = (a, b)), then
clearly U := 6§, (viewed as a distribution on R) is an extension of u, whose projection onto (H 5})L is given by
(3.1). In this case, the choice of ¢4, cj that minimises the H~1(IR") norm of (3.1) is

_ _sinh(b - X) o - sinh(x — a)
“~ “sinh(b-a)’ °7 sinh(b-a)’
which give
2 3 ) _ sinh(b - x)sinh(x-a) 1 2
||6X||H—1(Q) = ||5X + Ca6a + Cbab"H—l(R) = smh(b _ a) < 5 = ||6X”H—1(1R)-

Howeve_r, in general, (H)* ¢ H% when -s ¢ Ny, i.e., the elements of (H?.)* do not generally have their
support in Q. Explicit expressions for the minimal-norm extensions of the elements of H!(Q) and H%(Q) for
the special case Q = (a, b) ¢ R have been presented in [2, Lemma 4.12] and lead to the following formulae
for the norms:

b

1910 0) = 1@ + B + [ABF +19'1)d,
161220 = 1P(@P + 19" (@1 + (@) - ¢ (@) +1p(b) + 10 (D)2

b
+1p(b) + ¢ (B2 + j(|¢|2 +21¢'12 + 19" ) dx.

a

(Note that we have corrected a sign typo present in [2, equation (26)].)
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