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Abstract

Performance degradation in most mechanical systems with friction which are not easily elim-
inated through design mechanisms can be greatly reduced within acceptable limits through
the process of friction compensation. Generally friction compensators are used to improve
system performance in terms of error reduction, transient response, thereby countering the
effects of friction. Model-based techniques for friction compensation require an accurate
model of the system friction. This is very important for high precision mechanical systems
where excellent positioning and motion tracking, especially in the low velocities, is critical.
This thesis proposes a new integrated friction model structure capable of modelling known
friction dynamics. The new friction model incorporates a pre-sliding friction function with
non-local hysteretic features. Analysis of the model shows the model to possess dissipative,
boundedness, passivity and uniqueness properties. Results of sensitivity and robustness
analysis indicate the new friction model is robust to parameter variations. A friction charac-
terisation test-bed was designed and constructed for the purposes of friction identification,
compensation and control. A set of experiments were designed and implemented on the
test rig/bed to demonstrate friction dynamics. The input- output results of the experiments
were used for parameter estimation of the proposed new friction model and some other
relevant friction model structures. The performance of the new friction model for position
and velocity control was studied using the experimental friction test-bed and simulations.
The result of such analysis underscores the advantage of integrating a friction observer in the
system control loop. The new friction model provided better position and velocity control of
the experimental friction test-rig when compared with other well known models of friction.
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Chapter 1

Introduction

1.1 Background of research

Industrial mechanical and/or electromechanical systems experiencing relative motions are of-
ten actuator driven. Servo actuators are one of the most frequently used actuating mechanisms
in industry and there are many kinds depending on the underlying operational mechanisms.
Some of the more popular servos are pneumatic, hydraulic, electrical servos. Of these the
electrical (dc type) servos have gained wide acceptability mainly due to; the ease with which
its output speed and/ or position can be controlled, its simplicity of design, and low cost [1],
[2], [3], [4].

One feature of mechanical systems with a relative motion between the surfaces in contact
is the presence of non-linear friction [5], [6], [7]. Friction is the tangential force between
two surfaces in contact experiencing relative motion. Friction phenomena have been studied
and positively utilised for many centuries now. Da Vinci made the first recorded attempt to
study the phenomena but Coulomb was able to formulate a relationship between friction
and the load which became the well known Coulomb friction and the base for many clas-
sical friction models. Friction has received attention in control engineering because of the
increasing need for precision control in certain systems [8], [9], [10], tracking systems with
little error tolerance, and the availability of more tools of analysis, modelling and design.
Friction plays a significant role in automobile braking systems, tyre design technology [11].
However, friction often has a negative impact on mechanical systems. Some of these effects
include tracking errors in velocity and position, limit circles, wear, oscillations [12], [13],
[14]. Friction may cause limitations on the precision of position and tracking systems and
can lead to undesired oscillations. From studies on friction two distinct regimes can be
observed: the pre-sliding and the gross sliding regimes. The pre-sliding regime is the friction
experienced in a system from the time of the application of an external force up until the
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parts are about to slide relative to each other. Here the friction is primarily a function of the
displacement. In this regime the friction undergoes elastic and plastic deformation under
the application of an external force. If the applied force is large enough, then gross sliding
is initiated. The gross-sliding friction is the friction existing when the parts are in relative
sliding (rolling) motion. It is mainly a function of the relative velocity between the two
surfaces in contact [15], [16]. Friction can also be classed as either dry or lubricated friction.
In lubricated friction there are four lubrication phases observed with varying degrees of the
friction dynamic. These phases are:

1. Solid to solid phase; in this phase the applied force is not enough to break the adherence
force between the surfaces to initiate motion and as such there is no lubrication between
the contacts since there is no motion

2. Boundary lubrication phase; in this phase the surfaces are at the edge of sliding relative
to each other, little displacements are experienced but no gross-sliding. This is much
similar to the solid to solid phase. The lubricant is scarcely introduced between the
surfaces. Stick-slip motion could be experienced in this phase.

3. Partial lubrication phase; in this phase there is relative motion between the surfaces
though very low, this forces the lubricants into the surfaces at a low rate and thus lowers
the friction between the surfaces. The lubricant in the surfaces is not large enough to
separate fully the surfaces. Stick-slip motions and Stribeck effects are possible in this
phase.

4. Full lubrication phase; in this phase the friction influence is governed hydro dynam-
ically and the friction force increases with increasing velocity because there is full
separation of the surfaces.

Some key features of the friction phenomenon are:
Stribeck effect: In [17], it was shown from experimental studies that friction decreases as a
function of the velocity at very low values of the velocity while at high values it increases as
a function of increasing velocity. This is called the Stribeck effect, and the curve of friction
against velocity capturing this feature is called the Stribeck curve.
Pre-sliding Hysteresis: This is the friction feature arising from the adhesion and deformation
of the surface asperities when subjected to an external force that is less than the breakaway
value. These interactions give rise to a friction force that is dependent of the relative displace-
ment of the asperities rather than the relative velocities of the contacting bodies [18].
Frictional lag: This is also known as velocity dependent hysteresis and is the variation of
the friction force as a function of the increasing or decreasing velocity. This acceleration or
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deceleration in velocity leads to different friction values [19].
Breakaway and varying breakaway forces; The breakaway force is the minimum force re-
quired to initiate a relative motion between two surfaces in contact. The varying breakaway
is the observed effect the rate of change of the applied external force and the dwell time have
on the breakaway force of the body at rest [20].
Stick-slip phenomenon: This is the spring-like behaviour of the friction surfaces when sub-
jected to a steady velocity characterised by periodic phases of sticking and slipping thereby
making the system oscillatory. These features, explained in greater detail in chapter 2,
clearly capture the dynamics of the friction phenomena and show that it not only depends
on the relative motion between the parts involved but also on the internal states of the parts,
properties of the materials involved, operating temperature, surface finish, presence or ab-
sence of lubrication, etc. Thus research results and experimental data indicate that friction
exhibits non-linearity, dynamism and dependency on environmental parameters as well as
materials properties. These characteristics make accurate models of friction difficult to obtain
[21], [22].

1.2 Friction Identification Paradox

The performance of control systems subject to friction using model based friction compen-
sation approaches is dependent on the availability of an adequate model representative of
friction [23]. In obtaining an accurate model of friction or any physical model, it is important
to have a good understanding of the system characteristics. Accurate friction model formu-
lation is constrained by the following conditions as noted in [24]: First, the friction force
at steady state velocities is only a function of the relative velocity, and second, the friction
force in the pre-sliding regime (small displacements) is essentially a hysteretic function of
the position and exhibits non-local memory characteristics. Thus a good model of friction
therefore should possess some basic qualities such as:

1. Complexity; should be complex enough to capture closely the various observed features
of the friction phenomenon.

2. Simplicity; should be simple enough for implementation and simulation purposes and
ease of integration into real-time control systems.

3. Efficiency; the model should be computationally efficient in time and resource con-
sumption.
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4. Accuracy; the difference between the friction features predicted by the model and
those observed experimentally should be small according to an appropriate measure.

The paradox is in finding a friction model that is both accurate (complex enough to capture
friction features) and yet simple and efficient for implementation.

The study of friction cuts across many disciplines including tribology, control systems,
materials physics, mechanics and geology. Because of the vast influence of friction many
models have been developed in these fields capturing the essence of friction as it relates
to those application areas. Two broad approaches for modelling friction are the black-box
and the white-box approaches depending on the level of the physics involved. Black-box
friction modelling based on experimental input-output measurements is common [25], neural
network, (NN) (GA, AI) based modelling approach [26]. Other approaches that are purely
physics motivated are called the white-box models. Combinations of both the black-box
and the white-box methods known as the grey-box models have found wider application in
modelling frictional systems since it involves part physics-based knowledge of the system and
part empirical input-output data. Most existing friction models can be classed as either static
or dynamic. Static models of friction relate in a static manner the friction directly to velocity
and/or displacement. Examples are the classical (Coulomb model and its modifications),
Karnopp [27], Lorinc [5], and the Armstrong models [28], [29]. Essentially there is a direct
mapping of these parameters in the static models. On the other hand, dynamic models
capture friction as a function of velocity and/or displacement through its internal states.
These internal state variables are usually difficult to measure so they are usually estimated.
Some of the more popular dynamic friction models are: Dahl [30], LuGre [31], [32], Bristle
[33], Leuven [34], and GMS models [35], [31].
The Friction Problem: From a Control Perspective
Friction modelling can be very useful for control purposes especially in high precision
systems. Friction compensation in control systems has been carried out in various ways each
having its merits and demerits. Some of the techniques adopted in friction compensation
and control are; the use of a dither signal, acceleration feedback, and model based friction
compensation. The dynamic nature of friction makes it necessary to track the parameter
variations in the system model to be able to accurately capture at all times friction effects.
According to [36], [37], these adaptive techniques are often applied since it is not always
possible to obtain accurate models of friction with constant parameters.
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1.3 Research Objectives

Most of the existing friction models are application dependent and as such need adjustments
for different applications. Characterising friction phenomena especially in the pre-sliding
and low velocity regimes is difficult due to the highly non-linear and dynamic nature of
friction [5]. However, as shown in [38], [39], many friction models have been proposed in
the field of control and tribology, some of which are static and thus suffer from the challenges
facing static models. And the dynamic models of which the LuGre friction model is the most
popular due mainly to its simplicity though it does not adequately exhibit true hysteresis with
non-local memory and suffers from frictional drift when subject to force vibration less than
the stiction value.
The objectives of this thesis are:

1. Investigate the performance of friction models suitable for use in friction compensation
and propose a new model structure to address identified deficiencies.

2. Performance of a sensitivity and robustness analysis of the proposed friction model in
comparison to other models of friction

3. To characterise of the phenomenon of friction on an experimental test-bed and use this
facility to test the performance of the proposed friction model.

4. Design and implement a model based observer using the new friction model, and use
this observer for model based friction compensation of the experimental test-bed.

1.4 Thesis outline

The outline of the rest of the thesis is such that a review of the literature with respect to
friction models and the various control methods adopted for systems with friction were
presented in chapter 2, while chapters 3-6 report how the research objectives were pursued
and achieved with chapter 7 providing conclusions and areas for future research. The contents
of these chapters are briefly described below.
Chapter 2: Literature Review. Chapter layout; a review of relevant areas pertaining to
the research such as friction features and friction model structures, parameter identification,
compensation and control were carried out, with section 2.1 providing general review back-
ground. Section 2.2 dealt with the characteristic features of friction, while section 2.3 laid
down the various models of friction relevant for control starting with the simple static model
structures to the complex dynamic models. In section 2.4 some aspects of system parameter
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identification relevant for the thesis are reviewed, the compensation and control of systems
with non-linear friction was investigated in section 2.5. Finally in section 2.6 a summary was
provided.
Chapter 3: A New Model Structure for Friction. The layout of the chapter is as follows:
general background information is provided in 3.2. In section 3.2 a new friction model
capable of predicting relevant features of friction was proposed, while section 3.3 looked at
the properties of the proposed friction model such as stability, dissipativity, passivity and
uniqueness. In section 3.4, a describing functions analysis of the hysteretic properties of the
proposed model was studied and empirical values derived. The ability of the model to predict
stick-slip friction phenomenon and sensitivity analysis of the proposed model with some
relevant models were discussed in sections 3.5. Section 3.6 looked at pre-sliding performance
analysis of some of the friction models in chapter 2 in comparison with the new friction
model. In section 3.7, summary of the main results was articulated.
Chapter 4: Friction Characterization and Identification. Chapter layout; general back-
ground information was provided in section 4.1. A brief description of the test-bed and the
various equipments used for the experiments formed part of section 4.2, and description of
the experimental set-up for the characterization of the friction non-linearities. In section 4.3,
a general model of the dc servo-motor based experimental test-bed used to perform the experi-
ments was derived. Section 4.4 described the experiments performed for the determination of
various friction characteristics. In section 4.6 the task of system identification, dealing with
the parameters estimation for the various models studied was carried out. A more general
discussion on the observations noted during the various experiments and identification were
elaborated upon also. The chapter ended with a summary section 4.7.
Chapter 5: Friction Compensation and Control. Chapter layout; general background
information was provided in section 5.1. Section 5.2 dealt with the design of the linear part
of the compensator called the feedback controller, while section 5.3 with the design of the
friction observer for velocity and position control purposes. In section 5.4 the simulation
implementation examples of the velocity and position observer-based compensators were
performed, while analysis of the results of simulations discussed in section 5.5. The chapter
ends with a summary, section 5.6.
Chapter 6: Friction Compensation Experiments and Analysis. Chapter layout; general
background information was provided in section 6.1. In section 6.2 set-up of the experiment,
model parameters used for the experimental implementation of friction compensation and
control of the test-bed were discussed while velocity control experiments were performed
on the test-bed and subsequent analysis of the experimental results in section 6.3. Position
control experiments and analysis of the results were discussed separately in section 6.4.
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Section 6.5 presented the velocity and position control simulation for the experimental test-
bed. A comparative analysis of both simulation and experimental results for velocity and
position control and discussion were carried out in section 6.6. Chapter summary articulated
in section 6.7.
Chapter 7: Conclusion and Recommendations. Chapter layout; general background in-
formation was provided in section 7.1. Section 7.2 contains main conclusions drawn from
the research while the original contributions of the research to the general body of knowledge
were discussed in section 7.3. The limitations and constraints encountered in the course
of the research discussed in section 7.4. Section 7.5, offering recommendations for future
research in this area concluded the thesis report.

1.5 Chapter summary

A general background description of friction and the friction phenomena has been provided
as relates to most mechanical system with surface contacts in relative motion. A brief
description of the research reported in this thesis has been given setting out the research
objectives and some key areas to be developed in the main body of the thesis. The trade off
between the model accuracy and its simplicity in terms of implementation and simulation
explained. The thesis outline given above would be built upon in the subsequent chapters
that follow.





Chapter 2

Literature Review

2.1 Introduction

Understanding the characteristics and physics of friction is relevant for modelling and con-
trol of high performance mechanical systems with relative motions. Tribological research
findings contributed much to the current status of friction modelling and control. Tribology
is the study of the science of contacting surfaces subjected to relative motion [26], especially
as it relates to friction, wear, and lubrication. Friction has received much research attention
as a result of its relevance not just in the field of control engineering, but also in many other
fields such as meteorology and geology. This is partly because of the many adverse effects
of its presence in any system but also because of advances in technological tools needed to
study, determine and analyse its complex nature.

As illustrated in the previous chapter, the various features of the friction phenomena;
stick-slip, breakaway and varying breakaway forces, frictional lag, pre-sliding hysteresis,
and the Stribeck effect, many of which are not captured by the static friction models have
led to extensive researches leading to many dynamic models which capture some of these
dynamics of friction. However these dynamic models are not without their own demerits such
as increasing system complexities and implementation issues. This thus makes it imperative
that a trade off exists between the complexity of the model and its implementation efficiency.

The mechanical surfaces in contact can be viewed from a microscopic point as contacting
at a large number of points called bristles or asperities which are randomly distributed over
the entire surface. The cumulative interactions of these bristles give rise to friction. The
presence of friction thus influences the overall behaviour of the surfaces under the effect of
an external force [40]. The theory of contacting surfaces gives rise to the distinction between
the apparent surface area and the real surface area of contact.

In this chapter a review of relevant areas necessary for adequate understanding of the en-
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tire thesis is set out. These areas are; Friction model structures, system identification of model
parameters, and compensation and control of friction which serve as broad sub-divisions of
the chapter. However, before this, some relevant features of the friction phenomenon are
first discussed thereby providing needed basis for the comparison of the different models to
be reviewed afterwards. Section 2.2 deals with the characteristic features of friction, while
section 2.3 lays down the various models of friction relevant for control starting with the
simple static model structures to the complex dynamic ones. The merits and demerits of
such models are also discussed in context. In section 2.4 some aspects of system parameter
identification relevant for the thesis are reviewed, and the compensation and control of
non-linear friction in systems is investigated in section 2.5. A general summary of the entire
chapter highlighting main points, concludes the chapter in section 2.6.

2.2 The friction phenomena

A good understanding of the characteristic features of friction is paramount to understanding
and analysing existing models of friction as this will be the basis to gauge the adequateness of
the models under review. Friction features are varied and non-linear in nature, and any good
friction model is determined by its ability to replicate these observed phenomena closely.
Some of the more pronounced characteristics of friction to be discussed here are; stick-slip
motion, the pre-sliding hysteresis, break-away and varying breakaway forces, frictional lag,
and the Stribeck effect.

2.2.1 Stick-slip motion

Motions at velocities much less than the Stribeck velocity often involve phases of slipping
and sticking which can be traced to the stick-slip phenomenon of friction. As an illustration
consider a simple mechanical system consisting of a mass, spring system under the influence
of friction as shown in figure 2.1. The application of a steady velocity v(t) in the direction
indicated on the slider-belt will first cause the spring to extend while the mass is motionless
relative to the slider-belt (stick-regime). The force transmitted to the spring is a function of
the elongation of the spring (x), and the spring stiffness K. The mass remains motionless
until the spring-force (Kx) is large enough to cause the attached mass to move backwards
(slip-regime) towards the fixed end of spring. Thus the mass experiences motion (slip) when
the spring force (Kx) is greater than or equal to its static friction (Fs), at which point the
mass begins to move and accelerates as a result of a fall from static friction to kinetic friction.
This acceleration is in the direction opposite the applied force, and hence reduces the stress
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Fig. 2.1 A simple block of mass-spring system subjected to a constant low velocity in the
direction shown by the arrow used to demonstrate the stick slip motion

Fig. 2.2 The motion of the mass as a function of time for the mass-spring system above
showing the stick-slip oscillatory nature. The blue shows the sticking regime and the red the
sliding regime

in the spring. This causes the amount of force on the mass to decrease. The reduction of
this force below a certain level causes the motion of the mass to stop and stick again on the
slider-belt. Therefore, spring force begins to build up again to the static value replicating the
whole process again, hence the name stick-slip motion. Figures 2.2 and 2.3 respectively
capture the position of the mass as a function of time and the friction force as a function of
time. This kind of motion is a feature of friction as observed experimentally and reported in
some papers [20], [41], [42]. Some examples are; the creaking sound of a door slowly closed
or opened, motion of a wiper on a dry windscreen.

This type of motion is cyclic with periods of sticking and slipping as shown in figure
2.2 and the cause of many undesirable effects in mechanical systems like squeal noise and
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Fig. 2.3 Friction force as a function of time for the system of figure( 2.1). The maximum
force is the static friction force and the flattened stage the kinetic (coulomb) friction force

limit cycles. It is clear that this effect will disappear if the stiction friction and the coulomb
(kinetic) friction are to be equal. For the system shown the equation of the motion during
stick as the body moves from rest is given by Newton’s second law of motion

mẍ = Fs −Kx (2.1)

And that during slipping is
mẍ = Fc −Kx (2.2)

with ẋ = v, as the velocity, Fs and Fc are the static and kinetic friction forces respectively, K
is the spring constant and x its extension as a function of time and m the mass of the body.

2.2.2 Hysteresis with non-local memory

This is the non-linear spring like behaviour of the asperities surface due to the adhesive
and deformation forces of interaction between the surfaces leading to the elasto-plastic
deformation of these asperity junctions. This phenomenon has been shown to be a function of
the displacement at micro-level rather than the velocity dependence of friction at macro-level.
This rate independent friction also exhibits a non-local memory feature. The relative displace-
ment of the asperities is a function of the external force and increases to saturation beyond
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which the asperities slide (gross-sliding) as a function of force until velocity reversal. As
such the friction force increases in relation to this displacement until breakaway displacement
beyond which the friction force becomes a function of velocity. Hysteresis losses occur
at every closed cycle of operation as the stored energy is dissipated. This phenomenon is
illustrated in figure 2.4 for a system subjected to a reference force input.
As an illustration of the non-local memory consider a simple system as shown in figure 2.1,
if the applied external force figure 2.4a then no motion is experienced between the mass and
slider surface. This is possible when the applied force is less than the force necessary to break
the adhesion forces of the asperities. Given the applied force (a−b− c−d − e− f −g), the
asperities deform tracing first a virgin curve (a′−b′) as shown in figure 2.4b, as the reference
force changes direction moving from (b−c) the friction force traces (b′−c′) curve. Reversal
of the direction of applied force (c−d), the friction also traces the loop (c′−d′) and as the
force reverses direction tracing (d − e), the friction force subsequently traces (d′− e′) loop.
For the branch direction (e− f −g) of the applied force, the friction force traces the loop
(e′− f ′−g′), however as the friction force reaches the point f ′ coinciding with point d′ on
the outer loop (c′−d′), there is a closing of the inner loop (d′− e′− f ′) given that points
d′ and f ′ coincide. This thus makes the path (e′− f ′−g′) appear to trace the outer loop of
c′−d′ extrapolated, thus wiping out (or forgetting of) the inner loop (d′− e′− f ′).
This phenomenon of friction is termed non-local memory. Many models of friction are not
able to predict this complex friction feature as would be shown in the sections following.

2.2.3 Frictional lag

In [19], it was observed that the friction force and the velocity have a dynamic relationship
especially at low velocities. The research showed that a periodic time varying unidirectional
low velocity produces a corresponding friction force which lags the velocity in time. This
friction force behaviour exhibits hysteretic features though a function of velocity as against
that of the pre-sliding hysteresis which is a function of displacement. Observations showed
that the friction forces are higher for increasing time varying velocities (acceleration) than for
decreasing time varying velocities (deceleration). Increasing the velocity time rate widens the
hysteretic loop as in figure 2.5 for 2 rad/sec, 5 rad/sec, and 10 rad/sec sinusoidal reference
velocities with constant amplitude. The figure is a result of frictional-lag experiments carried
out on the test-bed designed for this research, see chapter 4 for more details.
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(a)

(b)

Fig. 2.4 Non-local memory pre-sliding hysteresis; (a) the reference force input for the
pre-sliding hysteretic function investigation, and (b) the pre-sliding hysteresis friction char-
acteristic with non-local memory
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Fig. 2.5 Frictional lag; friction as a function of unidirectional periodic velocity input; the right
arrow indicates increasing velocities (acceleration) and the left arrow decreasing velocities
(deceleration). More details are provided in chapter 4

2.2.4 Breakaway and varying breakaway friction

The breakaway force is the minimum force required to initiate motion between two surfaces
in contact. This force must be able to overcome the static forces of adhesion for relative
motion to begin. The transition from the pre-sliding (stick) to gross-sliding (slip) regime is
dynamic and continuous. In his inclined plane block-ball experiments [20], Rabinowicz noted
that the maximum friction force occurs at a small displacement as shown in figure 2.6 and
not at zero displacement indicating friction to be function of the displacement between the
surfaces. The time of stick was also seen to affect the stiction force in a manner that the longer
the stick time the larger the stiction or the force required to initiate motion. The breakaway
force is also found to be dependent on the rate at which the external force is changing [43].
In other words, increasing the rate of application of force lowers the breakaway force and
vice versa. Figures 2.6a, b, and c respectively show break-away friction force, the breakaway
friction force as a function of the rate of change of external force, and the breakaway friction
force variation with total time of stick.

2.2.5 Stribeck effect

Prior to the experimental investigations carried out by Stribeck, friction has been thought of
and modelled as a static function proportional to velocity . In his paper [17] and contrary to
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Fig. 2.6 Friction force variation with: (a) displacement, (b) rate of change of force, and (c)
total time sticking or dwell time

generally perceived notion, friction was captured to be decreasing as velocity increased in
the low velocity range while it increases in function of velocity beyond a certain level of the
velocity. The transition velocity between the decreasing and increasing friction is called the
Stribeck velocity. The friction-velocity relation is the Stribeck curve shown in figure 2.7d.
The decreasing and subsequent increasing friction force as a function of the velocity increase
is often referred to as velocity weakening and strengthening respectively. The weakening
is attributable to Stribeck effect and the strengthening to the viscous friction effect. Thus
the Stribeck friction is an exponentially decreasing function of the velocity bounded by the
stiction force (upper bound) and the coulomb force (lower bound) [44].
The aforementioned friction characteristics will be experimentally investigated on an experi-
mental test-bed designed for the purpose of friction characterisation and control.

2.3 Friction models

Having looked at the various characteristics of friction, this section presents a review of
some of the relevant friction models in the field of control engineering. These friction model
structures are generally grouped as either static or dynamic models depending on whether
the model is able to capture and replicate the dynamisms of friction. The section is presented
in such a manner that the simple static friction models are presented first then followed by
the more complex dynamic friction models in each sub-section.
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2.3.1 Static friction model structures

Static models of friction capture friction as a function of the velocity relative to both surfaces.
Under the static friction the following models will be reviewed: Classical, Karnopp, model
proposed by Lorinc, exponential, and neural network based models.

Classical model variations

This friction model is made up different component which individually capture different
aspects of the friction phenomena. The component make-up of the classical model are:
coulomb, viscous, static, and Stribeck friction.
Coulomb friction
This model simply states that the friction force is directly proportional to the normal loading
between the surfaces and acts in such a way as to oppose the motion of these bodies. It is not
dependent on the relative velocity. Mathematically the friction force is

Ff = µkNsgn(v) (2.3)

and with Fc = µkN then
Ff = Fcsgn(v) (2.4)

where Ff is the friction force, µk is the coefficient of kinetic friction, N is normal loading
and v is relative velocity, Fc is the Coulomb friction force. sgn is a signum function.
The coulomb force takes on either of two values of equal magnitude, but of opposite direction
depending on the direction of the motion as shown in Fig 2.7a. This model finds application
in many engineering systems because of its simplicity, and yields approximate values of the
friction force mostly at increasing velocities. Because of this it has been used in friction
modelling and compensation [40], [41], [42]. However it does not capture the dynamics of
the friction phenomena especially in the zero velocity regions.
Viscous friction
The viscous friction force is proportional to the velocity of relative motion, hence as velocity
increases or decreases this friction force increases or decreases in proportion. This is friction
as a result of contact lubrication. However, the viscous friction coefficient is quite small such
that friction due to viscosity is very small for low velocities. The friction force as a result of
viscosity is often modelled as linear function of the velocity as

Ff = fvv (2.5)
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with fv being the coefficient of viscous friction and other terms as previously defined.
The viscous friction is usually incorporated into the coulomb model yielding the Coulomb+viscous
model as in eqn. 2.6 to account for the fact that friction actually is dependent on the relative
velocity of motion. This is represented as in [45], mathematically .

Ff = µNsgn(v)+ fvv (2.6)

This implies that during sliding the friction force is the sum of the coulomb and viscous
forces, figure 2.7b.
Static friction
The friction force in the pre-sliding and the gross-sliding regimes are different, it is shown
that for most materials the sliding friction is lower than the friction at no sliding. The static
friction (or stiction) is the amount of force required to initiate motion. The stiction value is
dependent on the applied external force and not on the velocity. It increases with this force
till a threshold is reached beyond which there is sliding. This force threshold is called the
breakaway or Stiction force. The underlying concept is that the friction force is independent
of the contact area and the relative velocity of motion and it opposes motion. So the stiction
force is modelled thus

Ff =

Fe if v = 0, |Fe|< Fs

Fssgn(Fe) if v = 0, |Fe| ≥ Fs
(2.7)

where Fs is the static friction, v relative velocity, Fe the applied external force. The static
friction is related to the normal force through

Fs = µsN

where µs is the coefficient of static friction.
In order to reflect this in the coulomb base model the friction at no sliding is depicted as
static friction while that during sliding is called the Coulomb (kinetic) friction as in figure
2.7c. The modified classical structure is then of the form

Ff =


Fcsgn(v)+ fvv if v ̸= 0

Fe if v = 0, |Fe|< Fs

Fssgn(Fe) if v = 0, |Fe| ≥ Fs

(2.8)
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Stribeck friction
From experiments it was observed that the transition of friction from the static to the kinetic
regime is not sudden but gradual with a continuous drop in the friction value from the static
value towards the coulomb friction value, as relative velocity is increased from zero. This
effect is called the Stribeck effect, and the friction-velocity relation is called the Stribeck
curve [17], see figure 2.7d.
The Stribeck curve is usually modelled by exponential functions of the form

Ff = Fcsgn(v)+(Fs −Fc)e
−( v

vs )
δ

(2.9)

where vs is the transition velocity called the Stribeck velocity and the δ a curve shaping
parameter.
Hence the combination of eqn. 2.8 with the exponential Stribeck friction eqn. 2.9 gives rise
to a more complex but better representation of the friction features of (2.10). Mathematically
it is represented as [46].

Ff =


F(v) if v ̸= 0

Fe if v = 0, |Fe|< Fs

Fssgn(Fe) if v = 0, |Fe| ≥ Fs

(2.10)

with F(v) being the friction force as a function of the velocity.

F(v) = Fcsgn(v)+(Fs −Fc)e
−( v

vs )
δ

+ fvv (2.11)

The eqn. 2.11, which is a Gaussian variant of the exponential models [5], is often useful for
the steady state identification of friction model parameters as will be shown in subsequent
chapters.
The classical model of friction takes on a continuum of values bounded by the stiction at the
upper and lower bounds, and is discontinuous at zero velocity. This discontinuity posses
simulation and implementation challenges.
In the paper [47], a modification of the stiction force was proposed to reflect its dependence
on the rate of change of the applied force (section 2.2). This modification closely captures
observed features of the friction phenomena before gross sliding begins as the velocity varies
as suggested in the paper. In the paper the stiction is replaced by a function

Φs(τ̇) = Fc +(Fs −Fc)e
−| τ̇

ts |
δ

(2.12)
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Fig. 2.7 Variations of the classical friction model: (a) Coulomb friction, (b)
Coulomb+Viscous friction, (c) Stiction+Coulomb+Viscous friction, and (d)
Stribeck+Viscous friction

where Φs(τ̇) is the static friction force as a function of the applied torque rate of change, τ̇ the
rate of change of applied torque, ts is the torque rate coefficient, δ a curve fitting parameter.
This exponential function is bounded between the stiction Fs and the Coulomb friction Fc

forces.

Karnopp model

The variations of the classical friction model discussed above are not capable of handling
friction dynamics resulting in the pre-sliding regime. The Karnopp model [reference], was
developed to address some of the shortcomings of the classical models namely the friction
force at zero velocity. To achieve this, Karnopp introduced a low velocity range Dv such that
if |v| ≤ |Dv| then the system is assumed to be in stick mode. The friction force within this
band is equivalent to the static friction Fs or the applied external force Fe. As the applied
external force exceeds the stiction, the body experiences an increasing velocity from the rest
position beyond Dv. Beyond Dv the model switches to the slip mode. This model is easy to
simulate since it does not have to detect zero velocities. The can be depicted as in equation



2.3 Friction models 21

2.13 by

Ff =


Fcsgn(v)+ fvv if |v| ≥ |Dv|

min(Fe,Fs) if Fe ≥ 0

max(Fe,−Fs) if Fe ≤ 0, |v|< |Dv|

(2.13)

Some of the limitations of the Karnopp friction model are;

1. It is application specific; the model is bespoke for every configuration so one cannot
use the same model for different applications, [46].

2. System coupling; the model forms part of the system configuration.

3. Zero velocity deviation; there is no cohesion between the model output and the output
of observed real systems.

4. It’s complexity; the model complexity increases with system complexity geometrically
and this possess strong limitation to its applicability, [33].

Lorinc model

In his paper [5], Lorinc presents a static model for friction non-linearity. The model is
essentially a linearised version of the exponential model (Tustin variation) of the friction
force. The formulation assumes a static mapping of the friction force as a function of velocity
and is subject to implementation problems at zero velocities. For Positive velocities the
friction force (Ff ) representation is

Ff = Φ
T
f ξ f (ω) (2.14)

where the parameter vector is Φ f , and ξ f (ω) the regressor vector, The Lorinc friction model
has been applied in control systems problems as in [7], [39]. Model realisation uses two
different linear equations of the Tustin model to reproduce the low and high velocity regimes
and a switching function capable of detecting the Stribeck switch velocity. Other dynamic
features of friction like frictional lag, pre-sliding hysteresis are difficult to reproduce using
this model. Being an approximate linear model though simple, it does not reflect true friction
at low velocities.

Neural network based models

Soft approaches based on the neural networks (NN) are increasingly being explored in the
modelling of system friction, [10]. This is driven by the ease by which the networks can
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easily approximate any continuous function to a high degree of accuracy so long as the
network is large enough. This approximation property is used in generating non-linear
mapping of the inputs and outputs data obtained from experiments, on the basis of the
Stone-Weierstrass theorem [48], with the use of activation functions. Various options for
these function activators are; Radial Basis Function (RBF), the hyperbolic tangent and the
sigmoid. It should be noted however that though neural networks are easy to train and use,
and simple structured with high approximation properties, it is not without its own issues
some of which are: lack of network dynamism since it is a static approximator, it yields
opaque models often without mathematical interpretation, difficulties in model analysis,
isolation of cause and effect, and determination of dynamic characteristics of the system
from the model. Friction modelling and compensation using this approach has been proposed
in many articles [49], [50]. In [25] application to dc model parameter identification using
compound evolution techniques was investigated.

2.3.2 Dynamic friction model structures

Static friction models generally suffer from detection of friction force and the attendant rich
friction dynamics in the pre-sliding regime. This is because they are often a static mapping
of the force as a function of velocity and not position. For high precision mechatronic
systems, effects of friction non-linearities especially in the pre-sliding regime often lead to
errors that cannot be neglected, underscoring the need for more accurate models exhibiting
some dynamism. Friction models capable of reproducing friction features in this regime are
usually modelled as a function of not only the velocity but also of the internal state of the
contact surfaces. Naturally this leads to more complex models called dynamic friction model
structures. Many dynamic models exist in literature (as will be shown below) however, we
investigate some of the more popular dynamic models such as; Bristle, Dahl, LuGre, Leuven,
GMS, and the Xiong models. These models have some similarities with the model proposed
in the next chapter.

Bristle model

In their paper [33], Haessig and Friedland presented the bristle and the reset integrator friction
models. In the bristle model friction originated from interactions of the bristle like surfaces in
which the macroscopic friction effect is taken to be the sum of the spring forces experienced
by each of these bristles (microscopic friction), when subjected to an external force. The
friction on each bristle pair is proportional to the strain experienced by the bristles figure
2.8a. These bristles are randomly distributed over the entire surface of interaction. There
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Fig. 2.8 The general bristle representation of contact surfaces showing their deflections. Here
the upper face bristles are assumed rigid while the lower face bristles are flexible: (a) the
random nature of bristle distribution, (b) the single bristle showing the deflection from initial
value of y to a value of x

is a continual breaking and formation of new bonds as the bristles slip on each other. For
simplicity of analysis the bristles on one surface are assumed rigid while the other surface
has flexible bristles. Under external loading, the bristle deflects in proportion to the load. On
reaching a maximum (breakaway) displacement it snaps to form a new bond with another
bristle figure 2.8a. These bond interactions are assumed massless and pliable. The friction
force on a single bristle figure 2.8b is given as

Ff = Kz (2.15)

with z = (x− y) as the bristle deflection, and K bristle stiffness. If the number of bristle
elements is N, then the total friction force is given as the sum of individual forces as

Ff =
N

∑
i=1

Kizi (2.16)

i = 1,2, . . .N

where x is the point of formation of bristle and y the bristle position at any given time.
This model accurately captures friction forces as a function of displacement explicitly and
implicitly as a function of the relative velocity since N the total number of bonding bristles at
any instant is a function of this velocity. It should be noted that this model does not capture
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Fig. 2.9 The stress-strain curve for various kinds of materials showing their rupture points ’a’
for brittle and ’b’ for ductile materials

the Stribeck effect, the frictional lag and varying breakaway. However inefficiency often
arises due to snapping discontinuities of the bonds resulting in unusually short integration
steps. Also the fact of no damping imposes a great limitation to the system implementation.
As a result, this model though good does not easily lend itself for control purposes in a real
system. The second model called the reset integrator was an attempt to resolve the simulation
and implementation problems of the bristle model and still preserve its accuracy to model
friction.

Dahl model

In [30], the Dahl model was proposed to capture the friction effect mainly the pre-sliding
features. The Dahl model was based on the assumption that the origin of friction is in
the quasi-static contact bonds that are continuously being formed and subsequently broken
between material surfaces in contact. This stress-strain relationship at micro level gives
rise to the macro friction force experience shown in figure 2.9. At small displacements
the material tends to regain its original position when stress is removed but with large
displacements permanent displacements occur as a result of plastic deformation. The strain
caused by the applied force leads to pre-sliding displacements until it is large enough to
initiate gross-sliding. For a ductile material as illustrated in figure 2.9, the force for gross
sliding is smaller than that before rupture due to the ductility of the material while for brittle
materials it is observed that the breakaway force and the force of sliding are virtually the
same connoting the absence of stiction. The mathematical formulation of the Dahl concept is
as given below

dFf

dt
= σ

(
1−

Ff

Fc
sgn(ż)

)δ

(2.17)
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given that
dFf

dt
=

dFf

dz
dz
dt

then
ż = v−σ

|v|
Fc

z

and
Ff = σz

where Ff is the friction force, z the deflection of the bristles, σ is the stiffness of the bristles,
Fc the coulomb friction, and δ a curve shaping parameter. This model exhibits pre-sliding
hysteresis without the non-local memory features, however it is unable to capture some
other features like Stribeck effect, stiction and frictional lag, [32], [51]. Because of its
simplicity and implementation ease this model has been used for friction compensation in
some applications, [52], [53].

LuGre model

A model of friction that captures many of the friction phenomena was proposed in [32], as a
result of the joint research efforts between the Lund university and the Grenoble lab in France.
This model of friction captures the input-output relations and is easy to implement with good
computational efficiency. It also exhibits many of the prominent features of friction like
the stick-slip motion, Stribeck effect, varying breakaway force, pre-sliding hysteresis, and
frictional lag. It evolved from the Dahl model by incorporating some other features that
make it to be rate dependent rather than the rate independent Dahl model. It is an integrated
model since it uses a single formulation to portray the pre-sliding and gross-sliding friction
properties. It is easily adopted for simulation and controller synthesis. The approach adopted
was the bristle technique where the friction is captured at microscopic level as the interaction
between bristles when subjected to a shearing force between the surfaces that leads to the
elasto-plastic deformation of these asperities. The LuGre model is formulated thus

Ff = σ0z+σ1(v)ż+ fv(v) (2.18)

ż = v− |v|
g(v)

z (2.19)

g(v) =
1

σ0

(
Fc +(Fs −Fc)e

−( v
vs )

2
)

(2.20)

where Ff is the friction force, fv is the viscous damping coefficient, z is the micro displace-
ment between the surfaces (or bristle deflection), σ0 is the stiffness of the material, σ1 is the
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material damping coefficient, g(v) is the non-linear term modelling the Stribeck effect at low
velocities, v is the relative velocity between the surfaces in contact. vs is the Stribeck velocity.
The LuGre friction model gained much popularity because of its low number of parameters
and the integration of both regimes of friction in one state equation. Worth noting though,
the improvement on the Dahl model by the LuGre is the result of the following:

1. Insertion of the non-linear rate dependent function g(v) to capture the low velocity
Stribeck effect.

2. Inclusion of a velocity dependent micro-displacement damping function σ1

LuGre model has found wide applications (in pneumatics, robotics and mechanical) for
the control and compensation of systems with friction, [54], [31], [55], [56]. Despite this
popularity it has been observed that the model has some limitations [31], such as:

1. Inability to reproduce experimentally observed reversal point with non-local memory
at small pre-sliding displacements [34], [57], [51].

2. It is subject to the drifting effect (zero drift displacement) and some other implementa-
tion related issues [58], [55], [59]

3. Presence of discontinuity in the mathematical formulation [60], [61]

To address these shortcomings of the LuGre model, many other variants which are simple
modifications of the LuGre were proposed. Some of these are briefly reviewed. In trying to
overcome the discontinuity of the LuGre model a continuous approximation of the model was
proposed in [60]. However, passivity and stability properties if the model was not established.
The drift feature of the LuGre was addressed by an extended LuGre model known as the
Elasto-Plastic (E-P) model presented in [62]. The state and friction force equations of the
E-P model similar to the LuGre are given by

Ff = σ0z+σ1(v)ż+ fv(v) (2.21)

ż = v−α(z,v)σ0
|v|

g(v)
z (2.22)
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with

α(z,v) =



0 for |z|< Zb,sgn(v) = sgn(z)

1
2 sin

(
π

z−(
zmax+Zb

2 )
zmax−Zb

)
+ 1

2 for Zb ≤ |z|< zmax,sgn(v) = sgn(z)

1 for |z| ≥ zmax,sgn(v) = sgn(z)

0 for sgn(v) ̸= sgn(z)

(2.23)

zmax is the maximum bristle deflection, Zb the breakaway friction displacement, and z the
bristle deflection. Thus from equation 2.22, when α(z,v) = 1, the model is equivalent to the
LuGre model. The breakaway deflection often chosen less than the maximum deflection given
as g(v)/σ0. This model is simple to implement as the LuGre but with the added advantage
of non-drift. However the elasto-plastic friction model does not capture the pre-sliding
hysteresis with non-local memory.

Leuven model

An integrated friction model aimed at resolving the hysteresis with non-local memory
problem of the LuGre model was proposed in [34]. Non-local memory implies that in the
force-position (hysteresis) plane every point for velocity reversal can be recovered, see
section 2.2. The Leuven model consists of the state equation

ż = v
(

1− sgn
(

Fd(z)
g(v)−Fb

)∣∣∣∣ Fd(z)
g(v)−Fb

∣∣∣∣n) (2.24)

and the friction force equation expressed as

Ff = Fh(z)+σ1ż+ fv(v) (2.25)

with the hysteresis function Fh(z) modelled as

Fh(z) = Fb +Fd(z) (2.26)

where Fh(z) is used to capture the hysteretic friction behaviour with two parameters depending
on the transitions. Fd(z) is a displacement dependent function modelling the friction for
each branch transition, Fb the friction force at the beginning of each branch or reversal point,
g(v) is the Stribeck function. In depth description of this model can be found in [34]. Some
challenges posed by this model are related to how the hysteresis function is implemented,
and possible discontinuity in the friction force predicted. The requirement for memory
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stacking leads to possible stack overflow [35], and continued detection of velocity reversals,
setting and resetting of the memory at every transition from pre-sliding to gross-sliding
lead to possible errors in the calculations and detection [51], thus making implementation
of this model complex. In [35], a solution was proposed to tackle some of the problems
with the Leuven model. To overcome this, a physics motivated model capable of modelling
most known dynamics of friction was proposed [24]. The model being very complex for
implementation and control purposes led to further modifications resulted in the Maxwell
and Generalised Maxwell-slip (GMS) models.

GMS model

In [63] a multi-state friction model, the result of a simplification of the model proposed in
[24], and called the Generalised Maxwell Slip model by the authors, [58] was proposed. It
is a generalisation of the Maxwell slip model formulated by the introduction of a rate-state
law in place of the Coulomb slip concept of [35]. The model contains two state equations
representing the stick and the slip phases of motion. For sticking the state equation is

żi = v (2.27)

and for slipping

żi = sgn(v)Ci

(
1−σ0i

zi

gi(v)

)
(2.28)

i = 1,2, . . . ,N

During stick, the elements remain stuck till the deflection zi =
1

σ0i
gi(v), and also during slip,

the element continues to move until the velocity v goes through zero (reversal). The friction
force is thus given as;

Ft =
N

∑
i=1

(σ0izi +σ1iżi)+ fv (2.29)

with z ∈ RN where zi is the deflection of the ith element, gi(v) is the velocity weakening
Stribeck function, Ci is an attraction parameter showing how rapidly the zi tracks changes
in gi(v), σ0i is the stiffness of the ith element and N is the number of massless bristle
elements. This model replicates most features of friction though the qualitative prediction
of the stick-slip motion differs from that of most popular models like the LuGre, Leuven.
Moreover the computation of the force being dependent on the number of elements makes
the number of model parameters increase thereby increasing model’s complexity. It also
suffers continuity related problems, and does not capture qualitatively the stick-slip and the
pre-sliding hysteresis effects according to [58], [64]. The GMS model has also been shown



2.3 Friction models 29

Fig. 2.10 Representation of the Generalised Maxwell Slip (GMS) friction model

to exhibit some rate-dependence hysteresis in the pre-sliding regime, [65]. This model has
found applications in control schemes and a comparative performance of the model with
other models was carried out in [63], [66]. The GMS model structure is quite complex
especially with increasing number of bristle elements, it also exhibits difficulties due to it’s
switching function implementation as the system moves from the stick regime to slip regime.
This on-line implementation difficulties and also possible discontinuity of the ż motivated
further modifications of the model structure [67], [68], [64].

Xiong model

This is also a multi-state friction model structure (called the ’Xiong’ model in this thesis)
presented in [69], to capture friction characteristics both in the pre-sliding and gross-sliding
friction regimes. The model developed from a differential algebraic friction models [70],
[69]. This model structure, like the GMS model is multi-bristle-element based and could get
very complex to implement as the number of bristle elements increases. The structure is of
the form

γ̇ =
g(v)− γ

τ
(2.30)

ż =
sat(λiγ,Kizi +σiv)−Kizi

σi
(2.31)

Ff =
N

∑
i=1

sat(λiγ,Kizi +σiv) (2.32)

i = 1,2, . . . ,N
where γ is a state variable representation of lagged g(v), λ is such that ∑

N
i=1 λi = 1, K
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stiffness of the bristle element, σ is the micro-damping parameter, τ Xiong’s equivalent
of GMS model’s C showing the convergence rate of γ to g(v), and N is the number of
elements. This model was shown by simulations to be able to capture the non-drift property
of friction, stick-slip motion, frictional lag, pre-sliding hysteresis with non-local memory.
However due to the multi-element nature there is implementation challenges as N is increased.

As stated earlier, this review is definitely not intended to be exhaustive given that some
other models of friction exist such as the seven parameter model by Armstrong et al, [38], the
Bengisu and Akay friction model [71], Wojewoda et al’s static model [72] and the family of
models developed by Bliman and Sorine [73], [74]. However the motivation for this review
has been based on their relevance to the present research in relation to systems control.
From the various friction model structures investigated, the difficulty in choosing a model for
control satisfying the criteria of simplicity and fidelity is apparent especially in the pre-sliding
low velocity friction regime. As a result of this a new dynamic model structure for modelling
friction phenomena for control purposes that is both simple and efficient would be presented
in the next chapter.

2.4 Friction parameter estimation

Modelling of systems is focused on approaches adopted for the determination of the math-
ematical relationships existing between the input and output of any given system whether
linear or non-linear, single-input single-output, or multi-input multi-output systems. Such a
model adequate for control purposes is usually a compromise arising from many factors, thus
a perfect model of a system is only an idealisation as a result of practical exigencies. A system
model is often regarded as the mathematical formulation which relates the system output
to its past input(s), and/or past output(s). A good system model often makes it possible to
infer peculiarities, nature and properties of the system it represents, and also to predict future
output(s). Hence it is a pre-condition for system analysis and controller designs. System mod-
elling is thus the process of determining the best mathematical structure representative of the
system in question. This area of research which is a subset of the control theory has evolved
over the second half of the last century and attracted much research attention [75], [76].
Linear systems modelling is therefore a mature research area with established techniques and
algorithms unlike non-linear systems even though almost all real life scenarios are non-linear.
In this section an attempt is made to discuss some of the general trends in the modelling of
systems with a view to understanding their strengths and weaknesses and tools which can
be modified and/or adopted in the present research. As such, modelling of systems and the



2.4 Friction parameter estimation 31

various approaches adopted in recent years are studied as they relate to friction. In system
modelling one pertinent question that must be answered a priori is the purpose to which
the model would be deployed. This is very important due to the fact that research indicates
that there exists no ”perfect” model of any real system since most systems are inherently
non-linear. Rather models which are useful for specific purposes can be obtained usually as a
compromise among many variables where the increased accuracy in determination of one
variable leads to increase in the uncertainty of another, [77]. Most modelling activities and
dynamic model applications have been greatly motivated and influenced by some underlying
pre-cursors, which are;

1. Satisfaction of scientific curiosity

2. Explanation of system behaviour

3. Simulation and validation (optimization)

4. Prediction and control

5. Fault detection and diagnosis

2.4.1 System identification techniques

Some approaches have been adopted over the years in the modelling of systems in general
and some of these techniques are discussed next. Most of the techniques adopted in system
modelling can be grouped into three main categories depending on the level of physical
knowledge of the system taken into account. These techniques are;

1. The white-box,

2. The black-box, and

3. The grey-box.

The white box and the black box identification techniques to modelling are the two extremes
adopted in system modelling while more practical models often are with shades of grey in
between these extremes.

White-box approach

In white box method, a model of the system is derived from first principles considering the
physical, biological, chemical parameters and components influencing the system and their
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interactions. Because of the many considerations this phenomenological method often gives
rise to very complex models which often are computationally impossible or expensive at the
best. Sometimes adequate model structures of complex systems may even prove impossible
to obtain in reasonable time frame owing to complexities in the systems, processes and their
interactions. This may be feasible for some very simple systems and processes, however as
the system increases in complexity it becomes nearly impossible to adopt this identification
approach. The main appeal of this method is the fact that the entire model reflects the true
nature of the system and the corresponding parameters are of real physical interpretation.
As a result of this difficulty in modelling complex systems, the black box and grey box
modelling are better alternatives for modelling complex systems, [77], [78]. An example of
such modelling approach adopted for friction is illustrated in [24].

Black-box approach

Another approach is to deduce system models based on the input-output data set obtained
by measurements without any attribution or emphasis on the exact nature and physics of
the system itself. This makes the black box method empirical and reduces the modelling
problem to that of identification of the existing relationship between input-output data from
which future output could be inferred. This pre-supposes the possibility of obtaining input
and output data through measurement procedures. The downside to this approach is in the
fact that it entirely relies on the authenticity of the data used, thus the model can at best be
as good as the data used for modelling. Relying on this data makes the method dependent
on some factors like the type of devices used for data acquisition, and analysis, this process
could thus become subjective. other demerits of this approach are; it yields opaque models
often without mathematical interpretation, difficulties in model analysis and the isolation
of cause and effect is not easy. This method without a priori knowledge of the system is
termed the black box approach, [79], [80]. Typical examples of friction model structures
obtain through this technique are the machine based models of section 2.2

Grey-box approach

Often-times a good or partial understanding of the system under study is of immense help
in determining the structure of system’s model. A combination of this part knowledge of
the system (phenomenological) and input-output identification (empirical) process often
leads to models that are somewhat in-between these extremes of black and white. These
models are therefore called Grey models, and different shades of grey depicts the extent of
physical insight involved. They consider some properties and physical nature of the system
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in deducing the model structure [77], [81]. A typical example is when a model structure has
been deduced for a given system based on the white-box approach and its parameters are
estimated through identification (black-box) method.

2.4.2 Non-linear systems structure

Many variations of non-linear systems such as friction have been studied and reported as
indicated by the volume of publications in this regard. However, for the present research
interest we categorise them into four main groups.
The Volterra series model representation; In this representation a functional called the
Volterra functional comprising a convolution integral and Taylor series is adopted for the
model structure. The convolution integral represents the linear part of the system while
the static non-linearity is captured by the Taylor series. Parameters estimation are often
computationally involving because of the exponential relation between the number of pa-
rameter and the degree of the kernel. This and the fact that it cannot be used to model
some non-linearities such as saturation, backlash, dead zone and hysteresis are the major
drawbacks of this model which resulted in the Wiener series model. A tensor based approach
has been proposed to reduce the effect of complexities associated with parameter estimation
such as the Volterra-Parafac model and the Volterra-Laguerre model, [82], [83].
Block oriented model representation; It has been possible to formulate models of systems
in block formation relating the inputs and outputs, these blocks can be combinations of
linear dynamic and non-linear static blocks interconnected in cascade or in parallel. Typical
examples of this formulation are the Hammerstein and Wiener block models. In the former
the linear block is after the static non-linear block in a series connection while the reverse is
the case for the later. The Wiener formulation is better able to handle non-linearities resulting
from input amplitude induced dynamics. The main appeal of the block diagram approach
is its simplicity, however, the requirement of some level of a priori system knowledge and
restriction on the nature of excitation used place great limitations to the structure, [84], [81].
Neural Network model representation; Neural Networks have drawn a lot of research attention
in system modelling mainly due to their excellent approximation property. The radial basis
function (RBF) and the multi-layer perceptions (MLP) are the most widely used feed-forward
Neural Networks for modelling many industrial processes [79], [85].
NARMAX model representation; In Non-linear Auto-Regressive Moving Average with eX-
ogenous input (NARMAX) model representation, an extension of the ARMAX model for
linear systems is a form of system representation with non-linear difference equations or
polynomials. This form has generated much interest as a result of these qualities;
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1. No restrictions to the nature of signal inputs unlike the others previously studied

2. Its model parameters are linear thus rendering analysis simpler

3. Physical interpretations of the models are possible under certain conditions

4. It allows for integration of other formulations like the block oriented, and Volterra
series model structures

The NARMAX model structure has successfully been applied to systems modelling and
identification problems as illustrated in the following.
Piece-wise linear models; These are representations of approximations of the system non-
linearities localized at various regions of operation. This technique has also be used often
where it is nearly impossible to obtain a single model representation of the system capturing
most of the system characteristics. One major issue with this model is the determination of
the regions of model validity.

2.4.3 The system identification process

The basic motivation in system identification is; given a model structure of a system to
obtain the estimation of model parameters adequate for replication of the system from the
input-output data set. The models obtained could therefore be;

1. Linear or non-linear

2. Static or dynamic

3. Continuous-time or discrete-time

4. Deterministic or stochastic

5. Parametric (lumped or distributed) or non-parametric

6. Phenomenological or representative

Insight and prior knowledge of a system are often helpful in the determination of an adequate
model structure for the system and estimation of its parameters to fit the data to a given model
structure. Many a time identification problems reduce to curve fitting optimisation problems,
minimizing the difference between the measured output data and the model structure often in
a square-error-sense. Minimization of a cost function subject to some constraints can often
take any of the many forms in the previous section depending on the purpose and the level of
physical insight employed.
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In chapter 4, a carefully designed set of experiments would be performed for the purpose of
using the input-output data from such experiments to identify the parameters of the proposed
model structure and some other model of friction. In the next section a review of friction
compensation and control schemes adopted for frictional systems is undertaken since one of
the research objectives is to identify models adequate for the purposes of control.

2.5 Friction compensation in control systems

Performance degradations in systems which may not easily be eliminated through design
mechanisms are greatly reduced within acceptable limits through the process of compensation.
Generally, compensators are used to improve system performance in terms of error reduction,
transient response improvement, increased settling time. Friction compensation and control
has been an area of active research in the control systems community because of the desire to
minimize the problems of friction in mechanical systems. This is attested to by the catalogue
of research publications regarding the subject. Compensation of friction has been carried out
in various ways each having its merits and demerits. In this section we explore some of the
relevant schemes that have been adopted to compensate the friction phenomena. It should be
noted however owing to its complex nature complete elimination of friction in any system is
difficult. Compensation and control effort are therefore performed to reduce to acceptable
limits the adverse effects resulting from friction.

2.5.1 Friction compensation techniques

The very first step in friction control is to design mechanical systems for control, which is a
problem (friction) avoidance approach, adopted to minimise friction effects. For example
stick-slip minimization in a system by mass reduction, or increased system damping was
investigated in [36]. Other design choices such as actuator type, bearing design, surface finish
and material type can be designed such that friction is reduced [95]. Lubricants have been
used in many mechanical systems to reduce the effects of friction and wear in contacting
surfaces experiencing relative motion. Application of lubricants tends to reduce the friction-
velocity slope. These lubricants are usually in the form of fluids such as grease, paraffin, oil
and even water sometimes. Dry lubricants such as polytetrafluoroethylene (Teflon) have also
been used for the same purpose. The scheme is however not a compensation scheme in the
strict sense but rather friction avoidance, or elimination approach.
Friction compensation techniques adopted in systems control can be categorized into two
main groups namely:
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1. Non-model based friction compensation schemes under which are;

(a) Use of a dither,

(b) Impulsive signal,

(c) Classical Proportional, Integral, Derivative, (P.I.D) based feedback controllers

(d) Acceleration feedback, and

(e) Soft computing.

2. Model-based compensation schemes under which are;

(a) Feedforward

(b) Feedback

and combinations of both

Non-model based friction compensation

The technique does not explicitly require a friction model for it’s compensation in any
system and because of simplicity and choice, it has found applicability in many platforms
as discussed in [38]. This approach can take on many forms some of which are discussed
further below.

Dither driven compensation
This is a high frequency signal often used to reduce especially static friction in a mechanical
system. This signal when added to the control signal induces a mechanical vibration effect
between the surfaces in contact thereby lowering the static friction level and the stick-slip
motion reduction. It has been used to control servo valves of hydraulic actuators. Research
indicates that this approach has been used to reduce friction and related effects in many
control systems, [86], [87]. However, wear related issues make it not too often used in many
mechanical systems subject to friction.

Impulse driven compensation
Impulse signal which introduces small-duration impacts on the system has been used to
reduce friction effects. The impulse signal drives the system unlike the dither in which
it is introduced along-side the driving signal. In [88], a high gain torque controller was
implemented for the purposes of friction control. Impulse signals are used to reduce friction
due to it’s high gain, short duration nature which lowers the static friction between the
surfaces. Successful use of these methods in compensating friction is highly dependent on
some aspects of machine design like surface finish, contact loading, material properties etc.
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Classical P(I/D/ID) compensation
Performance characteristics of a system such as the transient response can often be improved
by the use of any of/or combinations of Proportional, Integral, and/or Derivative, (P.I.D)
controllers in a feedback control scheme. The proportional controllers improve the transient
response while increasing the peak overshoot, the integral controllers improve the steady state
tracking by minimizing the steady state error with the possibility of introducing limit circle
in the system and problems associated with zero, low or reversal velocities [89]. High gain
PD control is equivalent to increased system damping which as stated previously minimizes
stick-slip effect. This approach to control is often used in conjunction with other forms
of compensation since it is not very effective for non-linear systems control, [90], [91].
Generally this approach finds more appeal for linear controller design, as such it handles
friction as a disturbance non-linearity. At medium and high velocities it could perform well
since friction in these ranges is seen to be more linear than non-linear. However for very
low velocities and reversals this scheme is often helpless and grossly ineffective for friction
control [92]. It should be stated here that PID controllers are usually used in combination
with a friction compensator since they do not compensate the system friction. This will be
illustrated in chapters 5 and 6.

Acceleration feedback compensation
A robust way of reducing friction effects in a system is by use of acceleration feedback.
When a feedback loop is closed around an accelerometer, it is possible to derive a high
gain loop which could be used for the control of the acceleration of any given mass (inertia)
directly [93], [94]. This scheme is simple in concept but increases cost as a result of the
acceleration sensors incorporated in the control. Acceleration observers can be used to
estimate the acceleration rather than obtaining a second order derivative of the position from
an encoder output as this introduces noise in the system.
Compensation based on machine-learning
Artificial intelligence-based systems such as Fuzzy, Neural Network (NN), and Genetic
Algorithms (GA), have been used in reconstructing (modelling) the friction torques to
be compensated or for self-tuning of the system controller gains. These soft computing
techniques are gaining grounds due to availability of powerful computers capable of complex
computations at reduced time. The technique has been applied for the control of some
mechanical systems as in [95], where the neural networks were used in parallel to a linear
observer for an electromechanical positioning system. A hybrid compensation method,
comprising ANN and parameterized coulomb model was adopted in [96], while a support
vector approach was used in [10], for compensation. Neural Networks are easy to train and
use, and simple structured with high approximation properties. However, it is not without its
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own issues some of which are: lack of network dynamism, difficulty in relating to physical
properties of friction.
Friction estimators such as the Kalman-based filter and predictive filters are also some other
forms of non-model based techniques to friction compensation and control.

Model-based friction compensation

Model-based compensation, involves the use of a model of the system friction to eliminate
friction by means of introducing the friction model in the control loop, [97]. The concept
thus generates adequate signal which compensates the system friction when added to the
control signal. Many models of friction have been proposed, however, only a handful of them
are actually used for experimental identification and compensation of the friction phenomena.
This is due to the fact that a great difference exists between simulation and modelling of
friction, experimental identification and compensation challenges in real systems as a result of
the nature, complexity and implementation ease of the models for control purposes. Research
indicates that the use of this technique when possible, for friction compensation purposes
has led to design of good friction compensators adequate for control. This approach thus has
increased as a result of developmental progress made in the last few decades in modelling
the friction phenomena [98], [55]. The efficacy of this method is however, heavily dependent
on the model used for control. Many static models have been successfully applied for the
purposes of friction compensation and control, [57], [99], despite its limitations as shown
earlier due to their simplicity. On the other hand, among the dynamic models, the LuGre
model has gained the most popularity owing to it’s simplicity, ease of implementation and
ability to model most friction phenomena as against the GMS, Leuven and Xiong models,
[55], [31]. Some of the more approaches in implementation of the model-based technique
are further illustrated under feedforward and feedback compensation strategies.
Feedforward approach
Figure 2.11 depicts the approach adopted in this method whereby the friction estimate from
an observer is obtained using the reference trajectory needless of any closed loop calculations.
In this way the closed loop stability as determined by the linear controller will be unaffected.
It’s merit lies in the usage of reference signal for friction computations. From the figure, the
linear feedback controller helps ensure stability and disturbance rejection while the friction
feedforward compensator injects pre-calculated friction into the system to eliminate friction
inherent in the system. This method has been used to compensate friction in [12], [100].

In the figure 2.11, F is the friction in the plant, F̂ is the friction predicted by the model,
A(s) the transfer function of the PID linear controller, Yr(s) the reference input expressed in
Laplace, and the Y0(s) Laplace transform of the system output.
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Fig. 2.11 Model-based feedforward friction compensation approach

Fig. 2.12 Model-based feedback friction compensation approach

Feedback approach
In the model based feedback approach the friction observer is as shown in figure 2.12 with
observer input being the system output rather than the reference as in the feedforward above.
In this manner the friction estimate is dependent on the output and because the states are
difficult to measure an estimate is sought via the observer. Moreover, a closed loop stability
analysis of the system must be carried out to ensure system stability before the compensation
loop is incorporated. It’s merit lies in the usage of the actual output signal rather than the
reference for friction estimations. This method has been adopted for real time compensation
of systems such as in [101], [102]. Worthy of note are:

1. The linear feedback controller appears in both the feedforward and feedback compen-
sation approaches since it enhances stability and disturbance rejection.
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2. Sometimes a combination of the feedback and feedforward compensation scheme is
adopted to further improve system performance.

3. An inverse of the process (plant) could also be integrated into the control to enhance
error reduction as represented by the gain B(s).

In the figure F is the friction in the plant, F̂ is the friction predicted by the model, A(s) the
transfer function of the PID linear controller, B(s) the Laplace transform of an inverse model
of plant, E(s) is the error signal expressed in Laplace. Yr(s) the reference input expressed in
Laplace, and the Y0(s) laplace transform of the system output.
Some of the problems associated with the model based compensation are issues of over-
compensation and under-compensation of the friction non-linearity in a system and parameter
mis-match. These would be explained later in the report.

2.5.2 Adaptive friction compensation

Parametric changes in models are unavoidable given that friction is dependent on the system
operating conditions like temperature, lubrication, time, humidity etc. This implies that a
given model might be more accurate at some operating conditions than at others. This error
can be costly where high precision is needed hence necessitating parametric models whose
parameters change in accordance to changes in the system friction and operating conditions.
Such control systems that change so as to reflect changes in system conditions are called
adaptive control systems. Friction force parameters can be made adaptive to reflect parametric
changes resulting in operational variations of the system like temperature, humidity, time,
degree of dryness rather than being static. Online and offline parameters identification are
often used for system identification of model parameters. Offline approach often leads to
models of friction with static parameters while online approach yields adaptive models
capable of tracking changes in model parameters as a result of changes in the system. These
adaptive systems can be made robust to handle uncertainties in the modelling [103], [37]. In
[56], a modified LuGre model was used for design of an adaptive robust friction compensator
for linear motors. Adaptive friction compensation could be model-based or not based on a
model of the system friction [104]. Model-based compensators use a friction model structure
for estimating the friction effect, while non model-based have no such requirements for
friction estimation. An estimation of the non-linear friction model parameter based on
recursive least square method was presented in [105]. Support vector regression method
with neural network was presented for adaptive friction identification and compensation in
[106]. Significant improvement was observed in the tracking performance of a hard disk
drive actuator by means of the neural network based compensator.
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Sometimes more than one strategy may be adopted in a given situation for improved
system modelling, tracking and control. Such composite compensation approach was adopted
in [107], the control system comprised of the sliding mode controller, a recurrent fuzzy-neural
network, a friction state observer. A fuzzy logic based adaptive compensator was proposed
for stick-slip friction, and backlash compensation, [108].

2.6 Chapter summary

A deeper understanding of the underlying friction dynamics characterizing friction has been
investigated. From the foregoing it is apparent that friction behaviour is most problematic in
the pre sliding and low velocity regimes. This is because of the rich dynamism characterizing
friction in these regions. Most existing models of friction are actually application and regime
dependent. Application dependent in the sense that certain models perform better than
others in robotic systems while in systems with rolling friction they may not give optimal
results. Regime dependent in the sense that one model out-performs others in pre-sliding
regime while another performs better in the gross-sliding regime. In this thesis the main
thrust is thus developing a dynamic model that will be rich enough to replicate relevant
observed friction features and yet simple enough for implementation, compensation and
control purposes. Model-based compensation and control of such systems under friction
have also been reviewed and the prevailing methods adopted investigated. While this is
not exhaustive, it gives a review of the current state of the friction model formulations that
have dominated the control community and the various approaches adopted in parameter
identification, compensation and control of this feature of most mechanical systems.





Chapter 3

A new friction model for low velocities

3.1 Introduction

In the previous chapter, general features of many existing friction models were reviewed.
The result of the review suggests that the simple friction models such as the classical models
are not able to capture some of the important friction dynamics and may not be adequate for
high precision control systems design. On the other hand, dynamic friction models though
able to capture many of these dynamics are generally more complex and this complexity
increases with increasing dynamics of these models of friction. This scenario results in the
trade of between model fidelity and simplicity which are key objectives in system modelling
and control as discussed in chapter 1. Thus a good model is not necessarily judged by its
ability to replicate friction features but also in the ease with which such models could be
used for their desired objectives such as control.

In this chapter therefore the motivation is to present a dynamic friction model that is
simple enough for implementation, simulation and yet appropriately captures most friction
dynamics. The interest is in identifying a model structure capable of predicting known
friction features and yet simple enough for identification. Such a model should be appropriate
for control purposes. The modelling approach adopted is such that is both heuristic and
empirical; such hybrid grey-box technique (see 2.4) whereby the structure of the model is
not only physics based but also based on empirical results from identification data. In this
way the model structure easily renders itself to physical interpretation. Results from the
laboratory test rig designed especially for this purpose are used for system model’s parameter
identification, to be carried out in the next chapter.

The layout of the chapter is thus as follows: In section 3.2 a new friction model capable
of predicting relevant features of friction is proposed, while section 3.3 looks at the properties
of the proposed non-drift dynamic friction model such as stability, dissipativity, passivity and
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uniqueness of the new model. In section 3.4, a describing functions analysis of the hysteretic
properties of the proposed non-drift dynamic friction model was studied and empirical values
derived. The ability of the model to predict stick-slip friction phenomenon and sensitivity
analysis of the proposed non-drift dynamic friction model with some relevant models are
discussed in sections 3.5. Section 3.6 looked at Pre-sliding performance analysis of some
of these model with the new model. In section 3.7, a summary of the main results was
articulated.

3.2 A new model structure for friction

In this section a new friction model capable of predicting major friction phenomena such
as Stribeck effect, pre-sliding hysteresis with non-local memory, limit cycle oscillations,
stick-slip motion, is presented. This friction model structure is dynamic and able to meet
the control objectives of simplicity and fidelity and easy for implementation as set out in
chapter 1. Most models describing the friction phenomena as shown in chapter 2 either over
simplify the friction phenomenon thereby not being able to capture some of the essential
features of friction or are too complex for implementation and control purposes. To achieve
this objectives, the macroscopic and microscopic behaviour of friction is put in perspective.

Consider a microscopic representation of contacting surfaces, the friction surface shown
in figure 3.1a, where the bristles represent the microscopic view of the contacting surfaces
for a given force applied. Therefore, the model proposed in this chapter is based on the
cumulative behaviour of the bristles using a single bristle to capture this friction behaviour
figure 3.1b. Bristle analysis was earlier discussed in chapter 2 and have been the basis for
many models of friction (LUGre and Dahl models) as seen in the previous chapter. The
friction phenomena is such that the pre-sliding and gross sliding friction features differ and
hence need different model features to capture these behaviours. Here an attempt is made to
obtained a unified structure for this complex friction behaviour.

Friction has been noted to exhibit a non-local memory hysteresis in the pre-sliding regime
of motion which is rather a function of the displacement in the pre-sliding range. Thus a
model structure proposed for pre-sliding friction regime is

fb(z) = sin
(

z− zr

|zt − zr|
π

2

)
(3.1)

and
Fhyst(z) = fb(z)| ft − fr|+ fr (3.2)
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Fig. 3.1 The frictional lag as feature with the Proposed model for different frequencies

with zt ,zr,∈ z ∈ R, where fb(z) is the pre-slide function for any given branch deflection,
Fhyst(z) is the total friction force in the pre-slide regime at any given time, z the bristle
displacement, zr the bristle displacement at the beginning of a branch, zt is the target displace-
ment (which is a function of the reversal displacement zr and the breakaway displacement
Zb), fb the current branch friction force, fr is the friction force at the beginning of a branch
(takes into account the stressed state of the bristles), ft target friction force (also a function
of the reversal point force fr and the stiction force).
The first equation is a function of the bristle deflection with a monotonically increasing char-
acteristics. Other non-linear elements such as the hyperbolic tangent and some cumulative
distribution functions with similar features as the sine function used here could also be used.
However the sine function was used due to the ease of integrating relevant parameters of
interest and attaining saturation in finite time as would be illustrated in the next chapter. The
second equation is the pre-sliding friction force equation with the first term capturing the
frictional force for any branch and the second term the friction force value prior to external
force application. Thus the second term is a description of the current state of the bristle
before the external force influence. In the gross-sliding friction regime, two distinct friction
features appear in the low velocity region namely; the Stribeck and the frictional lag effects.
The Stribeck effect has been effectively modelled as shown earlier in chapter 2 but lacks
the capacity to capture the lag effect. In other to capture the fact that friction force states
for acceleration and deceleration at low velocities are different a new state equation in the
Stribeck region is defined thus

γ̇ =
g(v)− γ

τ
(3.3)
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where γ is a state variable representation of the lagged version of the Stribeck function g(v),
introduced to improve the frictional-lag prediction capability of the model [70], and τ is the
time constant determining how fast the new friction force state variable γ tracks g(v). The
function

g(v) = Fc +(Fs −Fc)e−(v/vs)
2

is the Stribeck function (always a positive value), vs ̸= 0 is the Stribeck velocity. A second
state equation relating the bristle deflection is given by

ż =
1
σ
(sat(γ,Fhyst(z)+σv)−Fhyst(z)) (3.4)

indicating that the deflection behaviour in the pre-sliding and gross-sliding friction regimes
vary. In the light of equations 3.4 and 3.3, as z implies deflection or position measure so also
the term γ indicates friction force measure due to the external force influence. The friction
force is then defined by the following equation

Ff = Fhyst(z)+σ ż+ fvv (3.5)

where Fhyst(x) the pre-sliding friction force, σ is the micro-viscous damping parameter, v is
the relative velocity of the bodies in contact, fv is the macro-viscous friction component, and
Ff is the overall friction force.

3.2.1 Model behaviour

In this section a discussion on the characteristic features of the model both in the pre-sliding
and gross sliding regimes of friction is presented. Thus highlighting the peculiarities of the
new model and its similarities to some existing models.

Mechanism of the pre-sliding friction function

In the pre-sliding regime friction exhibits a non-local memory characteristic effect as de-
scribed previously in chapter 2, section 2.2. This hysteresis is captured by the function in
equations 3.1, and 3.2. Figure 2.4 of chapter 2 is also used for the analysis here. Prior to
application of force at point a in figure 2.4a, the values of the zr and fr reflect respectively
the initial displacement and force the bristle is subjected to. For surface under tension this is
often non-zero while for non-tensed surfaces it is regarded as zero. For the analysis the initial
values of these two variables are 0. zt is the target displacement at which maximum force
is expected to result which for this is the breakaway displacement (Zb) for the virgin curve
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(see section 2.2), and the target force is the stiction force Fs. Thus the virgin curve could be
said to be the path the friction force traced from rest position towards the saturation force
against the displacement. Hence, as the applied force rises from a−b, the branch friction
force given as fb(z) starts from zero and rises non-linearly with the externally applied force
until either there is a reversal of the direction of motion (as is the case here) or saturation of
the friction force. The friction force then traces (a′−b′).
Direction reversal:
When the external force changes direction at b resulting in direction change from b−c before
saturation, an inner loop results. For this new branch b− c the variable zr assumes the value
of the displacement at the beginning of this new branch, that is the value of displacement at
b, while the displacement variable z takes on the displacement value at point b also, hence
the function fb(z) starts again from zero rising as the path (b′− c′) is traced. The value of
fr is given as the force of the (a′−b′) branch at point b′. The new target displacement zt

and the new target force ft are recalculated by an algorithm. Internal or inner loops result
when several direction reversals occur without the saturation of the friction force or when the
displacement is less than the breakaway value which is the case here. As the force reverses
direction again at c, fb(z) restarts again from zero, while the value of the variables zr and
fr are updated to the respective values of the displacement and force at the reversal point.
The values of the target displacement (zt) and force ( ft) recalculated again reflecting current
scenarios. The same happens for the path c−d and d − e. Inner loop are never closed unless
the current loop displacement z is larger or equal to the any previous loops. However when
such conditions exist inner loops are closed from inside towards outside with inner ones
closing before the outer ones. In such a scenario which results in this case as the applied force
traces the path (e′− f ′−g′), on reaching f ′ towards (g′), the displacement z for the current
branch becomes larger than the previous immediate displacement in the same direction thus
the loop (d′− e′− f ′) will be closed since d′ and f ′ are of the same displacement value.
The current branch takes the trajectory of the previous branch in the same direction, branch
(c′−d′) for this case and this action wipes out the inner loop. It achieves this by taking on
the values of zt and ft of the previous branch and thus extending the branch as if it never
reversed. This behaviour is known as non-local memory hysteresis.
Friction force saturation:
At any time when the displacement z reaches the breakaway value Zb, the friction force
becomes a maximum value and saturates (reaches breakaway value), it therefore becomes
independent of the displacement, however dependent on the direction of the motion, this
is represented as the stiction force Fs since z being the deflection of bristles is assumed to
have reached a maximum value of Zb. Beyond this breakaway displacement the system is in
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gross-sliding.
The pre-sliding friction force at any point in the process is always given as the sum of fb(z)
and fr represented as Fhyst(z) = fb(z)+ fr.

Motion dynamics

Pre-slide and gross-slide features:
In general consider the model representation of equations ( 3.4), ( 3.5);
During the pre-sliding regime

|Fhyst(z)+σv| ≤ |γ| (3.6)

the deflection rate of the bristle is the same as the pre-slide velocity, that is

ż = v (3.7)

and the friction force becomes

Ff = Fhyst(z)+σ ż+ fvv (3.8)

putting (3.7) into (3.8)
Ff = Fhyst(z)+(σ + fv)v (3.9)

Given that the micro-damping parameter (σ) is often chosen much greater than viscous
damping coefficient ( fv), implies the micro damping dominates the viscous damping in the
pre-sliding regime. One can also approximate this pre-sliding force as

Ff = Fhyst(z)+σv (3.10)

since σ ≫ fv

During the gross-sliding regime

ż =
γ −Fhyst(z)

σ
(3.11)

and
Ff = γ + fvv (3.12)

Thus (3.12) shows that the micro-damping parameter does not appear in this regime but the
macro damping parameter fv. So during gross-sliding the macro-damping dominates.
Steady state features:
The steady state features of the proposed non-drift dynamic friction model is investigated
considering the constant zero velocity (pre-sliding case) and the constant non-zero velocity
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(gross-sliding case):
The first case with ż = 0,v = 0

Fhyst(z) = sat(γ,Fhyst(z)+σv) (3.13)

so that
Fhyst(z) = Fhyst(z) (3.14)

and
Ff = Fhyst(z) (3.15)

This shows that during pre-sliding regime the slowly varying displacement is ż ≈ 0 the
friction force is described by the pre-sliding friction force.
For the second case with ż = 0, and v ̸= 0

0 = sat(γ,Fhyst(z)+σv)−Fhyst(z) (3.16)

which implies
γ = Fhyst(z) (3.17)

and
Ff = γ + fvv (3.18)

This also shows that during the constant velocity regime (gross-sliding) the friction force is
simply a lagged version of the Stribeck function and the viscous force. Note the equivalence
of equations 3.18 and 3.12 suggesting that the influence of the micro-damping is limited to
the pre-sliding regime.

3.2.2 Similarities with some existing models

The new model presented has some similarities with some existing models. These model
structures serve as motivation for the structure of the new model. Some of the similarities and
differences with other models are now considered in the light of pre-sliding and gross-sliding
friction regimes.
With the LuGre model:
In the pre-sliding regime the integrated LuGre friction model does not have explicit expres-
sion, however given that in this regime,

ż ≈ v
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since
σ0z|v|
g(v)

≈ 0

This then gives a friction force equivalent to

Ff = σ0z+σ1v

For the new model during pre-sliding regime the friction model reduces to

Ff = Fhyst(z)+σ ż

with
ż = v

in this region thus in comparison both model structures have the same micro-damping
expression, while the pre-slide friction force term of the LuGre model

σ0z

exhibits hysteresis without the non-local memory and the new model term Fhyst(z) exhibits
hysteresis with non-local memory features as shown earlier.
During gross-sliding regime, for constant velocities the LuGre model

Ff = g(v)sgn(v)+ fvv

and the new model given as
Ff = g(v)sgn(v)+ fvv

are clearly the same. However, for varying velocities the LuGre is given as equations 2.18
and 2.19, and the new model from equations 3.3, 3.5 is

Ff = γ + fvv

this difference makes the new model not subject to the negative impact the micro damping
term σ ż often have in the low velocity friction regime.
With the GMS model:
The GMS model structure in the pre-sliding regime is given by equations 2.27 and 2.29 for
N = 1 is

Ff = σ0z+σ1ż+ fvv
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similar to the LuGre model, here one sees the GMS model to be a multi-element version
of the LuGre model. The ability of this model to exhibit hysteresis with non-local memory
is connected to its multi-element nature hence the more the number of elements, the better
the hysteresis predicted. The steady state friction force also is same as the LuGre for N = 1
which is also similar to the new model. Varying velocity model of GMS could be subjected
to instability due to the presence of the σ1ż equation 2.28, unlike the new model.
With the Xiong model:
The integration of another state model in the new model defining the frictional lag is inspired
by the Xiong model which demonstrated this possibility as seen in section 2.3. As such in the
pre-sliding regime the Xiong model and the GMS model both being multi-state models are
similar and by extension similar to the LuGre when N = 1. In the same way the proposed new
model also differs from the Xiong model in this regime of friction. For constant velocities,
the Xiong model, the friction force is given as

Ff = g(v)sgn(v)+ fvv

which also is similar to the LuGre and the new models. For velocity variations, the Xiong
model is given as equations 2.30 and 2.32 for N = 1, is

Ff = γ + fvv

with
γ̇ =

g(v)− γ

τ

this model is therefore equivalent to the new model for N = 1 in the sliding regime.
With the Leuven model:
The pre-sliding hysteretic function Fhyst(z) of the new model is rooted in the Leuven model
though the operations of the mechanism of the pre-sliding function differs for both models.
The new model does not have a reset mechanism for the reversal points but uses some
conditions to update the variables as previously described. Both models also exhibit similar
characteristics for constant velocity with

Ff = g(v)sgn(v)

The presence of the micro-damping term for varying velocities differentiates the Leuven
model from the new model in gross-sliding.
From the above, the new model with low number of parameters is able to model friction
features both in the pre-sliding and gross-sliding regimes and it’s parameter identification is
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quite easy and uncomplicated contrary to the more sophisticated models of GMS, Xiong and
Leuven.

3.3 Properties of the proposed new model

In this section we explore the mathematical properties of the proposed friction model.
Properties such as boundedness, dissipativity, passivity and uniqueness of the model structure
are studied. The study is not a mere academic exercise but gives credence to the behaviour of
the model in real implementation scenarios. Properties such as boundedness are relevant for
stability proofs of adaptive control laws, [57]. In the discussions that follow the focus is on
the positive displacement, velocity excursions as the same argument can easily be extended
to the negative displacement, velocity excursions. For the friction model defined by the
following state equations 3.4 and 3.5

γ̇ =
g(v)− γ

τ
(3.19)

ż =
1
σ
(sat(γ,Fhyst(z)+σv)−Fhyst(z)) (3.20)

And the friction (output) equation

Ff = Fhyst(z)+σ ż+ fvv (3.21)

where Fhyst(z) is described by equations 3.1 and 3.2. How well behaved the model is could
be ascertained by some of these properties and may prove useful in the design of adequate
compensation schemes. Some of these properties like dissipativity and passivity become
handy during the design of adequate controls for the new model.

3.3.1 Boundedness of states

Assuming a piece-wise continuous and bounded velocity range v, from the state equation
3.20, the average rate of change of the deflection is also bounded.
Proof
During the stick (pre-sliding) regime the state equation given by

ż = v (3.22)
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is bounded since the velocity v is bounded and continuous (piece-wise) during the pre-sliding
regime, then the average deflection of the bristles is bounded and also piece-wise continuous
given that ż is bounded.
For the slip (gross-sliding) regime, the average rate of change of deflection

ż =
1
σ

γ −Fhyst(z) (3.23)

Consider a positive definite Lyapunov function given as

V =
1
2

z2 (3.24)

whose derivative in the z direction is
V̇ = zż (3.25)

thus
V̇ =

z
σ

(
γ −Fhyst(z)

)
(3.26)

But |Fhyst(z)| ≤ |Fs| and γ : Fc ≤ γ ≤ Fs is bounded and continuous for all v ≥ 0 Then
|Fhyst(z)| ≥ |γ| for all v ≥ 0.
The average deflection of the bristles is bounded given that (3.26) is negative semi- definite
so that the set ω = {z : |z| ≤ Fs} is an invariant set implying that all z values starting within
Fs always remains within Fs ∀t ≥ 0. Thus equations (3.20) and (3.21) satisfy the condition
that if v is bounded, then z and ż are always bounded. The implication of this is that the
boundedness of both z and ż, also ensures that the friction force is bounded for any bounded
velocity input, following similar arguments in [109].
The boundedness of the second state γ can also be established given a non-negative function
V = γ2

2 whose derivative in the trajectory of the state is

V̇ =
g(v)− γ

τ
γ

Given Fs ≥ g(v)≥ Fc then |γ| ≤ Fs is always satisfied so long as the initial value of γ satisfies
the condition |γ| ≤ Fs. Therefore, from (3.5) the friction force is bounded in the gross-sliding
regime.

3.3.2 Existence/ uniqueness

For a non-linear system
ẋ(t) = f (x(t),u(t)) (3.27)
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with x ∈ X ∈ R and u ∈ R being the state and input variables respectively. Considering the
free dynamics of the system where the input variable is thus assumed to be zero then

f ∗(x) = f (x,0) (3.28)

If f ∗(x), an n dimensional vector whose components satisfy the following Lipschitz condition
of ∥ f ∗(x1)− f ∗(x2)∥ ≤ L∥x1−x2∥ ∀(x1,x2) in the neighbourhood of x0. with x1,x2 ∈ X ∈R
where L is the positive (Lipschitz) constant, then ẋ = f ∗(x) has a unique solution with an
initial condition x(0) = x0.
Given the velocity v is continuous and differentiable, and in the pre-sliding regime ż = v
then the state equation in the pre-sliding regime is locally Lipschitz since every continuously
differentiable function is locally Lipschitz. This condition thus guarantees the existence of
a unique solution of the state equation. Also for the gross sliding regime σ ż = γ −Fhyst(z)
since γ is upper bounded and continuously differentiable within the bounds, and Fhyst(z) is
lower bounded by Fs ensure that the gross sliding regime representation of the state equation
satisfies the Lipschitz condition thus ensuring the existence of unique solution to the state
equation in this regime.

3.3.3 Dissipativity

Assume that the input velocity signal v is bounded and positive and that the friction force is
in the pre-sliding regime as equation 3.21, with the state equation 3.22, then such a system
is said to be dissipative if it obeys the dissipativity inequality given as∫ t

0
F(τ)v(τ)dτ >C (3.29)

with v(t) being the input velocity signal, F(τ) the output of the system and C a non-negative
constant (though this can be relaxed to include negative, corresponding to the limit of energy
that can be stored in the non-linear spring during this regime). The variable τ is such that
τ ∈ [0, t].Thus within this time bound 0 ≤ τ ≤ t the system is said to be dissipative. The
product of the input and the output F(t)v(t) is known as the energy flow (supply) rate i.e.
power.
In the pre-sliding regime of friction

ż = v
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and the friction force is given by

F(t) = Fhyst +σ ż(t)

Thus
F(t)v(t) = Fhyst(z)v+σ żv (3.30)

∀t ≥ 0

Noting that if the individual terms that make up the function of ( 3.30) is dissipative then the
entire expression is dissipative. Therefore we proceed to establish dissipativity for each term

1. The hysteretic term: Fhyst(z)v: The function derivative of Fhyst(z) with respect to the
state variable z is seen to be a decreasing function for positive values of the state and
increasing for decreasing values of the state. Thus for increasing positive values of
velocity this derivative in decreasing and vice versa. The implication of this is energy
dissipation.

2. The micro-damping term σ żv: In the pre-sliding regime, the terms ż and v are always
of the same sign and thus implies energy is dissipated by this term during pre-sliding.

Therefore, the dissipativity inequality is satisfied and the model exhibits this property in
pre-sliding. The above intuitive reasoning can be formalised by means of the following
theorem.
THEOREM 3.1: A system is said to be dissipative if it is possible to obtain a non-negative
function (Lyapunov) of the state variables such that the dissipativity inequality holds

V̇ ≤ yT u−g(t) (3.31)

where V is a non-negative Lyapunov function, y the system output, u system input and g(t)
is the power generated or dissipated by the system.
Proof
If we chose V =

∫ z
0 Fhyst(τ)dτ then V̇ = Fhyst(z)ż, and y = F(t) as the output and u = v as

the input, then from (3.31)
yT u ≥ V̇ +g(t) (3.32)

substituting the various values we have

F(t)v(t) = Fhyst(z)ż+σ(ż)2 + fvv2 (3.33)
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the term fvv2 is obviously a dissipative function, removing it from the equation therefore

F(t)v(t)≥ V̇ (3.34)

is satisfied since σ(ż)2 ≥ 0.
In the gross sliding regime of friction with
ż(t) = 1

σ
(γ −Fhyst)

and the friction force given as Ff (t) = Fhyst(z)+σ ż(t)
yielding

Ff (t) = γ (3.35)

then the flow rate in the gross-sliding regime is given as

F(t)v(t) = γv(t) (3.36)

but γv(t) is non-negative indicative of the fact that f (t) ≥ C since γ is upper and lower
bounded by F+

s and F+
c for positive v, this thus shows that the friction force is dissipative in

the whole region of gross-sliding.
One should observe that the micro-damping term σ ż(t) interestingly does not appear in the
gross sliding regime noting that in this regime it is non-dissipative and could lead to possible
destabilisation due to energy generation, [32].

3.3.4 Passivity

Systems which generate energy are regarded as active systems while those which do not
generate but rather dissipate energy are called passive systems. Friction phenomenon is often
seen as energy dissipating often through heat. Thus a passive system can be defined in the
following manner.
Definition 3:1 A system is passive if it is dissipative with respect to the supply rate of the type
uT y, it is strictly input passive if there is such a positive constant δ > 0, so that the system is
dissipative with respect to uT y−δ ||u||2 it is strictly output passive if there is a non-negative
value ε > 0 so that the system is dissipative with respect to uT y−δ ||y||2, [110].
Given that uT y = uy for single input single output (SISO) systems which our system belong
to. In the light of the previous section we were able to show that the relation uT y−δ ||u||2

holds true for the model under study, then the state variable z is also passive.
An illustrative example of the passivity property of the model is considered
Given a second order mass-spring system shown below with Ff being the friction force, the
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relation exists:
mẍ+ kx+Ff = u (3.37)

with m being the mass, k spring constant, and u the control input. Rearranging the equation
of motion yields

mẍ+ kx = u−Ff (3.38)

Defining a storage (positive definite) function as

V (x, ẋ) =
1
2
(mẋ2 + kx2) (3.39)

whose derivative in the trajectory of x is

V̇ (x, ẋ) = ẋ(mẍ+ kx) (3.40)

Given that x(0) = x0 = 0, and ẋ(0) = ẋ0, and the output y = ẋ then

V [x(t), ẋ(t)] =V [x(0), ẋ(0)]+
∫ t

0
u(τ)ẋ(τ)dτ −

∫ t

0
Ff (τ)ẋ(τ)dτ (3.41)

The free dynamics (assuming u = 0) of the system shows that

V [x(t), ẋ(t)] =V [x(0), ẋ(0)]−
∫ t

0
Ff (τ)ẋ(τ)dτ (3.42)

Thus energy stored in the spring is dissipated by the friction term between t0 = 0 and t.
Ff ẋ given as ( 3.3), ( 3.4), and ( 3.5) for both the pre-sliding and gross-sliding regimes is
strictly positive thus ensuring that the system is dissipative at all times. This dissipativity
with respect to the supply rate uT y thus indicates the passivity property of the model.

3.4 Describing function analysis

One of the main features of systems with non-linearities is the possible existence of limit
cycles oscillation. In this section an approach for the prediction of the hysteretic features of
the proposed new model was formulated. This approach was then used for the prediction
of the existence of limit cycles for a particular system and the results compared with that
obtained from simulations. Given that a closed form analytical solution of a non-linear
differential equation is not easily obtained, an approximate method is often adopted as a
useful alternative. One of the popular approximate methods is the describing functions
approach. In this approach a linear approximation of the non-linearity is sought using an
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(a) (b)

Fig. 3.2 Describing function analysis approach to non-linear systems; (a) Feedback control
of a system with hard non-linearity, (b) A Describing Function equivalent scheme

extended version of the frequency response technique. Thus this linear time invariant system
so obtained captures the heart of the non-linearity it represents and can be used for the
prediction of non-linear behaviours. The conventional describing function originated by
Kochenburger expands the output of the non-linearity in a Fourier series and uses the first
Fourier harmonic as the equivalent sinusoidal output. One main application of the describing
functions technique is in the prediction and determination of the existence of limit cycles,
[111].

3.4.1 The describing function concept

Consider a system whose non-linear and linear parts can be separated as shown in the figure
3.2a. If it is possible to represent the linearity by a low pass filter and the non-linearity
lumped as shown, then it might be possible to use the describing functions method to analyse
such a system. The spirit of the describing function technique is in replacing the non-linear
element by an equivalent quasi-linear element as shown in the figure 3.2b, such that the
output of the non-linear block and that of describing function (represented by its transfer
function) are approximately the same. For sustained oscillations, and the output feedback to
the system (assuming no external input) to the non-linear block, the output of the non-linear
block assumed to be periodic can thus be represented using Fourier series. Feeding this
non-linear block output as input to the linear block (serving as a low pass filter) ensures that
only the fundamental frequency components of the Fourier series remain. Hence one can
represent the output of the non-linear block approximately by the equivalent Fourier series
representation of the first order. This is justified given that the output of the linear block
being low pass would invariably cut off higher order frequency signals. So if the input signal
is given as

e(t) = Asinωt (3.43)
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and the output of the non-linear block is

u(t) =
a0

2
+

inf

∑
n=1

(an cos(nωt)+bn sin(nωt)) (3.44)

with
an =

2
T
∫ T

0 (u(t)cos(nωt))dωt
bn =

2
T
∫ T

0 (u(t)sin(nωt))dωt
ω is the angular velocity, and n the nth term of the series. Assuming that the function is
independent of frequency term ω then the output is given as, (treating ω as a constant). From
figure 3.2

u(t) = a1 cos(ωt)+b1 sin(ωt) (3.45)

the output of the linear block LB is

y(t) = G(s)u(t) (3.46)

and the output of the non-linear block expressed using describing function is

u(t) = N(A,ω)e(t) (3.47)

where N(A,ω)e(t) is the describing function term. However the objective is the output of
the non-linear block to a sinusoidal input of the form (3.43) to be of the form (3.44). For
n = 1, therefore

u(t) = a1 cos(ωt)+b1 sin(ωt) = M sin(ωt +θ)

which can also be expressed as

u(t) = M sin(ωt +θ)

with
M(A,ω) =

√
a2

1 +b2
1

and
θ(A,ω) = arctan(a1/b1)

Thus using complex number notation

u(t) = (b1 + ja1)e j(ωt+θ) (3.48)
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Defining the describing function N(A,ω) as the ratio of the fundamental output of the
non-linear block and the input signal, we obtain

N(A,ω) =
u(t)
e(t)

) =
a1 cosωt +b1 sinωt

Asinωt
(3.49)

Expressing this in complex notation yields

N(A,ω) =
(b1 + ja1)e j(ωt+θ)

Ae jωt =
b1 + ja1

A
(3.50)

The Describing function for the Hysteretic function is independent of the frequency and so
the describing function of the hysteretic friction model under study is thus N(A).
Therefore, the transfer function of the system T (s), figure 3.2b replacing the non-linearity
with the describing function equivalent N(A) as in figure 3.2a is

T (s) =
Y (s)
E(s)

=
G(s)N(A)

1+G(s)N(A)
(3.51)

s is the Laplacian variable
Replacing s by jω the frequency domain, the characteristic equation becomes

1+G(s)N(A) = 0

and
G( jω) =

−1
N(A)

(3.52)

Equation 3.52 is thus used for the prediction of the existence or otherwise of limit cycles in
the given system as follows: The intersection of the plots of the Nyquist G( jω) and the −1

N(A)
indicates the existence of a limit cycle and yield possible approximate values of amplitude
and frequency of the limit cycle predicted. If there is no such intersection then there is no
limit cycle predicted.

3.4.2 Limit cycle prediction for the proposed non-drift dynamic fric-
tion model hysteresis

One of the main applications of the describing function technique is in the prediction of the
existence of limit cycles in non-linear systems. Limit cycles are simply sustained oscillations
which persist even after system input is removed and are peculiar to non-linear systems
behaviour. They can thus be represented by sinusoidal signals. In studying the limit cycle
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prediction capability of the proposed friction model the interest is in the hysteresis friction
function representing the pre-sliding regimes of friction. The friction force in this regime is
dependent only on the displacement and not the relative velocity of the moving surfaces. The
hysteresis friction force exhibits non local memory characteristics. It is also a multivalued
function and as such its DF will be expressed as a complex function of the amplitude only
given that the hysteresis feature is rate (frequency) independent. The pre-sliding friction
force for the proposed non-drift dynamic friction model from equations 3.1 and 3.2 is

Ff = Fhyst(z)

and

Fhyst(z) = sin
(

e− zr

|zt − zr|
π

2

)
| ft − fr|+ fr

with z = e the input displacement and the rest as previously defined. For simplicity

| ft − fr|= 2Fs

and
|zt − zr|= 2Zb

with Fs and Zb being respectively the stiction force and the breakaway displacement
Therefore

Fhyst(z) = 2Fs sin
(

e− zr

2Zb

π

2

)
+ fr (3.53)

Given a sinusoidal input signal
e(t) = Asin(ωt)

to the non-linear function of equation 3.53, the output is

Fhyst(z) = 2Fs sin
(

Asin(ωt)− zr

2Zb

π

2

)
+ fr (3.54)

where zr =±A, and fr the values of Fhyst(z) at ±A the reversal point, A is the amplitude of
the input signal.
thus

fr = Fs sin
(
±A
Zb

π

2

)
(3.55)

and equation 3.54 becomes

Fhyst(e) = 2Fs sin
(

Asin(ωt)±A
2Zb

π

2

)
+Fs sin

(
±A
Zb

π

2

)
(3.56)
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Clearly 3 situations may arise due to the value of the input signal e(t) over a complete cycle
in relation to the breakaway displacement Zb

1. When the input signal e(t) becomes greater than the breakaway displacement Zb

2. When the input signal e(t) is less than or equal to the breakaway displacement Zb, and

3. When the input signal e(t) is less than the negative breakaway displacement −Zb

This thus gives rise to the following

Fhyst(e) =


Fs if e(t)> Zb

Fhyst if −Zb ≤ e(t)≤ Zb

−Fs if e(t)< Zb

(3.57)

Equation 3.56 is then analysed for the variations in the input signal e(t). To simplify this,
we investigate 2 instances of the amplitude A in relation to the breakaway displacement Zb

Instance 1: |A|> Zb refer to figure 3.3
The input signal is

e(t) = Asin(ωt)

defining an angle φT such that
Asin(φT ) = Zb

and
φT = sin−1(

Zb

A
)

with
fr =±Fs

as the force at reversal, then

a1 =
2
T

∫ T

0
u(τ)cos(ωτ)dτ (3.58)
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with u(τ) replaced by Fhyst(e) as represented in equation 3.57 for a complete period. Taking
advantage of the symmetry over the two halves of the period and simplifying we obtain

a1 = j
4Fs

Aπ


√

1−
Z2

b
A2 −

4
√

2Zb sin

Aπ

√
1−

Z2
b

A2

4Zb


Aπ


(3.59)

In the same token

b1 =
2
T

∫ T

0
u(τ)sin(ωτ)dτ (3.60)

and
b1 =

4FsZb

Aπ
(3.61)

Thus the describing function is

N(A) =
b1 + ja1

A
(3.62)

yielding

N(A) =
4FsZb

A2π
− j

4Fs

Aπ


√

1−
Z2

b
A2 −

4
√

2Zb sin

Aπ

√
1−

Z2
b

A2

4Zb


Aπ


(3.63)

As expected the describing function is a complex variable which is independent of the
frequency of oscillation, and in agreement with fact that hysteretic functions with memory
usually have a complex describing function.
The reciprocal the describing function is therefore obtained by

1
N(A)

=
α + jβX

α2 +(βX)2 (3.64)

where
α =

4FsZb

A2π

β =
4Fs

A2π2
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X =

π

√
1−

Z2
b

A2 −
√

32Zb sin

π

√
A2 −Z2

b

4Zb


Obtaining the intersection of −1/N(A) as A varies from zero towards infinity, and the Nyquist
curve of G( jω) as the frequency changes from zero, if it exists predicts the amplitude and
frequency of the limit cycle in approximate terms.
Instance 2: |A| ≤ Zb refer to figure 3.4

For the situation where the amplitude A of the input signal e = Asin(ωt) is less than the
breakaway displacement Zb, this implies that the entire system motion dynamics is contained
in the pre-slide regime of friction and saturation never occurs. This shows that for the entire
cycle the signal is bounded between the positive and negative breakaway (±Zb) as is true
with the figure 3.4.
An application example for limit cycle prediction:
To illustrate the applicability of the above DF for the proposed non-drift dynamic friction
model consider a certain system with the following motion equation;

mẍ+Ff = u (3.65)

If a PID position controller with a control law u given as

u(t) =−Kvẋ(t)+Kpx(t)+Ki

∫ t

0
(x(τ)− xre f (τ)) (3.66)

where Kv is the derivative gain, Kp the proportional gain and Ki integral gain of the controller
while xre f is the reference input to the system. The closed loop performance of the control
system when a reference position of 1 m/s is passed to the system, with a unit mass was
appropriate within design specifications when there is no frictional influence. However, in the
presence of friction, the performance deteriorates and limit cycle oscillations are observed as
shown in figure 3.6. Assuming that Kp = 3, Kv = 6, Ki = 4, and m = 1. Using the proposed
friction model as the friction force Ff present in the system, the result of position control using
the linear controller u above yields a position reference that oscillates around the reference
position. Parameter values of the model used are Zb = 0.001, Fs = 1, Fc = 0.6, vs = 0.01,
σ = 100, τ = 0.002. The predicted amplitude using the describing functions method is
A = 0.0787, and the limit cycle frequency of oscillation ω = 2.35 rad/sec, see figure 3.5
while the amplitude A from the simulation is A = 0.0930 and the corresponding frequency
ω = 0.3927 rad/sec, see figure 3.6. By this the capability of the proposed new friction model
to predict limit cycle oscillations is demonstrated. From figure 3.5, it is observed that the
predicted limit cycle is stable given that as A the amplitude increases, the value of − 1

N(A)
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Fig. 3.3 Hysteresis friction for the condition that the signal input amplitude A is greater than
the breakaway displacement Zb; top-left; friction hysteresis, bottom-left; signal input and
top-right; friction hysteresis and the signal input against time
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Fig. 3.4 Hysteresis friction for the condition that the signal input amplitude A is less than
the breakaway displacement Zb; top-left; friction hysteresis, bottom-left; signal input and
top-right; friction hysteresis and the signal input against time
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Fig. 3.5 Limit cycle oscillation prediction using the describing function approach showing
the intersection of the Nyquist plot G(ω) and the − 1

N(A) plot

increases further away from the portion encircled by the G( jω) curve in figure 3.6. The
variations in the values of the predicted and actual values of the limit cycle oscillations is
attributable to the fact that the describing functions method is an approximation technique
and shows the effect of limiting the output only to the first (fundamental) harmonics.
Describing functions limitations

The describing function approach for the prediction of limit cycles is limited due to the
assumptions upon which the method was developed. Some of these assumptions are:

1. Single non-linear element in the system; implying that even if there are more than
one non-linear element in the system the most pronounced non-linearity is considered
while the others are neglected, or better still where possible the non-linearities are
lumped into a single equivalent.

2. The non-linearity is odd; ensuring symmetric characteristics between the output-input
relationships of the non-linear block about the origin.

3. The system is unforced (autonomous) and time invariant; meaning there are no external
inputs to the system and system parameters do not vary with time during operation.

4. The linear part of the system provides sufficient low-pass filtering characteristics such
that only the fundamental components (first harmonics) of the Fourier based output (of
the non-linear block) for any sinusoidal input (to the non-linear block) is taken into
account. This is the filtering hypothesis since the filter-like linear block will ensure
that higher order components are eliminated.
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Fig. 3.6 Limit cycle oscillation prediction using a simulation approach

Because of these limitations, DF methods may yield unrealistic results in that it could predict
limit cycles where their are none or, it may also not be able to predict limit cycles existence
when in reality the system is subject to limit cycle oscillations.

3.5 Sensitivity analysis

Here the objective is to study the individual effects the variation of some parameters might
have on the models and their robustness to such parameter variations. It should be noted that
many of the friction models share some common parameters, their influence on the models
are sometimes very different as observed in the following analysis, [112]. A mass-spring
system of figure 3.7 was used and the friction as a function of the pre-sliding displacement
and friction as a function of velocity graphs are obtained and analysed for the different
values of the parameters and their variations. However to do this the stick-slip features of the
various models under study was first demonstrated and a comparative deduction of the model
performance against some of the most popular friction models made. To this, consider the
simple mass-spring system figure 3.7, whose mathematical equation is

mẍ = Fe +Ff (3.67)
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Fig. 3.7 A simple mass-spring system for friction simulations

where m is mass, x position, Fe the external force applied to the system and Ff the friction
force, this system is subjected to a constant velocity v(ẋ). Given that the mass m = 1 kg,
Fc = 1 N, Fs = 1.5 N, v = 0.1 m/s and the spring stiffness K = 2 N/m. The simulations are
performed at low velocity variations. The following friction models were used for the tests:
Coulomb+Stiction, LuGre, Xiong, E-P, GMS and the proposed new model
For frictional features in the low velocities the following were investigated; stick-slip motion
and the Stribeck effects.
In generating the simulation results in this section and the rest of the chapter, a non stiff solver
for ODEs (ordinary differential equations) namely ode4 (Runge-Kutta 4th order) solver with
a tolerance of 10−5 was used.

3.5.1 Stick-slip motion

As illustrated in previous chapter stick-slip effect is one of the negative effects due to the
friction non-linearity affecting the low velocity regimes. This causes systems experiencing
stick-slip to have periods of motion (slip) followed by periods where the relative motion
becomes zero (stick).
The Coulomb+Stiction model
With the model as given by eqn. 2.10, without the viscous friction force; the following
parameters were used for the simulation of the system Fc=1 N, Fs=1.5 N and the results are
shown in the figures 3.8 and 3.9. From figure 3.8a it can be observed that the model is
not capable of predicting friction around the sticking or near zero velocity regimes and at
velocity reversals. The velocity plot of figure 3.9a suggests stick regime to last for a while
and the system becomes more or less oscillatory. So essentially stick-slip phenomenon is not
well predicted by the model.
The LuGre model
With the model as given by eqns. 2.18, 2.19 and 2.20; the parameters for the simulation
were chosen as; Fc=1 N, Fs=1.5 N, σ0=100000, σ1 =

√
100000, vs=0.01 m/s, δ=2. From

the figure 3.8b, the LuGre model was able to predict stick-slip motion of friction, that is
it predicts friction dynamics in the near zero and regions of velocity reversals unlike the
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Coulomb+Stiction model. The velocity graph of figure 3.9b captured clearly the stick and
slip regimes of friction.
The Elasto-Plastic model
Since it is essentially a modified version of the LuGre model as shown by equations 2.21,
2.22, and 2.23, with the same parameters plus an extra parameter zb. The figures show same
resemblance with the LuGre model, capturing the friction dynamics at near zero velocities
and velocity reversals figures 3.8c and 3.9c. Also the velocity graph resembles that of
the LuGre model. The parameters for the simulation are Fc=1 N, Fs=1.5 N, σ0=100000,
σ1 =

√
100000, vs=0.01 m/s, δ=2, Zb=0.7zmax.

The Proposed model
With the proposed new model as given by eqns. 3.3, 3.4, 3.5, the new model has one
parameter more than the LuGre and the parameters used for the simulation chosen as; Fc = 1,
Fs=1.5, σ1 =

√
100000, vs=0.01, Zb=0.001, τ=0.002. The friction force modelled by the

proposed non-drift dynamic friction model captures the friction at low, zero and velocity
reversals as in figure 3.8d. The velocity plot in figure 3.9d indicates obvious stick-slip
regimes of motion correctly.
The GMS model
With the model as given by eqns. 2.27, 2.28, and 2.29; the parameters for the model with
number of elements N=10 are; Fs=1.5, Fc=1, vs=0.01 σ0i= 10, 18, 26, 34, 42, 50, 58, 66, 74,
82, σ1i= 10, 15, 20, 25, 30, 35, 40, 45, 50, 55, αi= 0.0955, 0.0965, 0.0975, 0.0985, 0.0995,
0.1005, 0.1015, 0.1025, 0.1035, 0.1045, Ci= 0.00955, 0.00965, 0.00975, 0.00985, 0.00995,
0.01005, 0.01015, 0.01025, 0.01035, 0.01045.
The features of friction as captured by this model are shown in figures 3.8e and 3.9e. From
figure 3.8e one observed that the stick-slip friction feature captured by the GMS model is
more in agreement with that of the Xiong model and both differ qualitatively from the other
models in some ways. The velocity graphs show clearly regimes of stick and slip, see figure
3.9e.
The Xiong model
With the model as given by eqns. 2.30, 2.31, and 2.32; For the parameters of the model with
10 elements are Fs=1.5, Fc=1, vs=0.01, Ki=1000, 1800, 2600, 3400, 4200, 5000, 5800, 6600,
7400, 8002, σi= 5, 7.5, 10, 12.5, 15, 17.5, 20, 22.5, 25, 27.5, τ=0.002, λi= 0.0955, 0.0965,
0.0975, 0.0985, 0.0995, 0.1005, 0.1015, 0.1025, 0.1035, 0.1045.
This model captures essential friction features at low and zero velocity excursions like the
previous models mentioned. From this plot of figure 3.8f, it is also observed that the friction
model response shows some oscillation in the stick regime like the GMS model. The velocity
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plot figure 3.9f shows clearly the stick-slip regimes of friction.

3.5.2 Discussion of stick-slip simulation results

For the stick-slip motion as shown in the friction and spring forces figure 3.8 and the velocity
figure 3.9 some observations are made From figure 3.8a and figure 3.9a, the inability of the
Coulomb+Stiction model to capture this important friction feature is evident and rather the
system after stiction showed a region of instability depicted by spikes in the friction force
value until the system came out of this region as indicated by the spring force rising above the
coulomb force. Beyond this region the system moved with a constant friction force equivalent
to the coulomb friction force. The velocity plot suggest the absence of true stiction so no
true stick-slip exists. The LuGre model behaviour figure 3.8b and figure 3.9b, and the E-P
model figure 3.8c and figure 3.9c exhibit great similarity with small deviations in the degree
to which the friction force rises above the coulomb level as the system moved from stick
to slip, this could be the result of the added parameter to ensure the LuGre model does not
drift. It was seen that the spring and friction forces are proportional in the stick regime while
the friction force experience a sharp transition from the stiction to kinetic motion the spring
transition was rather gradual. The velocity plots indicates the existence of true stick-slip
motion. Analysis of the spring and friction force figure 3.8d and the velocity plot figure 3.9d
for the proposed new model showed that the friction force and spring force closely resemble
each other in the stick regime, like the LuGre model, however the transition from slip motion
to stick is smoother than the LuGre and E-P models. The velocity plot also suggests the
prediction of true stick-slip motion. The GMS and Xiong models showed close resemblance
in predicting the stick-slip motion as shown in their respective spring and friction forces
figures 3.8d, 3.8e and the velocity plots figure 3.9d and 3.9e and qualitatively differ from the
previous models predictions. These friction force figures indicate variations in the stiction for
the different slip regimes. The predicted friction force by these multi-element models (GMS
and Xiong) exhibit oscillatory transitions from slip-to-stick unlike the single element models
like the LuGre, elasto-plastic models. Some researchers, [113], [70], [24], have argued that
this oscillatory feature is closer to the friction reality in these regions. It is observed that the
proposed non-drift dynamic friction model being a single element model is able to exhibit
very smooth transitions from stick to slip regimes better than the other models with little to
no oscillations.
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(a) (b)

(c) (d)

(e) (f)

Fig. 3.8 The friction and spring forces as captured by the: (a) the Coulomb+Stiction, (b) the
LuGre, (c) the E-P, (d) the Proposed, (e) the Xiong, and (f) the GMS, models of friction
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(a) (b)

(c) (d)

(e) (f)

Fig. 3.9 The stick-slip motion velocity as captured by the various friction models consid-
ered:(a) the Coulomb+Stiction, (b) the LuGre, (c) the E-P, (d) the Proposed, (e) the Xiong,
and (f) the GMS friction models
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3.5.3 Models sensitivity to parameters variations

For the sensitivity analysis a simplified approach is sought by using three different values of
each parameter of interest to capture these variation trends. These are; the default, half, and
double the default values. The analysis are based on the pre-sliding and low velocity sliding
simulations performed.
The LuGre model:
For the LuGre model the parameters of interest are; σ0, σ1, vs. The Stribeck curve shaping pa-
rameter δ is chosen to be 2 for all the simulations. The plots of figures 3.10, 3.11, and 3.12
capture the friction-displacement and friction-velocity variations for varying σ0, σ1, and vs

respectively. From figure 3.10a, the stiffness parameter σ0 affects the friction-displacement
slope during the pre-sliding regime beyond which it exerts little or no differing effect. Thus
it tends to increase the pre-sliding regime (breakaway displacement) and this caused the
friction to fall below the coulomb value before rising again to it during sliding. In figure
3.10b, a slight reduction in the frictional-lag width due to the increased value in the friction
force for velocities approaching zero is observed as this parameter increases.

The friction-displacement and friction-velocity relation as micro-viscous damping pa-
rameter σ1 is varied are shown in figure 3.11. From 3.11a one notes that the smaller
the parameter, the smoother the transition from stick to slip and vice versa, while larger
parameters values introduce overshoot to the system dynamics as transition from pre-sliding
to sliding regime sets in. Figure 3.11b shows that the parameter’s influence on the size of
the oscillations near the zero velocity. At low velocities the frictional-lag curve is seen also
to intersect each other as this parameter value increases and this could lead to undesirable
effects, [109].

In figure 3.12, the Stribeck velocity parameter vs variations is shown to affect the pre-
sliding displacement, and the smoothness or otherwise of the transition from stick to slip. The
stiction is observed to increase as Stribeck is increased, figure 3.12a. Friction is observed
to increase as the Stribeck velocity decreases towards zero in the sliding regime and also
increased oscillations in the stick region is noticed, figure 3.12b. Similar effects were
observed for the elasto-plastic model bearing in mind their resemblance to the LuGre, so it
was not recorded here.

The proposed non-drift dynamic friction model:
The model parameters investigated are: σ , vs, Zb and τ .
Figures 3.13, 3.14, 3.15, and 3.16 capture the friction-displacement and friction-velocity
variations for varying σ1, vs, Zb and τ respectively.

As seen from the graphs of figure 3.13 the parameter σ1 affects the pre-sliding displace-
ment minutely with an increase in the slope as the micro-damping is increased figure 3.13a,
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(a)

(b)

Fig. 3.10 The friction force against (a) displacement, and (b) velocity, for the LuGre model
for various values of the parameter σ0
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(a)

(b)

Fig. 3.11 The friction force against (a) displacement, and (b) velocity, for the LuGre model
for various values of the parameter σ1
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(a)

(b)

Fig. 3.12 The friction force against (a) displacement, and (b) velocity, for the LuGre model
for various values of the Stribeck parameter vs
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thus increasing the breakaway displacement slightly unlike the LuGre model which increases
the range of deformation range. There is always a smooth transition from stick to slip regimes.
However the effect of this parameter in the sticking regime as shown in figure 3.13b, has no
noticeable effect during gross sliding unlike the LuGre.

The Stribeck velocity parameter vs is seen to exert the reversed effect of the micro-
damping parameter in the pre-sliding regime, incrementing this parameter is thus seen to
increase the stiction and the displacement before sliding figure 3.14a, while in the friction-
velocity plot figure 3.14b, it appears to show little or no effect in the stick (pre-slide) regime
but increases the friction force towards the zero velocity as it increases as with the LuGre.
Generally keeping the width of the frictional lag to be same.

The breakaway displacement parameter Zb variations are seen to exert some effects such
as a reduction in the breakaway (stiction) force as it increases and thereby increasing the
pre-sliding displacement (which is what it is) figure 3.15a. Figure 3.15b suggests the effect
of this parameter in the gross sliding regime to be negligible except only in the pre-slide
region where incrementing it reduces the oscillations.

The influence of the τ parameter changes on the model, has little or no effect on the
friction-displacement plot, figure 3.16a. In figure 3.16b, the plot suggests that incrementing
the τ parameter widens the friction-lag effect (which in effect is the motivation for its intro-
duction into the model).

The GMS model:
The model parameters to be investigated are αi, Ci, σ0i, σ1i, and vs. As a multi-state multi
element model like Xiong model, analysis of the various effects of the model parameters was
simplified and performed with 10 elements.

Figure 3.17 depicts the variations in the pre-slide, and gross-slide regimes respectively
as the parameter αi is varied. From figure 3.17a varying this parameter αi has the same
effect as λ parameter on the Xiong model, that is it increases or lowers the Coulomb value
proportionately in the stick regime while in figure 3.17b the frictional lag is enlarged or
reduced depending on the whether the parameter was increased or reduced in the slip regime.

The parameter Ci the shape of the frictional lag is decreased by increments in this pa-
rameter figure 3.18a while in the pre-slide regime incrementing it caused a reduction in the
stiction and possible oscillations figure 3.18b.

The parameter σ0i figure 3.19a increased the stiction as it increased and also showed
a reduction in the lag width of the gross-sliding regime much like the effect it had on the
LuGre model, figure 3.19b.

For the micro-damping parameter σ1i figure 3.20, it is noticed that increasing this pa-
rameter showed little effect on the stiction, with possible oscillations, figure 3.20a. The



3.5 Sensitivity analysis 79

(a)

(b)

Fig. 3.13 The friction force against (a) displacement, and (b) velocity, for the proposed
non-drift dynamic friction model for various values of the parameter σ
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(a)

(b)

Fig. 3.14 The friction force against (a) displacement, and (b) velocity, for the proposed
non-drift dynamic friction model for various values of the Stribeck parameter vs
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(a)

(b)

Fig. 3.15 The friction force against (a) displacement, and (b) velocity, for the proposed
non-drift dynamic friction model for various values of the parameter Zb
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(a)

(b)

Fig. 3.16 The friction force against (a) displacement, and (b) velocity, for the proposed
non-drift dynamic friction model for various values of the parameter τ
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frictional-lag features of figure 3.20b is seen to shrink a bit as it increased like the LuGre.
The Stribeck velocity parameter vs is shown to increase the stiction and pre-sliding

displacement as it increased figure 3.21a, while figure 3.21b showed the general rise in the
friction as Stribeck parameter incremented.

The Xiong model:
The model parameters investigated are Ki, σ1i, vs, λi and τ . The multi-state multi element
Xiong model analysis for various parameter changes was performed and some observations
made.

Figure 3.22 depicts the variations in the pre-slide (a), and gross-slide (b) regimes as the
parameter Ki is varied. From figure 3.22a, the variations in the element’s stiffness Ki extends
the displacement in the stick regime before breakaway and thus stiction increased as stiffness
was increased. Figure 3.22b captures the frictional lag with the friction value decreasing as
the stiffness is reduced and the increased oscillation. The sensitivity of this parameter has
close resemblance to σ0 of the LuGre model of figure 3.10.

For the micro-damping parameter σ1i figure 3.23, it is noticed that increasing this pa-
rameter has little effect on the pre-sliding displacement figure 3.23a, and also little effect is
noticed on the gross sliding regime figure 3.23b. Thus the influence of σ1 parameter seemed
to be same for both the Proposed model and the Xiong model and differs with that of the
LuGre model.

The Stribeck velocity parameter vs is shown to increase the stiction and pre-sliding
displacement during sticking as it increases in value figure 3.24a, while figure 3.24b showed
the general rise in the friction as Stribeck parameter is incremented while maintaining the lag
width.

The need for the parameter λi to sum to a unit value is shown in figure 3.25 where it
affects the steady state values of the friction. The shape of the frictional-lag remains the same
generally as in figure 3.25b with the possibility of oscillations increasing as the parameter
value increases.

In figure 3.26, the parameter τ affects mainly the shape of the frictional lag by widening
the same, figure 3.26b, while it exerts negligible effect on the slope and displacement of
the pre-slide region figure 3.26a as seen in the proposed non-drift dynamic friction model
3.16a.

3.5.4 Discussion of sensitivity analysis results

From the results focus is on how these parameters and their variations affect the overall
performance of the individual models both for the pre-sliding and gross-sliding friction
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(a)

(b)

Fig. 3.17 The friction force against (a) displacement, and (b) velocity, for the GMS model
for various values of the parameter αi
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(a)

(b)

Fig. 3.18 The friction force against (a) displacement, and (b) velocity, for the GMS model
for various values of the parameter Ci
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(a)

(b)

Fig. 3.19 The friction force against (a) displacement, and (b) velocity, for the GMS model
for various values of the parameter σ0i
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(a)

(b)

Fig. 3.20 The friction force against (a) displacement, and (b) velocity, for the GMS model
for various values of the parameter σ1i
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(a)

(b)

Fig. 3.21 The friction force against (a) displacement, and (b) velocity, for the GMS model
for various values of the parameter vs
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(a)

(b)

Fig. 3.22 The friction force against (a) displacement, and (b) velocity, for the Xiong model
for various values of the parameter Ki
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(a)

(b)

Fig. 3.23 The friction force against (a) displacement, and (b) velocity, for the Xiong model
for various values of the parameter σ1i
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(a)

(b)

Fig. 3.24 The friction force against (a) displacement, and (b) velocity, for the Xiong model
for various values of the Stribeck parameter vs
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(a)

(b)

Fig. 3.25 The friction force against (a) displacement, and (b) velocity, for the Xiong model
for various values of the parameter λi
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(a)

(b)

Fig. 3.26 The friction force against (a) displacement, and (b) velocity, for the Xiong model
for various values of the parameter τ
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regimes and their transitions.
LuGre model:
Increasing the stiffness increased the stiction slightly, and reduced the pre-sliding displace-
ment with smoother transition to gross-sliding, while in the gross sliding regime increments
in the stiffness parameter shrink the frictional lag loop and reduced the possibility of loop
crossing. Loop crossing simply means a situation whereby the acceleration friction force is
lower than the deceleration value at some point as the velocity goes through periodic motion,
see figure 2.5. The micro-damping parameter introduced possible undershoot as its value is
increased in the pre-sliding regime and decreased the frictional lag loop with the possibility
of overlap as it is increased in the gross-sliding regime. This behaviour is why it may not be
wise to arbitrarily increase this parameter in the LuGre model. A preferred approach adopted
by the authors to model this parameter was to make it a decreasing function of the relative
velocity. Increasing the Stribeck parameter also increased the stiction and displacement in
the pre-sliding regime with undershoot and loop crossing in the gross-sliding for increments
in the parameter. Thus from the above, the LuGre model exhibits appreciable sensitivity to
parameter variations.
Proposed model:
The micro-damping parameter increments resulted in the increase of the stiction and re-
duction of the pre-sliding displacement in the pre-sliding regime while this did not affect
the frictional lag shape in any way in the gross-sliding regime. The stiction force and the
pre-sliding displacement were seen to increase in response to increased Stribeck velocity
during pre-sliding and increased the frictional lag while preserving the loop shape (loop
shift). For the pre-sliding displacement parameter increments resulted in the lowering of the
stiction, and no effect on the frictional lag in the gross sliding-regime. The parameter τ did
not affect the pre-sliding regime, but was seen to increase the loop shape of the frictional lag.
It should be noted that the introduction of this parameter was to improve the frictional lag
feature of the new model. From the observations the proposed new model exhibits a degree
of robustness to parameter changes and for most variations the general shape and features
of the friction phenomenon is preserved both for the pre-sliding and gross-sliding regimes.
From the above, the proposed new model was shown to exhibit higher degree of robustness
to parameter variations for the simulation tests performed and parameters values used.
GMS model:
Increasing the stiffness led to increase in the stiction and breakaway displacement reduction
in the pre-sliding while in the gross-sliding regime, the frictional lag shape was reduced. The
micro-damping had little to no effect on the stiction and breakaway displacement values as
it increased during pre-sliding and general reduction in the frictional lag shape in the gross
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sliding regime was observed. The static friction and breakaway displacement increased as
the Stribeck velocity increased for the pre-slide regime, while for the gross-slide regime the
frictional lag shape increased also. Parameter C increments resulted in decreasing stiction
while breakaway displacement remain unchanged, and a reduction in the frictional lag in
gross-sliding. The parameter α increased the stiction and breakaway displacement in the
pre-slide regime, it also increased the frictional lag shape in the gross-slide regime as it was
increased. From these one sees that the GMS model is sensitive to parameter variations
though to a less degree compared to the LuGre model.
Xiong model:
Incrementing the stiffness increased the stiction while lowering the breakaway displacement,
improving transitions from pre-sliding to gross-sliding. It increased the frictional lag shape
in the sliding regime. The micro-damping had little effect on the static friction and none
on the breakaway displacement and frictional lag. The Stribeck velocity increased the stic-
tion and breakaway displacement as it increased, while in the gross sliding it increased the
frictional lag shape (loop shift). As the scaling parameter increased the stiction, breakaway
displacement, and the frictional lag were shown to increase. Increasing the τ value smooths
transition from pre-slide to gross-slide, it also increased the breakaway displacement while
in the gross-sliding the frictional lag shape increased. Note as in the proposed new model
the τ parameter functions in similar manner to improve the frictional lag prediction of the
model. The Xiong model is thus sensitive to variations to its parameters except for the
micro-damping with least effect on the model.
Hence from the above simulations and results, the proposed new model of friction exhib-
ited more robustness to variations in it’s parameters more than the other friction models
investigated.

3.6 Pre-sliding performance analysis

In performing these simulations the aim is to determine the capability of the various models
to predict frictional behaviour for friction forces of less value than the stiction, and the
non-drifting feature of actual friction behaviour in real systems. The different models and
their ability to model friction forces in these regimes are therefore compared.

3.6.1 Non-drift features

For the simulations, the force input used is as shown, figure 3.27b, and the system is a simple
mass with friction subjected to an external force figure 3.27a. The force input initially ramps
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(a) A simple system for non-drift test

(b) Reference force input

Fig. 3.27 Non-drift characteristic of friction test

to a value much greater than the stiction and then suddenly falls well below this value and
remains within same while moving in a zigzag manner. Interests are on the ability of the
models to show stiction and then the non-drift feature of real frictions in contact surfaces.
Proposed model:
Parameters for the proposed non-drift dynamic friction model are chosen as: Fs=1.5, Fc=1,
vs=0.01, Zb=0.001, τ=0.002, σ =

√
100000. On simulation, the new model captured the

stiction force and subsequent motion till the force falls below the coulomb level. In the region
less than the coulomb force, friction is virtually equal to the applied external force as shown
in the plot of figure 3.28a. The non-drifting property of the model is also observed to be
exhibited by the new model as shown in figure 3.28b. One easily notices the hysteresis loop
in the friction position plot also.
LuGre model:

Parameters for the LuGre friction model are: Fs=1.5, Fc=1, vs=0.01, σ1 =
√

100000,
σ0=100000. Figure 3.29a shows that LuGre captured the friction force as expected. However,
it also shows in figure 3.29b that the model exhibits the drift phenomenon which is unlike
actual friction in real systems suggesting forces less than the friction (say vibrations) are
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(a)

(b)

Fig. 3.28 The friction force against (a) Time, and (b) Displacement; showing the non drift
property of real friction for the Proposed model.

capable of initiating observable relative displacement between such surfaces in contact.
Elasto-Plastic model:

The following parameters were used to capture pre-sliding non-drift feature of the E-P friction
model are Fs=1.5, Fc=1, vs=0.01, σ1 =

√
100000, σ0=100000, Zba=0.69Zss. This model was

able to exhibit the non drift property of friction though it seems to be strongly dependent on
the choice of some parameters like the Zba, it has been shown that the non-drift feature of the
elasto-plastic model is limited by the value of the breakaway displacement parameter Zba.
The friction force prediction and the non-drift property are very well captured as shown in
figure 3.30.
GMS model:
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(a)

(b)

Fig. 3.29 The friction force against (a) Time, and (b) Displacement; showing drift for the
LuGre model, contrary to the non-drift property of real friction
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(a)

(b)

Fig. 3.30 The friction force against (a) Time, and (b) Displacement; showing the non drift
property of real friction for the E-P model
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(a)

(b)

Fig. 3.31 The friction force against (a) Time, and (b) Displacement; showing the non drift
property of real friction for the GMS model

The GMS model was able to predict stiction and exhibit the non-drift property of real friction
as shown in figure 3.31. The following parameters were used to capture pre-sliding non-drift
feature of the GMS model Fs=1.5, Fc=1, vs=0.01, σ0i= 10, 18, 26, 34, 42, 5, 58, 66, 74, 82,
σ1i= 10, 15, 20, 25, 30, 35, 40, 45, 50, 55, τ=0.002, αi= 0.0955, 0.0965, 0.0975, 0.0985,
0.0995, 0.1005, 0.1015, 0.1025, 0.1035, 0.1045, Ci= 0.00955, 0.00965, 0.00975, 0.00985,
0.00995, 0.01005, 0.01015, 0.01025, 0.01035, 0.01045.
Xiong model:

The following parameters were used to capture pre-sliding features of the Xiong model
Fs=1.5, Fc=1, vs=0.01, Ki=1000, 1800, 2600, 3400, 4200, 5000, 5800, 6600, 7400, 8200, σi=
5, 7.5, 10, 12.5, 15, 17.5, 20, 22.5, 25, 27.5, τ=0.002, λi= 0.0955, 0.0965, 0.0975, 0.0985,
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0.0995, 0.1005, 0.1015, 0.1025, 0.1035, 0.1045.
Unlike LuGre model, Xiong model exhibits the stiction friction feature and it also demon-
strates the non-drift property figure 3.32, like real friction.

3.6.2 Hysteresis with non-local memory

In this subsection an attempt is made to show the capability of the proposed friction model,
and some other models to capture the pre-sliding hysteresis feature with non-local memory
and a comparison is made amongst the five chosen models. As in the previous section the
system of interest is a simple mass system under external force application. For external force
inputs less than the stiction, the actual friction force has been shown to follow a hysteresis
curve with non-local memory. The term non-local memory was earlier explained in chapter 2.
Thus a good model of friction would be able to model this non-local hysteresis phenomenon
as a function of displacement only. The reference force input used for the simulations is as
shown figure 3.33.
Proposed model:

Applying this reference force input signal to the system the following observations were
made: A pre-sliding hysteresis function as shown in figure 3.33 with non-local memory
was exhibited by the proposed non-drift dynamic friction model. Parameters used for the
simulation are: Fs= 1.5, Fc = 1, vs = 0.001, τ = 0.002, σ =

√
100000, Zb = 0.001.

LuGre model:
For the LuGre model a pre-sliding hysteresis function was also obtained, however this does
not seem to exhibit the non-local nature of the true hysteresis in the pre-sliding regime
of friction as shown in figure 3.35a as supported by other researchers, [101]. The model
parameters used are: σ0= 100000, vs = 0.001, Fs = 1.5, Fc = 1, σ1 =

√
100000.

E-P model:
A hysteresis plot, figure 3.35b was predicted using the elasto-plastic model that is similar to
that of the LuGre model. The model parameters used are: σ0= 100000, vs = 0.001, Fs = 1.5,
Fc = 1, σ1 =

√
100000, Zba=0.69Zss.

GMS model:
It was shown that the GMS model was able to predict true pre-sliding hysteresis with non-
local memory qualitatively with a close resemblance to the proposed non-drift dynamic
friction model, figure 3.35d. The following parameters were used for the simulation σ1i=10,
15, 20, 25, 30, 35, 40, 45, 50, 55, Fc = 1, Fs = 1.5, vs =0.00001, Ci= 0.00955, 0.00965,
0.00975, 0.00985, 0.00995, 0.01005, 0.01015, 0.01025, 0.01035, 0.01045, σ0 = 10, 18, 26,
34, 42, 50, 58, 66, 74, 82, αi = 0.0955, 0.0965, 0.0975, 0.0985, 0.0995, 0.1005, 0.1015,
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(a)

(b)

Fig. 3.32 (a) The friction force against time, and (b) The displacement against time showing
drift, contrary to non-drift property of real friction for the Xiong model
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Fig. 3.33 The reference force input for testing the hysteresis (with non-local memory)
capabilities of the various friction models

Fig. 3.34 The friction hysteresis (friction force against displacement) for the Proposed model
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(a) (b)

(c) (d)

Fig. 3.35 The friction hysteresis (friction force against displacement) for: (a) the LuGre
model, (b) the E-P model, (c) the Xiong model and (d) the GMS model
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0.1025, 0.1035, 0.1045.
Xiong model:
The simulation result for the pre-sliding hysteresis with non-local memory prediction using
the Xiong model of friction is shown in figure 3.35c. The simulations results showed that
this model is able to predict the hysteretic feature with similarities with the proposed and
GMS models. The parameters used for the simulations are: Fs = 1.5, Fc = 1, vs = 0.0001,
τ = 0.002, Ki= 1000, 1800, 2600, 3400, 4200, 5000, 5800, 6600, 7400, 8200, λi= 0.0955,
0.0965, 0.0975, 0.0985, 0.0995, 0.1005, 0.1015, 0.1025, 0.1035, 0.1045, σi=5, 7.5, 10, 12.5,
15, 17.5, 20, 22.5, 25, 27.5

Transition from stick to slip and vice versa and the constant velocity prediction

Next we investigate how the proposed non-drift dynamic friction model is able to model
friction for varying velocities, especially transiting from sticking to sliding, going through
velocity reversals to negative velocities. Followed by the friction force as a function of steady
velocities. The first feature is obviously a dynamic phenomenon while the latter depicts a
static relation between friction force and velocity. Many researchers have documented these
features as predicted by some relevant models of friction like the LuGre, GMS, E-P and
Leuven models [114], [58]. The attention is thus on how the proposed non-drift dynamic
friction model is able to predict this dynamic feature. In carrying out the simulations the
default parameters values were used. A sinusoidal velocity was applied to the system (a
simple mass-spring system) and the resulting friction force predictions obtained. From the
result the model is capable of predicting transitions from stick to slip and vice versa showing
its behaviour around zero velocities as shown in figure 3.36a. Figure 3.36b portrays the
friction force in relation to constant velocities. This feature captures the Stribeck effect at
low velocities as friction decreases towards its minimum kinetic value (Fc) for increasing
velocities from it’s stiction value.

Breakaway friction and varying breakaway friction prediction

The application of an external linearly increasing force to the system will lead to a friction
force build up, this build up will continue proportionately with the externally applied force
until it is able to break the forces of adhesion between the surfaces to initiate a relative
motion between the two bodies. The friction force value beyond which the bodies slide
relative to each other is termed the stiction and it has been experimentally found that this
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(a)

(b)

Fig. 3.36 Friction force for: (a) Velocity transitions including zero velocity and reversal, and
(b) The steady state friction force against velocity for constant velocities
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Fig. 3.37 The breakaway friction force for varying force rates

value is dependent on the rate at which the force is being applied, [20]. For the varying
breakaway force a ramp signal was used varying the slope (rate) as follows: 0.1 N/s, 0.05
N/s, and 0.2 N/s. Two separate set of simulations were performed: First to determine the
effect of force rate on the breakaway friction force, and second to determine the influence
of parameter variations on the breakaway friction force predicted by the proposed non-drift
dynamic friction model. The model parameter values used are the default values Fs=1.5,
Fc=1, σ =

√
100000, vs=0.001, τ=0.002, Zb=0.001, and the results are as shown in the

respective figures.
Force-rate effect
This is otherwise known as the varying breakaway feature and the model was able to predict
this variation showing that as the rate of application of the external force is increased, the
breakaway friction force predicted also increased as in figure 3.37.
Parameter variations on the breakaway

Next we study the impact of varying the model parameters on the breakaway friction as
predicted by the model. In doing this the parameters of the model are chosen as the default
and their variations are half and double the default values. The effect of the micro-damping
parameter (σ ) was first examined and some observations made as seen in the figure 3.38
below. From the figure it is observed that the micro-damping parameter variation has little or
no effect on the value of the breakaway friction force predicted figure 3.38a, thus the velocity
at breakaway for the various values of the damping remain about the same figure 3.38b. This
thus corroborates what was earlier indicated in figure 3.13. In figure 3.41a, it is observed
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that the breakaway friction force seems to be lowered in response to increasing values of the
breakaway (Zb) parameter this indicates the possibility of gross sliding to be initiated faster
as the parameter decreases as in figure 3.41b. This also appears to validate the observed
behaviour in figure 3.15. The Stribeck parameter (vs) variation as it affects the breakaway
friction is illustrated in figure 3.39. Figure 3.39a shows the breakaway force to increase
as the Stribeck value increased and also the velocity corresponding to such values increase
thus indicating that the higher the Stribeck value the longer it will take for true sliding to be
initiated, figure 3.39b. Variations of the τ parameter is shown to have little effect on the
breakaway friction force, however on close examination one sees that this parameter seem to
enhance the transition from stick to slip thus reducing the steepness of the slope as seen in
figure 3.40a below and corresponded by the velocity time plot of figure 3.40b.

3.7 Chapter summary

A new dynamic model of friction capable of modelling most relevant friction features such as
the pre-sliding hysteresis with non-local memory, Stribeck effect, stick-slip motion, frictional
lag, non-drift property has been presented. The model was shown also to exhibit some
properties such as uniqueness, boundedness, stability and dissipativity. A describing function
equivalent for the hysteretic friction function was also obtained and used for limit cycle
prediction. A comparative analysis of the proposed non-drift dynamic friction model and
some of the more relevant models of friction such as the LuGre, Elasto-Plastic, GMS, and
Xiong models was performed to demonstrate their ability to capture relevant feature of the
friction phenomena. The proposed non-drift dynamic friction model showed a higher level
of robustness to parameter variations from the sensitivity analysis performed, especially
in the low velocity (below the Stribeck). It will be illustrated in the next chapter the ease
of identification of the pre-sliding parameters of the model which renders the model more
appealing than the multi-element models.
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(a)

(b)

Fig. 3.38 Sensitivity of the breakaway friction for different values of the micro-damping
parameter (σ1): (a) Force-displacement plot, and (b) Force-velocity plot
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(a)

(b)

Fig. 3.39 Sensitivity of the breakaway friction for different values of the Stribeck parameter
(vs) (a) Force-displacement plot, and (b) Force-velocity plot
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(a)

(b)

Fig. 3.40 Sensitivity of the breakaway friction for different values of the τ parameter; (a)
Force-displacement plot, and (b) Force-velocity plot
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(a)

(b)

Fig. 3.41 Sensitivity of the breakaway friction for different values of the breakaway displace-
ment parameter (Zb): (a) Force-displacement plot, and (b) Force-velocity plot



Chapter 4

Friction Characterization and
Identification

4.1 Introduction

Features of friction such as the pre-sliding hysteresis, frictional-lag, breakaway variations,
and the Stribeck effect; which are largely non-linear in nature make modelling and control of
friction a challenging task for the control engineer. Most of the existing models of friction
are grouped as either static or dynamic depending on whether they are able to model friction
dynamics as exhibited by real systems experiencing friction. Some of these models show
greater representation of friction than others though generally at the expense of some other
relevant factors such as computation complexity, simulation efficiency. The purpose in this
chapter is two-fold;

1. To investigate relevant friction features/ characteristics on an experimental test-bed
designed for the purpose, and

2. To estimate parameter values of the various friction models such as the proposed,
LuGre, GMS and Xiong models that adequately capture these friction characteristics
for control purposes.

To achieve these, experiments were designed and performed using an experimental friction
test-rig specifically designed and constructed to test and determine friction characteristics
of surfaces subjected to relative motion. The experiments reflect the various features of
friction as it is impractical to design a single experiment capable of demonstrating all relevant
phenomena of friction. Constant-velocity experiments were performed to capture the Stribeck
effect which is an important characteristic of the friction phenomena. The second experiment
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was the frictional-lag experiment designed to show the time-lag between the friction-torque
and the corresponding velocity for non-constant velocity signals. Friction-displacement
experiment was performed in the pre-sliding regime to obtain the hysteretic features of
friction with non-local memory characteristics against the previously held opinion of non-
memory based hysteresis. Optimization methods were then used to obtain suitable model
parameter values which yield best fit results for the various models used for the identification.

Thus a brief description of the test rig and the various equipments used for the experiments
form part of section 4.2, and describes the experimental set-up for the characterization of
the friction non-linearities. In section 4.3, a general model of the dc motor servo-based
system used to perform the experiments is derived. Section 4.4 sets out the experiments
performed for the determination of various friction characteristics. In section 4.6 the task of
system identification, dealing with the parameters estimation for the various models studied
was carried out. A more general discussion on the observations noted during the various
experiments and identification were elaborated upon also. The chapter ends with a summary,
section 4.7.

4.2 Materials and Methods

An experimental test-bed for friction characterisation and control was developed in the
control laboratory with the SRV-02 as the base plant. The experimental test-bed is made up
of the following:

1. A Quanser universal power supply module: This is a power amplifier for driving the
servo-plant and has the following specifications:

(a) A single +/- 12 Volt DC Power Supply

(b) 4 Analogue sensor (for bias and measurement) inputs

(c) A single sensor output port (To A/D) feeding all the sensor inputs to the DAC

(d) An amplified analogue power output to drive the servomotor.

(e) The reference input to be amplified is fed from the D/A output of the CAD to the
servo-motor load via the ’To load’ of the UPM.

(f) Test ports for external signal monitoring.

2. A Quanser servo-plant (SRV-02) with the following components:

(a) DC servo-motor: Single coreless motor as the actuator, a product of Faulhaber,
with model number 2338006S with specifications; nominal operating voltage
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of 6 Volts DC, maximum power output of 3.23Watts, terminal resistance of 2.6
Ohms, efficiency 0.69, stall torque 2.42 oz-in, torque constant 1.088 oz-in/A,
rotor inductance 180 micro Henry, back emf constant 0.804mV/rpm, maximum
(no load) velocity 7,200 rpm. An internal gear box (gain of 5) driving external
gears in a high torque delivery mode with a gain of 14. Thus making the output
torque 70 times greater than that at the motor shaft. The input to the motor is
from the ’ To load’ of the UPM.

(b) A model 132 potentiometer from Vishay Spectrol: This measures the absolute
angular position of the load gears. It consists of a single turn wire-wound sensor
of 10 kilo-Ohm resistance, an output voltage range of ±5 volts over its degree
range of 352 continuous electrical degrees. A power rating of 2.75 watts.

(c) An optical encoder (from US Digital S1) is a single ended encoder for measuring
the relative angular position of the load shaft. This incremental encoder has a
voltage output of 5VDC with high resolution of 4096 counts per revolution in the
quadrature mode or 1024 lines per revolution usually operated in the quadrature
mode. The encoder output is connected to the DAC without first routing it through
the UPM.

(d) A model series 2251U006S1.5G tachometer TACH, used to measure the angular
velocity of the motor shaft has an EMF constant of 1.5mV/rpm and continuous
operating speed of less 5,000 rpm. The tachometer is connected directly to the
actuator motor to ensure accuracy in the measurements and timing latencies in
the response are eliminated. The output of the TACH is connected to the UPM
from which it is fed to one of the DAC A/D input channels.

3. A torque sensor from FUTEK: MBA500 model and item no FSH00752. It is multi
component dual sensor measuring Thrust and Torque, has an output sensitivity of
2mV/V rating and maximum output toque of 23Nm. Input excitation is a maximum
of 18 volts (ac or dc) 10 volts DC used in the experiment, the bridge resistance is 350
Ohms, it weighs 184g.

4. A CSG110 amplifier from FUTEK: This amplifier supplies the excitation voltage
of 10 volts dc to the torque sensor, has the following settings: Input voltage range:
14-26V (15 volts Dc used in the experiment), desired output range: 5-10 VDC. For the
experiment the input gain is set to 2mV/V for excitation of 10vdc and 4mV/V for an
excitation of 5vdc.
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5. Q2-USB Data Acquisition Card (DAC): This is a compact Hardware-In-the-Loop
(HIL) control board from Quanser, some of its relevant features are: a 2 ADC input
channels(0,1), 2 DAC output channels (0,1), 8 digital input/ output pins which can be
configured to user need, 2 single-ended encoder input channels with 4X quadrature
decoding, a power/ watchdog LED, 2 Pulse Width Modulated (PWM) digital outputs.
Also real time target support for Quanser QUARC windows target and API. A USB
2.0 cable for connection to a PC. The DAC is driven by quarc software interfaced with
MATLAB/SIMULINK for real time acquisition and processing of data.

4.2.1 Set-up for characterisation experiments

The diagram representing a picture of the experimental test-bed set-up is presented in figure
( 4.1), and it consists of many components such as the torque sensor, friction load discs, the
SRV-02 rotary servo system (housing the motor, tachometer and the encoder), and power
supply source. The SRV-02 rotary servo from Quanser is powered by a dc power supply
providing needed dc to drive the motor, the angular speed of the motor shaft is measured by
the tachometer attached to the motor shaft, and the encoder measures the angular position
of the load disc in a quadrature mode, see figure 4.3. The friction load discs are made from
mild-steel, Aluminium and copper with coefficients of friction given in table 4.1 below. The

Table 4.1 Friction discs and their coefficients of friction for dry surfaces

Disc material type static friction coefficient kinetic friction coefficient
Mild-steel/Aluminium 0.61 0.47
Mild-steel/mild-steel 0.74 0.57

Aluminium/Aluminium 1.05-1.35 1.4
Copper/Aluminium

Copper/Copper 1.21 -

friction torque between the static and moving discs are measured using the torque sensor
coupled to the static disc. A data acquisition card was used to interface the hardware (SRV-
02) with the Quanser Quarc software running on a PC. This software is accessed using the
MATLAB/SIMULINK software tool to run the real time experiment.
The friction discs, torque sensor and the motor shaft are aligned properly to ensure a uniform
distribution of normal load over the entire surface.

Friction is a result of the relative motion of the motor shaft and the static load disc and is
measured by a torque sensor connected to the load disc. The torque sensor is also powered
through a 14v dc power supply and amplified by the CSG110 amplifier to provide the right
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Fig. 4.1 A picture of the friction test rig

excitation to the torque sensor. Various experiments were then carried out using different
input references in the SIMULINK environment as would be described in later sections.

4.3 Model structure of the experimental test-rig

Friction in the DC motor actuated test-bed used can occur at the motor shaft, brushes, in the
gear transmission systems, and in the disc load surfaces. For the control of motor driven
systems the need to model friction phenomena in the motor and the entire system set-up is
very important since the linear model derivation for the motor friction is not adequate to
account for the non-linear nature of friction especially for high precision tracking and control.
The general model of the electric motor (Permanent Magnet DC type) driven system can be
obtained from the schematic shown in figure 4.2. Splitting the figure into its electrical and
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Fig. 4.2 The schematic representation of the DC-servo motor system

mechanical sides for easy analysis. For the electrical side the governing equation is

Ea = Eb + IRa +La
dI
dt

(4.1)

where Ea is the motor armature voltage of the motor, Eb motor induced back EMF, Ra the
armature resistance, and I is the armature motor current, and La the motor inductance.
The induced back EMF causes the rotation of the motor shaft with an angular velocity, ωm.
The back EMF is related to this angular velocity by a constant called the back EMF constant
Kb by the following

Eb = Kbωm (4.2)

The mechanical torque transmitted to the motor shaft Tm as a result is related to the armature
current I by

Tm = IKt (4.3)

where Kt is called the motor torque constant.
The mechanical torque Kt constant has been shown to be equivalent to the emf torque
constant Kb and as such are represented as the constant Km For an ideal motor the total power
generated at the back emf equals the total power transmitted to the motor shaft in form of
torque so that equations ( 4.2) and ( 4.3) are equal. The motor shaft is connected to the load
via a set of gears as shown in the figure 4.3 for the transformation of the torque or angular
velocity (position). Given that the gear transmission ratio A is given as

A =
nl

nm

with nm as the number of teeth on the motor side gears and nl number of teeth on the load
side gears. Thus A relates the motor angular velocity (position) to the gear-box output shaft
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Fig. 4.3 The schematic representation of the system test-bed showing the arrangement of
gears, friction discs and sensor positions

angular velocity (position) by this
A =

ωm

ωl

for velocity relation, and

A =
θm

θl

for position relation.
The torque produced at the motor shaft is

Tm = Jmω̇m + Jl
ω̇l

A
+bmωm +bl

ωl

A
(4.4)

where Jl
ω̇l
A is the load torque (due to load inertia Jl) reflected to the motor shaft, and bl

ωl
A the

load frictional torque reflected to the motor shaft.
But ωm = Aωl

thus
ATm = (A2Jm + Jl)ω̇l +(A2bm +bl)ωl (4.5)

If
Jeq = (A2Jm + Jl)
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is the equivalent inertia and
Beq = A2bm +bl

the equivalent frictional damping. But the load (or output) torque Tl = ATm

therefore, the torque output of the gear box is

Tl = ATm = Jeqω̇l +beqωl (4.6)

Substituting the Laplace transform of eqns. 4.3, 4.2 and 4.1 into the above equation 4.6
expressed in Laplace, with Ea the armature voltage as input, and ωl as the output of the
test-bed leads to

AKmEa(s) = (Jeqs+Beq)(Ra +Las)+(AKm)
2
ωl (4.7)

whose transfer function becomes

ωl

Ea(s)
=

AKm

(Jeqs+Beq)(Ra +Las)+(AKm)2 (4.8)

For most dc motors the value of the electrical time constant represented by the armature
inductance La is often much less than the mechanical time constant represented by the
armature resistance Ra. Thus the fast dynamics of the electrical time constant with fast
decay implies that the resulting transient response could be ignored. Therefore, the armature
inductance La could be removed in the above expression without introducing much error.
This approximation simplifies the equation by reducing the order of the transfer function by
1, [115], [116].

ωl

Ea(s)
=

AKm

(Jeqs+Beq)Ra +(AKm)2 (4.9)

which is a first order system.
Given that the output of interest is the position θl and using the relation

θl =
1
s

ωl

then
θl(s)
Ea(s)

=
AKm

s((Jeqs+Beq)Ra +(AKm)2)
(4.10)

Equations 4.9 and 4.10 are the transfer functions for velocity and position outputs respectively.
The frictional damping term Beq comprising the frictions in the motor, gear and load is here
modelled as a linear function of the output velocity though in reality this linear function is
non-linear and not only a function of the velocity but also of the displacement (in the pre-
sliding regime). In the previous chapter a model of this friction non-linearity was presented
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and will later be used for identification purposes. One major objective in this chapter is
the characterisation of this friction and to obtain various representations of it’s features.
Equations 4.9 and 4.10 are the general velocity, position model structures for the friction
test-bed used for the experiment. To obtain a simplified linear model from the above models
the friction term represented by the Beq is thus removed and the equations reduce to the
following linear models for the velocity and position respectively

ωl

Ea(s)
=

AKm

JeqsRa +(AKm)2 (4.11)

and
θl(s)
Ea(s)

=
AKm

s(JeqsRa +(AKm)2)
(4.12)

these two equations would be used for the simulations in chapter 6 to compare the perfor-
mance of the simulated model with friction effect modelled by the proposed new model
presented in the previous chapter. The parameters of the friction test-rig are contained in the
specification sheet as supplied by the manufacturer, however relevant values are as presented
later in this chapter.

4.4 General procedure for identification of friction models

As seen from the equations and the relevant block diagrams, the identification aim is the
determination of the overall friction effect in the system comprising the actuator friction,
the gear friction, and the friction as a result of the disc surfaces and there from through
optimisation techniques obtain the parameters for the model earlier proposed in chapter 3.
This friction effect in the system was modelled by the viscous equivalent Beq. The aim is thus
to find a non-linear model to characterize true friction since the linear representation does not
effectively capture the low velocity and reversal velocity dynamics associated with friction.
In other to achieve this objective some steps were taken, these are typically categorised as;

1. Set-up of adequate experiments; once the motivation for the determination of the
system’s model has been established, optimal design of experiment from which the
data set will be generated follows. It is here that what to be identified, nature of the
input excitation signals appropriate for the experiments, outputs, and how to measure
(acquire) them, and other necessary assumptions are made. Also decisions on whether
the experiments be carried out under open or closed loop conditions. In the experiments
that follow the nature the various inputs used to capture the different friction features
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are explained in the respective experiments. Unless stated otherwise most of the
experiments performed were carried out in closed-loop.

2. Acquisition of data set; here the required data sets (say input and output data set) are
often acquired via data acquisition cards like the USB-Q2 card from Quanser used
in this research. Most instruments for measurements are of the digital type therefore
issues like sampling rate are relevant so as to avoid errors resulting from aliasing and
the likes. These data acquired often includes some level of noise either introduced by
the set-up, measuring instruments, or the environment, thus may need to be ”treated”.
Removing the effects of noise and quantisation due to the torque sensor sensitivity and
capacity used was necessary. To do this a filtering algorithm in matlab environment
was used namely ’sgolayfilt (torque-data,3,31)’, which is a Savitzky-Golay filtering
algorithm. In particular this was useful to remove the noise embedded in the measured
velocity and the quantisation effect of the torque sensor on the measured friction torque.

3. Model structure selection; as mentioned earlier, insight into the physical system and
available knowledge are useful in choosing a model structure. Information from the
observed data set is also relevant in this process. Sometimes a trials and error approach
or application of some statistical tools could yield adequate model structures for a set
objectives.

4. Model parameters estimation; unknown parameters of the model structure are deter-
mined by an estimation process which usually leads to a problem of minimizing a cost
function. This process yields estimated values of the parameters of the system model
used for the identification such as the proposed friction model.

5. Validation of identified model; finally the parameters of the model and its structure
pass through a validation process to ascertain how true it represents the real system.
Sometimes a series of models and model parameters are generated and the one yielding
a parsimonious results in a generalised sense is then chosen.

Generally, 1 and 2 above suggest some series of experiments be performed on the friction
experimental test-bed designed for the purpose. More detailed discussion on this is grouped
under friction characterisation experiment in the next section 4.5 (discussing items 1 and 2),
and friction identification task section 4.6 ( discussing items 3, 4, and 5) above.
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4.5 Friction characterisation

In this section experiments were designed and performed to accomplish tasks 1 and 2
above. These series of experiments performed on the friction experimental test-bed were
designed to target the various relevant friction phenomena such as the Stribeck effect, the
lag phenomenon, and the pre-sliding friction hysteresis with non-local memory. The nature
of the input-output data set was determined prior to the experiments so as to capture the
characteristics of interest. Also discussed in this section are the results obtained from the
experiments and how they agree or otherwise with other similar experiments as performed
by other researchers.
Characterisation experiments
The following experiments have been designed to capture the friction non-linearities as
observed in physical systems;

1. Experiment 1: Friction-constant velocities characterization; To determine the steady
state friction torque-velocity relationship.

2. Experiment 2: Friction-varying velocities characterisation; To determine the frictional
torque as a function of time varying velocities.

3. Experiment 3: Pre-sliding hysteresis characterisation; To determine the friction torque-
displacement relationship in the pre-sliding regime. This is the friction-hysteresis
effect with non-local memory.

4. Experiment 4: Friction-varying velocity rate characterisation; To determine the static
friction (stiction) and the varying breakaway characteristics

4.5.1 Experiment 1

Friction-constant velocities characterization:
Objective: Determination of friction friction torque-velocity relationship for a range of
constant velocities.
Background: Previous researches as pointed out earlier in this report (see chapter 2) indicates
that at very low velocity ranges the friction curve has a negative slope for velocity increments.
However, beyond a velocity threshold called the Stribeck velocity (vs), the friction torque-
velocity relation becomes more linear and positively sloped. This behaviour is thus termed the
Stribeck effect. There have been many model representations of the friction-velocity feature.
A closed loop (velocity feedback) is adopted in the series of constant-velocity experiments
to take advantage of its appeal and merits over the open loop. Some of these merits are:
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Reduction in the system’s sensitivity to disturbance, reduction in the time constant thus
making the system track input changes faster, and stability features. To ensure appropriate
tracking of the reference velocity, a proportional controller in series with a lag-compensator
was used for the system.
Procedure: For each reference velocity input the system was run for 15 seconds and the load
side velocity measured using the tachometer at a rate of 1ms obtaining a total 15000 data
points. The first 3,000 and the last 1,500 of these measured data were discarded and the
average of the remaining obtained as. This was done to ensure the elimination of transient
behaviours thus allowing the system settle to its true value since for this experiment the
interest is the steady state values. The value of the friction torque was also measured by the
torque sensor and recorded for the same data points as for the measured velocity. For each
velocity reference, the experiment was performed 10 times and the mean value recorded
as the final friction torque, velocity data point. This was done to eliminate errors and thus
increase the accuracy of the data in the light of its true value and it was observed that 10
runs were adequate for the purpose. The reference velocities for the steady-state experiment
range from very low values of 0.03 rad/sec-to-4. rad/sec since lower values does not show
any form of motion whatsoever. Thus a total of 80 friction torque-velocity data points was
obtained and two different sets of experiments performed the results of which would be used
for the identification and validation of the models in the next section. Figure 4.4 captures
the results.

4.5.2 Experiment 2

Friction-varying velocity characterization:
Objective: To determine the frictional torque variation as a function of varying unidirectional
velocities.
Background: There is a relative time-lag between the friction torque and the corresponding
velocity, in the sense that the system-friction does not respond instantaneously to system
inputs. This lag gives rise to a hysteresis effect in the velocity regime similar to the hysteresis
effect in the pre-sliding displacement regime. Research shows that the frictional torque is
larger for increasing velocities (acceleration) than for decreasing velocities (deceleration), the
loop of the frictional lag encloses the Stribeck low velocity curve indicative of the vanishing
of the former for increasing velocities. Thus the constant velocity-friction torque curve at
low velocity acts as an attractor to both the acceleration and deceleration friction torques.
Procedure: In designing the experiments, a time varying periodic and unidirectional reference
signal was applied. To obtain this a pure sinusoidal signal was superimposed upon a constant
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Fig. 4.4 The friction torque measured against velocity for the constant velocity friction
experiments

positive signal whose value is greater than the amplitude of the sine sinusoidal signal. This is
to ensure adequate capture of low velocity variations as a function of time without the signal
swinging between positive and negative values. To achieve this a sinusoidal velocity signal
of the form was used

v(t) = A+Bsin(ωt) (4.13)

where A is a positive bias velocity signal chosen in such a way as to ensure the velocity is
always unidirectional ie B is less than A. the values of omega are: 1, 2, and 5 rad/sec.
Constraint: The variables B and A have to be chosen so as to make the total velocity fall in
the range so as to capture the Stribeck slope as suggested in the experiment 1. A was chosen
to ensure positiveness of the time varying velocity at all times. So B = 1, and A = 0.95 and
as such the periodic velocity becomes:

v(t) = 1−0.95sin(ωt) (4.14)

The choice of these values were such that true sliding is ensured avoiding periods of sticking
and zero or reversal velocities. For each run of the experiment, the corresponding values of
the friction-torque and velocity were obtained for the acceleration and deceleration regimes.
The experiments were performed as in experiment 1 above and the average of the measured
friction-torque and velocity recorded. Various frequencies of ω= 2, 5 and 10 rad/sec, were
used to run the experiment and the data sets recorded. Identification and validation data sets
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(a)

(b)

Fig. 4.5 The Frictional-Lag experiment: (a) Torque output against-time, and (b) The lag plot
average showing friction torque variations the acceleration and deceleration velocity regimes
of the unidirectional signal

were collected from two separate experiments to be used in the next section. The data set
for the validation was based on a system with frequency of 5 rad/sec while the identification
data was based on a chirp signal (10 rad/sec). The same block diagram scheme as in the
constant-velocity experiments was used to perform the frictional-lag experiments. The results
so obtained is shown as figure 4.5b.

4.5.3 Experiment 3

Pre-sliding hysteresis characteristics
Objective: To determine the hysteretic relationship between the friction-torque and pre-
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sliding displacement
Background: As stated previously, the pre-sliding hysteresis with non-local memory has
been established as against the non-memory based behaviour earlier believed to govern
the pre-sliding regime. This characteristic is independent of the velocity of the bodies in
contact indicative of the pre-dominance of the elastic deformation characterizing the bristles
behaviour. A simple position controller was designed to be used to carry out the experiments
as shown in the figure below to ensure appropriate regulation.
Procedure: The experiment to determine this relationship friction has with displacement was
performed in two stages as follows;
Stage 1: A ramp torque signal was injected into the system slowly incrementing it till the time
gross-sliding was initiated and the surfaces moving relative to each other. This process was
repeated several times and the average friction torque and the corresponding torque input were
recorded thus giving us a range of values for which the system is in the pre-slide condition
and that beyond which a relative motion was observed. This breakaway friction-torque is
generally called the Stiction torque. The value of the pre-sliding displacement was also
obtained to determine a range of values for the pre-sliding displacement before breakaway.
By this the breakaway friction torque, and the corresponding breakaway displacement were
obtained. In the same way, a negative signal was used to determine the range for the negative
breakaway torque and the corresponding breakaway displacement.
Stage 2: A special input displacement signal shown as figure 4.6a was then used to ensure
the Stiction torque range as earlier determined in stage 1 above was never exceeded both in
the negative and positive going reference signal inputs. The measured friction torque from
the experiments is shown in figure 4.6b. This experiment was done in same manner as in
experiment stage1 and their average values for friction-torque shown in figure.

4.5.4 Experiment 4

Breakaway friction characteristics
Objective: Determination of the breakaway (Stiction) torque and varying breakaway friction
characterization.
Background: Upon external torque exertion (say a ramp signal), a stationary system does
not immediately go into sliding until the input torque becomes large enough to break the
forces of adhesion between the surfaces after which relative motion is initiated. As stated
previously this value of friction-torque for which the gross-sliding is initiated is called the
breakaway torque or simply the Stiction-torque. The experiment for the determination of
this friction feature was thus designed with the input being a ramp signal. The breakaway
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(a)

(b)

Fig. 4.6 The Pre-sliding Hysteresis with non-local memory (a) Reference input signal, and
(b) Measured hysteretic friction-torque output showing quantisation
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friction-torque has also been variously reported to vary in response to variations in the rate at
which the input force is varied.

To investigate these features namely; the breakaway torque and it’s variations in response
to variations in the input, two different experiments were performed. They are the Stiction
experiment and the varying breakaway experiment.
Stiction experiment
Similar to the stage 1 in experiment 3, a slowly incrementing input ramp signal was introduced
into the system and the output velocity and friction-torque observed and recorded. The signal
lasted till there is an observed sliding of the surfaces showing transition from stick-to-slip
regime of friction. At this point the friction-torque was observed to sharply fall and settle to
a lower (kinetic friction torque) level before gradually rising again as the signal continued
to rise. A series of runs were performed and the average obtained and recorded to improve
accuracy and repeatability.
Varying Breakaway experiment
Some time-varying input torque signals were introduced into the test-bed with their properties
such as amplitude being the same. These conditions are quite similar to that of experiment 2
for the frictional-lag behaviour and hence suffices to illustrate this relationships since the
torque input is proportional to velocity input, though our interest is on what happened in
the pre-sliding to just after the gross-sliding was initiated. As such the various frequencies
represent the varying rates of input signal application. The rates investigated are; 1 rad/sec,
5 rad/sec and 10 rad/sec, and the relationships shown in figure 4.7. From this figure it is
clearly shown that the greater the rate of change of the input torque the larger the breakaway
(Stiction) torque and also the larger the breakaway displacement.

4.5.5 Analysis of results of characterisation experiments

Here an analysis of the various results obtained from the experimental test-bed designed to
study friction behaviour in the laboratory is presented. The presentation is structured similar
to the previous section for the various characterisation experiments.

Constant-velocity characterisation results

During the run of the experiments it was observed that as the velocity is incremented from
zero with a step of 0.03 rad/sec the rig showed no relative motion, the offset error due to
the tachometer was corrected. Increasing the input signal the torque output was observed to
increase, though the output velocity remained zero indicating static friction build up. From
a velocity value of 0.1 rad/sec, the system was noted to begin to show momentary motions
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Fig. 4.7 Friction torque against velocity showing friction dependence on the rate of application
of force

marked with periods of elongated slip followed by small stick. This region was characterized
with moments of slip and stick motions. Suggesting the exhibition of stick-slip motion
discussed in chapter 2. The system continued with this motion pattern with increasing slip
moment and decreasing stick moments. Basically this marked the transition range from
sticking regime to the gross-sliding regime was shown to be a range of values rather than
single valued. Also the moment the disc began to exhibit increased slip the torque sensor
reading indicated a fall in the values of the measured torque between the surfaces after which
it tends to be more constant. This behaviour is indicative of the fact that for the system
the stiction (static) friction is greater than the coulomb (kinetic) friction. This torque at
the point of slip is the stiction or the breakaway torque and the friction at constant motion
the coulomb-viscous friction. From the plot of the friction-torque versus velocity shown in
figure 4.4, it is obvious that at low velocities (between 0 and 0.2 rad/sec) the friction-torque
generally decreases as the velocity increased typical of the Stribeck effect of friction at low
velocities. Research findings support this important feature of friction as earlier highlighted in
the literature review. From the figure, in the region of low velocities one notes that the friction
velocity measurements are rather erratic with much variation but generally showing a negative
slope in an exponential manner. This relative high degree of variation in the low velocity
underscores the fact that friction is very difficult to effectively capture and model in this range
of velocities. This could be due to forces of adhesion, and non-uniform asperity deformations,
whether the net bristle distributions are in trough (valley) or on mountain contact scenario.
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Other factors contributing to this large variations are system noise in the measuring devices
like the torque sensor and environmental factors such as temperature and lubrication. From
the graph of figure 4.4, the medium to high velocity range (from 0.2 and above) there seemed
to be a more linear relationship between the friction-torque and the velocity as the measured
torque steadily increased as velocity increased. This behaviour is also evidently supported
by many research findings. In this medium to high velocities range, the friction torque
could easily be modelled using classical models of the coulomb-viscous model with minimal
errors. This behaviour of the friction phenomenon as a function of increasing velocities
from zero is thus called the Stribeck effect and the graph of the relationship the Stribeck curve.

Varying velocity characterisation results

Close examination of the frictional-lag features of figure 4.5b suggests some erratic be-
haviours (for velocities much lower than the Stribeck velocity) whereby the friction torque at
a particular velocity instant is seen to be lower in the acceleration regime than the deceleration
regime contrary to the general known friction behaviour. Generally, results of figure 4.5b
for the varying velocity characterisation experiment showed a correspondence with research
findings, [20], [34]. In the experiment it was observed that the friction torque corresponding
to a given velocity does not happen instantaneously but after some lag in time and as such
the torques for acceleration periods were higher than those for deceleration. The width of the
lag was seen to widen as the reference input velocity rate increased. In other to relate this
inputs rates were varied as 2 rad/sec, 5 rad/sec, and 10 rad/sec. The results of these effect
was rather made more pronounced using the proposed model as illustrated in the friction lag
identification of next section and agreed with other research findings of chapter 2.

Pre-sliding hysteresis characterisation results

The graph for the pre-sliding experiment showed the non-local memory characteristic of
this regime as explained in chapter 2. This dynamic behaviour suggests friction to be
displacement dependent in the pre-slide regime and independent of velocity of motion
between the surfaces. From the results of the pre-sliding experiments performed figure 4.6b,
the following observations could be made

1. The asymmetric nature of friction such that the negative velocity regime and the
positive velocity regime each give rise to different parameter values like Stiction,
Coulomb force etc.
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2. That friction is mostly non-linear near zero velocities and at zero velocities.

3. That friction is proportional to displacement in the pre-sliding regime and may not
necessarily be zero at zero displacement.

As a result of the foregoing it is not easy to capture the rich dynamics of the pre-sliding
regime of the friction phenomenon.
Worthy of note is the observation that the friction torque as measured by the torque sensor
appear quantised. This is primarily due to the measured torque values being very small (in
the pre-sliding regime) in comparison to the capacity of the torque sensor which is about 23
N −m.

Breakaway characterisation results

From the Stiction experiment results one observes that the friction-displacement relationship
suggests the friction torque rises with the displacement up until a certain range of values
beyond which the torque experiences a fall. This fall is of short duration and then the
friction-displacement relation afterword becomes constant. The maximum displacement
beyond which the friction falls is thus called the breakaway displacement and the associated
friction the Stiction torque. From the various experiments the value of the Stiction-torque
(breakaway friction-torque) was found to be in the range of 0.095-0.12 N-m and the break-
away displacement to be 0.0048-0.0063 rads. Varying the rate of torque application to the
test-bed resulted in the varying-Breakaway features of figure 4.7. From the figure it was
noted that the friction torque for the breakaway was highest for the highest rate of torque
input and least for the least rate of torque input. In fact the friction torque level was seen to
be raised a bit higher for the high torque rate than for the low torque rate.

4.6 Parameter estimation of friction models

In this section, model parameters estimation and model validation were performed with
the aim of identifying the parameter values for the different friction models capable of
replicating the different friction features such as the frictional-lag, pre-sliding hysteresis with
non-local memory, and the constant-velocity features. These parameter values were validated
and a parsimonious system structure selected. For performance and comparison purposes
four different friction models namely the; proposed, LuGre, GMS and Xiong models were
investigated.

System identification has often been used for the modelling of non-linear systems, mainly
due to the complex nature of the phenomenon and the involved nature of the physics behind
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friction. Adequate understanding of the friction features between two surfaces in contact
subject to relative motion is imperative for the realisation of an adequate model of friction
capable of reproducing relevant features of friction. A set of experiments fit for use in
identification of friction were designed and performed to acquire input-output data sets with
which to work as described in the previous section. Different data-sets capturing relevant
friction phenomena were thus obtained. The determination of the parameters of the various
model structures as chosen earlier to capture these features of friction is the focus of this
section. The data sets collected were prepared and a few outliers removed.

The model parameter identification problem can by proper formulation be transformed to
an Optimisation of a cost function. The optimization of the cost functions obtained using
various friction models to determine accurate model parameters for each of those models to
replicate accurately the observed relationships and predict future values given certain inputs
was carried out. Different optimisation techniques were adopted for the different phenomena
of friction, and were thus grouped in relation to the various experiments performed in the
previous section.

4.6.1 Parameter estimation under constant velocity

The constant-velocity characterisation experimental result was used for the static parameter
estimation. The concept behind the estimation of the static friction parameters is fitting the
model into the constant-velocity experimental data set obtained in experiment 1 above. The
static parameters to be determined are;

1. Fc, the coulomb friction parameter

2. Fs, the stiction friction parameter

3. fv, the viscous friction coefficient parameter

4. vs, the parameter representing the Stribeck velocity

The proposed model structure:
In the steady state the proposed friction model is given as, recall eqn. 3.18

Ff = γ + fvv (4.15)

that is
Ff = Fc +(Fs −Fc)e

(−( v
vs )

2)+ fvv (4.16)
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This therefore reduces the proposed model to the Stribeck model structure see equation
2.11 given the exponential nature of the data points as observed from the constant velocity
experiment. If the torque output data set is Y (t), and the velocity input data set U(t), then
the input-output data set is given as

θ(t) = [U(t),Y (t)]T (4.17)

U(t)T = [u(t),u(t −1),u(t −2), . . . ,u(t −n)] (4.18)

Y (t)T = [y(t),y(t −1),y(t −2), . . . ,y(t −n)] (4.19)

where θ(t) is a vector of the input and output data set, U(t) is the vector input data (U ∈Rn),
and Y (t − 1) ∈ R with i = 1, . . . ,n the scalar output data. Therefore we want to obtain
estimates for the mathematical relationship between the input-output data sets so as to enable
the prediction of future values from these past observations. This relationship is thus defined
as

y(t +1) = g(θ(t),φ)+ e(t +1) (4.20)

with y(t +1) as the future friction-torque output known, g(.) a non-linear function defining
the model structure (such as eqn.(4.16)), is the regression vector, φ is the parameter vector to
be identified, e(t +1) being the error term added to account for the fact that the next output is
no perfect function of the past input-output data set. The goal is to ensure the contribution of
the error term is infinitesimal so as to reasonably say that for a given past data set the future
output y(t +1) is accurately predicted by the model structure so chosen, that is

g(θ(t),φ) = Fc +(Fs −Fc)e
−( v

vs )
δ

+ fvv (4.21)

the function g(.) can be parameterized with a finite dimensional vector (which is often an
approximation), thus yielding g(t), v is the input velocity represented as U(t).
Fortunately the LuGre, E-P, models are of the same structure as the proposed model in the
constant velocity (steady state) and were modelled using the Stribeck model structure as
given above.
The Xiong model structure:
The Xiong and GMS models are similar in structure being multi-element based (2.28), so
they have same structure in the steady state with a structure of the form

g(θ(t),φ) = Fci +(Fsi −Fci)e
−( v

vsi
)δ

+ fvv (4.22)
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similar to the proposed and LuGre models where i = 1,2, ...,Ne with i as the ith bristle
element of the system and Ne the number of bristle elements used for the modelling.
Various approaches have been adopted for the estimation of the static parameters, [117],
[118], [119], [120]. This kind of identification problem usually gives rise to a non-linear
regression between the chosen model and the data-set as shown below.

C =
Np

∑
t=1

∥y(t +1)−g(θ(t),φ)∥2 (4.23)

with Np being the number of data-points in the data-set, C the cost function, and every
other term as previously defined. The optimization problem for this system reduces to a
curve-fitting problem of finding the minimal error in a least squares sense between the
measured output friction-torque and input velocity data sets and a chosen model structure
representation. Various model structures (proposed, LuGre, Xiong, and GMS models) were
examined.
Substituting eqns. 4.21 and 4.20 for the proposed model and eqns. 4.22 and 4.20 for the
Xiong model into the cost function equation 4.23 is therefore a quadratic curve-fitting
problem of the data set in a least squares sense using a non-linear optimization tool. In
this case an lscurvefit optimization tool was used and the parameter values obtained for the
system was shown in table with the mse value.

The lscurvefit tool found in the Matlab optimization tool box is often used for solving
non-linear data-fitting problems. It uses the the large-scale or medium scale optimization
algorithms with the former as a default. Thus given a set of input data U(t) with the observed
data set Y (t), the objective is to find coefficients of φ that gives the mathematical model
g(θ(t),φ) a best-fit. This thus leads to the minimization of

1
2
||g(θ(t),φ)−U(t)||22 =

1
2 ∑

i
(g(θ(t)i,φ)−U(t)i)

2

For more details of the use of lscurvefit in this research and associated codes see appendix B.
The graph of the measured torque against velocity and the modelled torque against velocity
is shown as figure 4.8a for the proposed and LuGre models and figure 4.9a for the GMS
and Xiong models. The graphs of the optimization results show the general behaviour
of friction capturing the Stribeck effect and the linear viscous plus coulomb friction. To
obtain a parsimonious friction model which best models the friction-velocity relationship at
steady state velocities a validation of the various model structures representative of friction
in the regime would be done. At relatively high velocities the friction can effectively
be approximated or modelled by the viscous friction model of equation 2.6 while the low
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Table 4.2 Estimated static parameters for constant-velocity motion using the proposed/LuGre
models

Model Parameter Estimated value msex10−5

Fs 0.0994
Fc 0.0929
vs 0.1407
fv 0.0603

Estimation 3.7316
Validation 5.4988

Table 4.3 Predicted (static) parameters for constant-velocity using the GMS/Xiong models

Model Parameter Estimated value msex10−5

Fs 0.1035
Fc 0.0921
vs 0.1
fv 0.0584
λ1 0.2841
λ2 0.2341
λ3 0.2341
λ4 0.2341

Identification 4.1394
Validation 6.8605

velocities are quite non-linear but decreasing exponentially before increasing with a minimum
friction value (Coulomb) at the Stribeck velocity.

4.6.2 Parameter estimation under pre-sliding

From figure 4.6 it is clearly illustrated the hysteretic features of friction in the pre-sliding
regime of motion. An attempt is made here to capture this feature and identify model
parameters capable of depicting such feature of friction for the different friction models. The
model equations are modified for the individual model structures whose parameters are to be
identified.
The proposed model structure:
In the pre-slide regime the parameters of interest for the proposed model are the Stiction
torque Fs and the breakaway displacement Zb. However, the stiction torque identified in the
constant velocity identification was used to provide bounds to for the identification. The
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(a)

(b)

Fig. 4.8 The modelling of constant-velocity friction-torque relationship with the proposed
model (a) Estimation result, and (b) Validation result
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(a)

(b)

Fig. 4.9 The modelling of constant-velocity friction-torque relationship with the Xiong model
(a) Estimation result, and (b) Validation result
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proposed model equation for the pre-sliding friction regime is

Ff = Fhyst(z)+σ ż (4.24)

and
ż = v (4.25)

z average bristle deflection, and σ the micro-damping parameter, and

Fhyst(z) =
(

sin
(

z− zr

|zt − zr|
π

2

))
| ft − fr|+ fr

being the pre-sliding friction function. Using a slowly varying input signal makes it possible
to neglect the dynamics; the macro and micro damping effects [34] . Re-formulating the
optimisation as in equation (4.23) with

g(θ(t),φ) =
(

sin
(

z− zr

|zt − zr|
π

2

))
| ft − fr|+ fr (4.26)

Thus the identifiable parameters are 2; the breakaway displacement Zb and the breakaway
friction torque Fs, of the hysteresis with non-local memory. The identification reduces to the
minimisation of the cost function

C =
Np

∑
t=1

∥y(t +1)−g(θ(t),φ)∥2 (4.27)

The identified parameters Fs and Zb, and the mse values are given in the table 4.4, while the
predicted friction-torque features as against the true hysteretic friction is shown in figure
4.10a. Figure 4.10b shows the friction-torque against the displacement with non-local
memory hysteretic feature.

The LuGre model structure:

Table 4.4 Estimated parameters under pre-sliding for the proposed model

Model Parameter Estimated value mse x10−4

Fs 0.0980
Zb 0.0060

Estimation 3.6074
Validation 8.9796

For the LuGre model an approach as illustrated in [121], [122], was adopted bearing in mind
that this model utilises the same set of equations both for the pre-sliding and gross-sliding
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(a)

(b)

Fig. 4.10 The modelling of pre-sliding hysteresis friction-torque displacement relationship
with the proposed model (a) Estimation result, and (b) Torque-displacement result
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(a)

(b)

Fig. 4.11 The modelling of pre-sliding hysteresis friction-torque displacement relationship
with the LuGre model (a) Estimation result, and (b) Torque-displacement result
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Table 4.5 Predicted parameters for friction hysteresis with LuGre model

Model Parameter Predicted value mse x10−4

σ0 16.4690
Identification 3.8059

Validation 9.6759

friction regimes unlike the proposed, GMS and Xiong models. The model structure of the
LuGre eqn. 2.18 was used for the identification with the notion that the slowly varying
parameter renders ż to be approximately equal to zero. The parameter to be identified is the
σ (bristle stiffness). The friction-torque is therefore

Ff = σ0z (4.28)

With this formulation an estimate of the stiffness parameter σ0 of the LuGre model was
obtained by solving the optimisation problem. Formulating the identification problem with
this equation and performing the resulting minimisation of the cost function with a non-linear
optimisation algorithm yields the result in figure 4.11 and the parameter and mse values are
as presented in table 4.5.
The GMS model structure:
Using the GMS model parameters for pre-sliding hysteresis identification; Recall the GMS
model equations 2.27, 2.28 and 2.28, and the number of bristle elements used for the
identification is Ne = 4. During pre-sliding

żi = v (4.29)

and

Ff =
Ne

∑
i=1

σoizi (4.30)

Formulation of the optimisation problem (minimization of the cost function C) and using
non-linear optimisation algorithm, the parameter values estimated and the mse value are as
in table 4.6 and the predicted and measured friction torque versus velocity plotted in figure
4.12.
The Xiong model structure:
For the Xiong model parameter prediction; the model equations for the identification of the
friction feature are equations 2.30, 2.31 and 2.32. Similar to the GMS model the pre-sliding
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equations for a four element model are

żi = v (4.31)

and

Ff =
Ne

∑
i=1

Kizi (4.32)

Thus the identification of Xiong model parameters is similar to that of the GMS as represented
in figure 4.13. Table 4.7 contains the predicted model parameters with the error metric.

Table 4.6 Estimated parameters under pre-sliding for th GMS model

Model Parameter Estimated value mse x10−4

σ01 7.9605
σ02 4.8757
σ03 2.6039
σ04 1.0290

Estimation 3.8059
Validation 9.7548

Table 4.7 Estimated parameters under pre-sliding for the Xiong model

Model Parameter Estimated value mse x10−4

K01 10.9915
K02 2.7836
K03 1.9866
K04 0.7792

Estimation 3.8062
Validation 9.7153

4.6.3 Computation of the micro-damping parameters

From previous identification approaches we have been able to estimate most of the parameters
of the proposed friction model with the exception of the micro-damping parameter σ and the
lag parameter τ . There has been no straight forward manner for the determination (estimation)
of the parameter, however many approaches have been adopted for its computation from
experimental results, [121], [119] and similar approach was adopted here also.
Proposed new model
In this thesis the σ parameter was computed with the assumption of a linear model of the
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(a)

(b)

Fig. 4.12 The modelling of pre-sliding hysteresis friction-torque displacement relationship
with the GMS model (a) Estimation result, and (b) Torque-displacement result
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(a)

(b)

Fig. 4.13 The modelling of pre-sliding hysteresis friction-torque displacement relationship
with the Xiong model (a) Estimation result, and (b) Torque-displacement result
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pre-sliding hysteresis function, the experiment was constrained only for the pre-slide regime
of friction with a slowly varying ramp input signal, [121]. Thus a linearised version of the
pre-sliding function eqn. 3.1 and 3.2 is

fhyst(z) =
(

z− zr

|zt − zr|
π

2

)
| ft − fr|+ fr (4.33)

with fr = zr = 0 for a motion starting from rest, zt = Zband ft = Fs, see section 3.2.1.
Then

fhyst(z) =
Fsπ

2Zb
z (4.34)

For the system (experimental test-bed), a second order representation

Js2z = u−Ff

with u as the control input, Ff being the proposed new model of friction equation 3.5, with

fhyst(z) =
Fsπ

2Zb
z

Substituting this value gives the transfer function

G(s) =
1

Js2 +(σ + fv)s+ Fsπ
2Zb

(4.35)

Assuming a damping ς such that 0.5 ≤ ς ≤ 1, to ensure adequate damping of the system
is chosen, here a value of ς = 0.7 was chosen. Comparing equation 4.35 with the standard
second order transfer function, the micro-damping parameter could be determined. Thus
from equation 4.35 above

σ + fv = 2ςωn (4.36)

with ω2
n = Fsπ

2Zb
and substituting to obtain

σ = 2ςJ
√

Fsπ

2Zb
− fv (4.37)

given that Fs, Zb, fv, are as previously obtained in the previous estimation as 0.0980, 0.0060,
and 0.0403 respectively. Then σ ≈ 0.3213.
From the values of the static friction Fs and breakaway displacement Zb parameters of the
proposed new model, one can easily compute the approximate bristle stiffness parameter σ0
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of the LuGre model given that

σ0 =
Fs

Zb
(4.38)

thus σ0 ≈ 16.3333 which is in close agreement with predicted values in the parameters
identification of the LuGre model table 4.5.
LuGre model
Adopting the same line of argument the micro-damping parameter of the LuGre model is
also obtained considering the transfer function equation of the form

G(s) =
1

Js2 +(σ1 + fv)s+σ0
(4.39)

with σ1 as the micro-damping parameter, σ0 the stiffness parameter and fv the viscous
friction coefficient. so that

σ1 = 2ςJ
√

σ0

J
− fv (4.40)

given that σ0, fv, are as previously obtained in the previous estimation (LuGre) as 16.4690,
and 0.0403 respectively. Then σ1 ≈ 0.2494.
GMS model
For the multi-element GMS model which comprises of many LuGre model structure in
parallel, thus the LuGre model was used for the determination of the 4 micro-damping
parameters since the number of elements used N = 4. Using eqns.4.39 and 4.40 with the
values of σoi, fv for i = 1,2,3,4 as in table 4.6 the following values were obtained for the
micro-damping parameter σ11 = 0.1611, σ12 = 0.1173, σ13 = 0.0749, σ14 = 0.0321.
Xiong model
The Xiong and GMS friction models are similar in the pre-sliding motion regime so following
the same reasoning and referring to table 4.6, the micro-damping parameters are σ1 = 0.1964,
σ2 = 0.0788, σ3 = 0.0603, σ4 = 0.0227.

4.6.4 Parameter estimation under frictional-lag

At low to medium unidirectional velocities, there is a lag between the friction torque and the
corresponding velocity and this is called frictional-lag. The friction model structures for the
gross-sliding regime are used for the parameter estimation purposes.
The proposed new model structure:
For the proposed model, the following model structure is used for the quadratic function
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formulation from the model equations of (4.15) and (4.16)

Ft = γ + fvv (4.41)

with
γ̇ =

g(v)− γ

τ
(4.42)

From this equations it is obvious that the static parameters appear here as well as in the
constant velocity identification so the estimates earlier obtained from the steady velocity
identification serve as guides for the present estimation. As such the major concern is the
identification of the lag parameter τ . Interior-point-large scale optimization algorithm was
used for the estimation of the model parameters. The predicted and measured frictional-lag
features are shown in figure 4.14a, while the parameters values and the mse are recorded
in table 4.8. The width of the frictional lag has earlier been shown to widen or shrink
as the velocity rate increases or decreases respectively. This phenomenon is also called
friction-velocity hysteresis see section 3.5. The friction-torque against velocity for the
various unidirectional velocities was plotted using the identified parameters of the proposed
model is shown in figure 4.18. This clearly illustrates that the lag feature widens as the
frequency increases as the suggested by the figure for the following frequencies; 2 rad/sec, 5
rad/sec and 10 rad/sec.
The LuGre model structure:
For this model, the friction force and the state equations as in equations 2.18 and 2.19
as shown. Notice from the equations that all the model parameters are represented, with
the static parameters earlier identified in the constant velocity process as guides for their
respective estimates in this process. Coarse and fine optimisations were performed with
non-linear optimisation algorithms and the estimated parameters results recorded in table
4.9, along with the mse value and maximum error. Model prediction and the frictional lag
measured are plotted against time in figure 4.15a.
The GMS model structure:
The GMS model structure is shown as equations 2.28 and 2.29 with that the result of the
optimisation process performed using non-linear algorithm and the predicted values and mse
in table 4.10, while figure 4.16a captures the measured and predicted frictional lag. The
main parameter of interest is Ci parameter estimation With the same line of reasoning for the
LuGre process above we analyse the Xiong model.
The Xiong model structure:
For the Xiong model the predicted static model are used to provide bounds for this process
while the parameter of interest is τ . The parameter estimates and the mse value is recorded
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in table 4.11 and the measured and predicted frictional-lag were plotted in figure 4.17a.
The figures also show the deviations of the various experimental runs in terms of the

quartiles, and how the predicted curves closely follow the mean experimental data.

Table 4.8 Estimated parameters under frictional lag for the proposed model

Model Parameter Estimated value mse x10−6

Fs 0.0986
Fc 0.0925
vs 0.1526
fv 0.0403
τ 0.0111

Estimation 8.3762
Validation 9.5132

Table 4.9 Estimated parameters under frictional lag for the LuGre model

Model Parameter Estimated value mse x10−6

Fs 0.0994
Fc 0.0929
σ0 15
σ1 0.1307
vs 0.1468
f 0.0603

Estimation 8.6065
Validation 10.091

4.6.5 Friction model validation

A set of unused data was used for the validation of the various model structures and their
values as identified in the previous section. For simplicity, the approach adopted closely
resembled the optimisation approach of splitting the validation process into the constant-
velocity, pre-sliding hysteresis, and the frictional-lag procedures.
Constant velocity;
The various models were validated against the set of constant velocity friction data different
from the one used for the identification and the performance of the various models were
illustrated. From the various figures, the proposed model figure 4.8b (same for the LuGre
model) performance showed stronger correlation with the validation data than the GMS
and Xiong models of figure 4.9b. The mse for the proposed new model is 5.4988x10−5 and
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(a)

(b)

Fig. 4.14 The modelling of frictional-lag with the proposed model (a) estimation result, and
(b) validation result, for unidirectional motion
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(a)

(b)

Fig. 4.15 The modelling of frictional-lag with the LuGre model (a) estimation result, and (b)
validation result, for unidirectional motion
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(a)

(b)

Fig. 4.16 The modelling of frictional-lag with the GMS model (a) estimation result, and (b)
validation result, for unidirectional motion
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(a)

(b)

Fig. 4.17 The modelling of frictional-lag with the Xiong model (a) Estimation result, and (b)
Torque-displacement result, for unidirectional motion
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Table 4.10 Estimated parameters under frictional lag for the GMS model

Model Parameter Estimated value mse x10−6

Fs 0.1647
Fc 0.1540

σo1 15
σo2 15
σo3 15
σo4 15
σ11 0.0686
σ12 0.0686
σ13 0.0686
σ14 0.0686
α1 0.1500
α2 0.1500
α3 0.1500
α4 0.1500
vs 0.1536
C 0.6539

Estimation 8.6428
Validation 9.3469

6.8605x10−5 for the GMS model.
Pre-sliding hysteresis;
The behaviour of the various friction models in the pre-sliding regime against a sinusoidal test
signal used for validation, figures 4.19 and 4.20 showed that the proposed model performance
with mse of 8.9796x10−4 exhibited improvement over the others; LuGre model with mse
of 9.6759x10−4, the GMS model with mse of 9.7548x10−4, and the Xiong model with
mse of 9.7153x10−4. This fact underscores the in-ability of the LuGre model to capture
non-local features of the pre-sliding friction-displacement relationship efficiently. The results
of this suggests that modelling the pre-sliding hysteretic function with the GMS or Xiong
models might require many elements (more than the 4 elements used here). This posses
more complexity for system identification and thus use of these multi-element models. More
complex and computationally involving methods have been used by some authors for the
estimation of the parameters of the GMS model. On the other hand the proposed model was
able to capture the non-local hysteresis feature without any complications as a result of the
pre-sliding hysteresis function integrated into the new model.
Frictional lag;

Using the obtained parameter values for the various friction models with the validation data
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Table 4.11 Estimated parameters under frictional lag for the Xiong model

Model Parameter Estimated value mse x10−6

Fs 1.0057
Fc 0.09237
λ1 0.2998
λ2 0.2998
λ3 0.2998
λ4 0.1005
vs 0.13121
τ 0.0124

Estimation 8.5868
Validation 10.087

set generated from a 5 rad/sec unidirectional velocity input, the models performance against
the test data was captured in the different figures for the various models. The GMS model
figure 4.16b with mse 9.3469x10−6, showed strongest correlation with the data set. This was
closely followed by the proposed new model of figure 4.14b with mse of 9.5132x10−6, Xiong
figure 4.17b and mse 10.087x10−6 and the LuGre figure 4.15b and an mse of 10.091x10−6

models in the order.

4.6.6 Analysis of parameter estimates

Steady state identified parameters:
From the estimation and validation results under constant velocity parameter estimation, it
was observed that despite the fact that the mse for both the GMS (Xiong) and the proposed
(LuGre) models were very closely tied as shown in tables 4.2 and 4.3 and their respective
figures above, there was high deviation of the predicted coulomb torque using the GMS
(Xiong) models from the expected value as seen in the tables also. Also the validation tests
of the proposed model was seen to be much in agreement with obtained data with less mean
square error than the GMS model.
Pre-sliding hysteresis identification results:
From the simplified approach adopted for the models parameter identification for the pre-
sliding friction hysteresis, the various performance indicators and predicted parameter values,
the proposed model seemed to predict this friction feature more adequately than the LuGre
model. Also the predicted parameters agree with the values expected as in the Stiction
experiment. Frictional lag identification results:
Generally, the various friction models capture the frictional lag phenomenon differently since
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Fig. 4.18 The frictional-lag: obtained by plotting the predicted friction torque for varying
velocities against velocity

they involve almost all their model parameters pertaining to gross sliding regime thus the
different models were analysed independently. From the graphical plots of the measured and
identified lag data, the order of performance and model agreement with validation data was
the GMS and proposed, Xiong, and LuGre models respectively with the proposed model
showing a stronger relationship and capability in predicting friction torque- varying velocity
relationship. This observation is the result of due considerations of the predicted values
agreement with measured values and the individual model and validation errors.
Thus from the performance indices the following was shown

1. The LuGre model was able to achieve good modelling correlations of the identification
and validation data. Being simple with unified pre-sliding and gross-sliding equations
it lacked the needed flexibility to capture adequately the non-local hysteretic features
of friction. This inadequacy motivated the integration of the pre-sliding hysteresis
function in the proposed new model, and also the positional drift it suffers from.

2. Strong performance correlation of the proposed model in modelling the frictional
feature obtained from the experimental laboratory friction test-bed. This low parameter
dynamic model of friction with non-local pre-sliding features is easy to implement for
identification purposes. It demonstrated robustness to parameter variations during the
identification process unlike the other models of the LuGre and GMS models. This
made parameter adjustments mush faster.
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(a)

(b)

Fig. 4.19 Pre-sliding hysteresis validation results for: (a) The proposed model, and (b) The
LuGre model
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(a)

(b)

Fig. 4.20 Pre-sliding hysteresis validation results for: (a) The GMS model, and (b) The
Xiong model
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3. Capturing the lag effect using the proposed model was possible due to the extra state
introduced specifically for the purpose. This two state model structure with pre-sliding
hysteresis demonstrated strong correspondence with measured pre-slide data and also
the validation data set unlike the other models.

4. The proposed model can be seen as a modified LuGre in that it has an extra function to
capture pre-slide hysteretic features of friction.

5. The Xiong model being a multi-element model has great flexibility to model fric-
tional characteristics with little error as the GMS. However the model is complex
and computationally demanding because of the large number of parameters needed
for identification of the pre-sliding and gross-sliding friction features. Moreover, the
Xiong model has no recorded documentation of it’s applicability to identification and
control of real systems with friction.

6. The GMS model’s ability to capture the pre-sliding hysteretic features lies in its multi
element nature using many ’LuGre frictional elements’ and a switching function for
changing from pre-slide to the gross-slide regime. These make the use of this model
for identification and control purposes difficult as was pointed out in the literature
review. This computational complexity thus limits its usage for control purposes.

The table 4.12 presents the different identification method adopted for the parameter estima-
tion for the various friction models. The estimated parameter values for each friction model
as tabulated in their respective tables above are harmonised with respect to the estimated
parameters of interest in each identification process. These are captured in the tables 4.13,
4.14, 4.15 and 4.16 for the proposed, LuGre, GMS and Xiong models respectively.

4.7 Chapter summary

In this chapter an experimental test-bed was designed for the characterisation of the friction
phenomena and a model structure for the experimental test-bed used for friction character-
isation experiment was derived. A careful design of a set of experiments were carried out
and the experiments performed so as to acquire relevant data for the determination of the
various friction characteristics as enumerated in chapter 2 section 2.2 of this thesis. Results
of the various experiments illustrated the rich friction dynamics and generally in agreement
with most experimentally observed friction phenomena.The system under test was derived
providing background for the series of friction identification measurements which follow sub-
sequently. From the different friction features and the characterization data, model parameter
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Table 4.12 Predicted parameters for frictional lag using the Xiong model

Model Parameters No. of parameters Identification method
LuGre Fs,Fc,vs,σ0,σ1, fv 6 (Fs,Fc,vs, fv)−→ pecv

σ0 −→ peps
σ1 −→ computed

Proposed Fs,Fc,vs,σ , fv 7 (Fs,Fc,vs, fv) −→ pecv
Zb −→ peps

σ −→ computed
τ −→ pefl

GMS Fs,Fc,vs,σoi,σ1i, fv,Ci,αi 20 (N=4) (Fs,Fc,vs, fv,αi)−→ pecv
σoi −→ peps

σ1i −→ computed
Ci−→ pefl

Xiong Fs,Fc,vs,Ki,σi, fv,λi 17 (N=4) (Fs,Fc,vs, fv,λi)−→ cvi
Ki −→ psi

σi −→ computed
τ −→ fli

where N ⇒ number of bristle elements
pecv ⇒ parameter estimation under constant velocity

peps ⇒ parameter estimation under pre-sliding
pefl ⇒ parameter estimation under frictional lag

and computed⇒ computed by means of calculation

estimation was performed using some of the different models of friction reviewed in chapter 2
to emphasis the capabilities and limitations of these models in the light of the proposed model
of friction in chapter 3. From the validation tests the performance of the proposed friction
model was seen to exhibit stronger correspondence with the various features of the friction
non-linearity among those models under test and for the set of experiments carried out. Thus
the proposed friction model being simple both in structure and implementation demonstrates
adequate capability for friction modelling in systems with friction. This proposed model and
its estimated parameters thus form the basis of the set of control simulations and experiments
to be carried out on the experimental test-bed.
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Table 4.13 Harmonised parameter values for the proposed friction model

Model Parameter Estimated value
Fs 0.0994
Fc 0.0925
vs 0.1407
σ 0.2998
fv 0.0.0403
τ 0.0011
Zb 0.006

Table 4.14 Harmonised parameter values for the LuGre friction model

Model Parameter Estimated value
Fs 0.0994
Fc 0.0929
σ0 16.4690
σ1 0.3213
vs 0.1407
fv 0.0403

Table 4.15 Harmonised parameter values for the GMS friction model

Model Parameter Estimated value
Fs 0.1035
Fc 0.0921
vs 0.1
fv 0.0584
αi (0.2841, 0.2341, 0.2341, 0.2341)
σoi (7.9605, 4.8757, 2.6039, 1.0290)
σ1i (0.1611, 0.1173, 0.0749, 0.0321)
Ci (0.2998, 0.2998, 0.2998, 0.2998)

Table 4.16 Harmonised parameter values for the Xiong friction model

Model Parameter Estimated value
Fs 1.0057
Fc 0.0924
fv 0.1005
vs 0.13121
τ 0.0124
λi (0.2998, 0.2998, 0.2998. 0.2005)
σi (0.1964, 0.0788, 0.0603, 0.0227)
Ki (10.9915, 2.7836, 1.9866, 0.7792)





Chapter 5

Friction Compensation and Control

5.1 Introduction

Simulation analysis and control is a huge motivation for the modelling and identification of
system models. The previous chapter centred on the friction characterisation and identifica-
tion on the laboratory experimental test-bed designed for that purpose. Model parameters of
the proposed friction model were identified along side the parameters of some other models
considered, namely the LuGre, GMS and Xiong friction models. In this chapter attention
is given to the compensation and control of systems influenced by friction non-linearity. In
chapter 2, it was clear that linear controllers of the PID type are not very efficient when
non-linearities are part of the system under control and thus the need for model-based com-
pensation technique also reviewed in chapter 2, to compensate for the non-linear friction.
This inefficiency of PID controllers for friction control becomes more obvious in the pre-slide
regime and velocity reversals. As such the design of a model-based friction compensation
scheme adequate for simulation analysis and control of the test-bed is desired if adequate
control of the test-bed is to be ensured.

In model-based friction compensation design, two important steps necessary for optimal
results are the design of a linear (PID) controller to reduce system error, disturbance and help
improve system stability, and the design of a model-based friction observer for the estimation
of the system friction. The purpose of the estimated friction is to use it to modify the control
law in such a manner that it is able to cancel friction effects emanating from the system. For
this approach to be effective, it’s implementation is such that there is little or no dynamics
between the control effort point of application and the point of friction activity. It therefore
becomes relevant the new friction model accurately models the system friction in the various
velocity ranges and reversal points.

The chapter layout is as follows: Section 5.2 deals with the design of the linear part
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of the compensator called the feedback controller, section 5.3 with the design the friction
observer for velocity and position control purposes. In section 5.4, the implementation of the
velocity and position observer-based compensators is performed, while analysis of the results
of simulations are discussed in section 5.5. The chapter ends with summary section 5.6.

5.2 Linear controller design for the experimental test-bed

Stated earlier in sec.2.4, Proportional, Integral, Derivative controllers or their combinations
are often effective for linear systems control as they help achieve stability, eliminate error
and ensure reductions in transients. However integration of this type of controllers with
friction observer (for the estimation of the system friction) has been shown to be an effective
means for the control of systems with friction. In this section the focus is on the design of
adequate controllers for position and velocity control of the laboratory test-bed of chapter
4. The design closely follows the set of velocity and position control design experiments
used in the school of systems engineering, University of Reading with some modifications
to adapt it for the present requirement. For many practical PID controller implementations,
the derivative action is often reduced to a minimum if not zero or where possible a modified
approach is sought to deal with potential challenges with the derivative action The challenges
of the derivative action on the traditional layout of the derivative are two fold namely

1. Larger values due to sharp transitions (at corners) in the reference signals for example
a square wave, which give rise to unreasonably high control inputs.

2. The presence of noise in the measured signal usually of high frequency leading to large
values of the input signal to the plant.

Possible solution to 1, is to assume that the derivative of the reference is zero in the steady
state (true for many industrial processes) and then take the derivative of only the output
signal. And for the second problem the need to introduce a first order filter and tune the poles
to remove the chattering due to noise.

5.2.1 Design of a lag compensator for velocity control

A PI based controller has often been used rather than the regular PID controller for velocity
control of systems. However, the similarities between the PI and Lag compensator is exploited
and thus the design of proportional + lag compensator was pursued. The lag was preferred as
it was shown to provide better filtering of properties though with the result that the steady
state error would not be zero as would have been for a PI controller. To design a linear
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controller for the test-bed an assumption of a friction-free system is made to obtain a linear
model of the test-bed since friction is non-linear. So for the model of the experimental
test-bed given as equation 4.9 with Beq = 0 then the model equation reduces to

ωl(s)
Ea(s)

=
AKm

RaJeqs+(AKm)2 (5.1)

then
ωl(s)
Ea(s)

= K
1

T s+1
(5.2)

where
K =

1
AKm

and
T =

RaJeq

(AKm)2

are the system gain and time constant respectively. Equation 5.2 is the open loop transfer
function of the test-bed model without friction consideration with angular velocity as output
and voltage as input. For the objective of keeping the error to 1% and a cross over frequency
of about 110 rad/sec, therefore the transfer function A(s) of the controller for the velocity
control of the laboratory test-bed is

A(s) = Kp
Tis+1
Tis+ γ

(5.3)

with Kp = 1.5136 as the proportional gain of the controller, Ti = 0.0909 time constant, and
γ = 0.0285. Detail of the controller design is in Appendix A.

5.2.2 Design of a PID controller for position control

For position control experiments and simulations a PID controller was designed to achieve
zero error at steady state, overshoot of less than 15%, and fast response time. From the
position model of equation 4.10, assuming no friction i.e Beq = 0 then the model reduces to
4.12. this equation can also be re-written as

θl(s)
Ea(s)

=
K

s(T s+1)
(5.4)

where
K =

1
AKm
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and
T =

RaJeq

(AKm)2

Equation 5.4 is the open loop transfer function of the experimental test-bed model without
friction consideration and output as position and input as voltage.
The PID controller for the test-bed was designed with specification and details as shown in
Appendix A. The transfer function of the PID controller is

A(s) =
Kps+Ki +Kds2

s
(5.5)

where Kp = 5.7517 is the proportional gain, Ki = 10 the integral gain, Kd = −0.0768 the
derivative gain.

5.3 Friction observer design

With both the velocity and position controller design completed, this section is focused with
the design of the friction observer for compensation of the friction non-linearities

5.3.1 Design concept

Consider a simple servo driven system represented as

Js2Y0(s) = u−Ff (5.6)

with J being the equivalent inertia of the system, Ff is the system friction, and u the control
signal, Y0(s) is the output of the servo-system.
For the particular case the output is angular position then Y0(s) = θo radians, or if the output
is angular velocity then Y0(s) =

ω0
s rad/sec. Generally, representation of the friction force

could be with any of the friction model structures reviewed in chapter 2 or the new proposed
model presented in chapter 3. However, for the design of the observer the proposed new
model is used with known parameters as identified in chapter 4.
thus

Jsω0(s) = u−Ff (5.7)

for velocity systems and
Js2

θo(s) = u−Ff (5.8)
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Fig. 5.1 The general structure for feedback model-based observer for friction control experi-
ments

for position systems.
The design objective is the elimination of the unwanted system friction represented as Ff . One
simple way of accomplishing this is to modify the control law by introducing an estimation
of the system friction in the control law such that

umod = u+ F̂f (5.9)

where F̂f is the estimated friction from an observer and umod the modified control law. So
equation ( 5.6) becomes

Js2Y0(s) = umod −Ff (5.10)

substituting (5.9)
Js2Y0(s) = u− F̃ (5.11)

with
F̃ = Ff − F̂f

where F̃ is the estimation error, the error between the true system friction Ff and the estimated
friction F̂f .
Since it is usually not possible to measure the internal state (z) of the system needed to
evaluate the friction, an estimate of this is thus sought via an observer and this is used to
obtain an estimation of the friction F̂f present in the system. A friction observer is therefore
designed for the estimation of the internal state and subsequently friction in the system.
The general structure of the observer based friction compensation scheme, using a feedback
model-based compensation technique is shown in figure 5.1. Similar to the proposed friction
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model, governing equations for the non-linear friction observer are given as

˙̂γ =
g(v)− γ̂

τ
− ke (5.12)

˙̂z =
1
σ
(sat(γ̂,Fhyst(ẑ))−Fhyst(ẑ))− ke (5.13)

for the state variables γ and z estimates, and

F̂f = Fhyst(ẑ)+σ ˙̂z+ f v (5.14)

for the estimated friction. Recall that the proposed friction model presented in chapter 3,
equations 3.3, 3.4, and 3.5 with state equations

γ̇ =
g(v)− γ

τ
(5.15)

and
ż =

1
σ
(sat(γ,Fhyst(z)+σv)−Fhyst(z)) (5.16)

and the equation for friction force

Ff = Fhyst(z)+σ ż+ f v (5.17)

Therefore, the differences between the observer equations and the model equations are

˙̃z = ż− ˙̂z (5.18)

˙̃γ = γ̇ − ˙̂γ (5.19)

F̃ = Ff − F̂f (5.20)

yielding respectively
˙̃z =

1
σ
(sat(γ̃,Fhyst(z̃))−Fhyst(z̃))+ ke (5.21)

˙̃γ =
γ̃

τ
+ ke (5.22)

F̃ = Fhyst(z̃)+σ ˙̃z (5.23)

Hence equations 5.21, 5.22 and 5.23 are known as the equations of the observer error.
Dissipativity of the observer error:
The dissipative properties of the proposed friction model structure equations 3.3, 3.4, and 3.5
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was established in chapter 3. The dissipativity properties of the designed observer with e as
input and F̃ as output; both in it’s states and the output friction torque is now established.
This is necessary for establishing system stability since the system would then be considered
as operators which map the input to the output. First the dissipativity of the map between the
control error e and the observer error F̃ is established.
Property 1
The map ϑ : e 7→ F̃ is dissipative with respect to a Lyapunov function defined as V =∫ z̃

0 Fhyst(τ)dτ with a derivative in the state’s trajectory as V̇ = Fhyst(z̃) ˙̃z.
Proof
From equations 5.21, 5.22, and 5.23

F̃e = (Fhyst(z̃)+σ ˙̃z)e (5.24)

from equation 5.21

e =
1
k
( ˙̃z− 1

σ
(sat(γ̃,Fhyst(z̃))−Fhyst(z̃))) (5.25)

thus
F̃e = (Fhyst(z̃)+σ ˙̃z)

1
k
( ˙̃z− 1

σ
(sat(γ̃,Fhyst(z̃))−Fhyst(z̃))) (5.26)

leading to

F̃e =
1
k
[σ ˙̃z2 +Fhyst(z̃) ˙̃z] (5.27)

for the stick regime,
and

F̃e =
1

σk
[2σFhyst(z̃) ˙̃z+(σ ˙̃z− γ̃)σ ˙̃z+Fhyst(z̃)(Fhyst(z̃)− γ̃)] (5.28)

for the slip regime.
Given that the second and third terms of eqn.5.28 are each ≥ 0
therefore,

F̃e ≥ V̇ (5.29)

for both regimes.
Next we investigate the dissipativity of the states z̃ and γ̃ as follows;
Property 2
Given the map θ : e 7−→ γ̃ , the objective is to show that the input-state (γ̃) is dissipative with
respect to a certain positive definite Lyapunov function V = 1

2k γ̃2 whose derivative in the
state’s trajectory is V̇ = 1

k γ̃ ˙̃γ .
Proof
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with
˙̃γ =

γ̃

τ
+ ke (5.30)

then

γ̃e = γ̃

(
˙̃γ − γ̃

τ

)
1
k

(5.31)

yielding

γ̃e =
1
kτ

( ˙̃γγ̃τ + γ̃
2) (5.32)

that is
γ̃e =

1
k

˙̃γγ̃ +
1
kτ

γ̃
2 (5.33)

such that
γ̃e ≥ V̇ (5.34)

Since γ̃2 ≥ 0 ∀k,τ ≥ 0.
Property 3
The map θ : e 7−→ z̃ is also dissipative with respect to the Lyapunov function V = 1

2k z̃2,
whose derivative in the state’s trajectory is V̇ = k z̃ ˙̃z.
Proof
We evaluate

z̃e =
1
k
( ˙̃z− 1

σ
(sat(γ̃,Fhyst(z̃))−Fhyst(z̃)))z̃ (5.35)

to yield

z̃e =
1

kσ
(sat(γ̃,Fhyst(z̃))−Fhyst(z̃))z̃+

˙̃zz̃
k

(5.36)

thus

z̃e =
˙̃zz̃
k
≥ V̇ (5.37)

for the stick regime, and

z̃e =
1

kσ
(Fhyst(z̃)z̃− γ̃ z̃)+

z̃ ˙̃z
k

(5.38)

for the slip regime.
But during slip

σ ˙̃z = γ̃ −Fhyst(z̃)

therefore
z̃e =

2
k

z̃ ˙̃z ≥ V̇ (5.39)

Hence
z̃e ≥ V̇
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for both regimes.
From the foregoing, the dissipativity properties of the observer has been demonstrated, this
property of the observer is important as will be seen shortly in stability analysis and design
of adequate control system.

5.3.2 Observer design for velocity control

In this section a friction observer was designed for the estimation of system friction. This
friction observer is based on the proposed friction model of chapter 3 and also the linear
plant (experimental test-bed) model. Defining the control signal u for the system of equation
5.6, to be of the form

u =−A(s)E(s)+B(s)ωr(s) (5.40)

Then a modified control law for the system becomes as in 5.9

umod =−A(s)E(s)+B(s)ωr(s)+ F̂f (s) (5.41)

with A(s) the transfer function of a linear controller, E(s) is the error, the reference velocity
ωr is assumed to be differentiable, output velocity ωo, B(s) is the reciprocal of the input-
output transfer function of the linear model of the process. Thus B(s) is Js for velocity
output.
Therefore u is a parallel combination of two linear controllers with B(s) pre-determined from
the given process dynamics and A(s) chosen to meet certain design criteria outlined earlier.
It should however be pointed out that the function B(s) was put to increase error rejection as
explained in section 2.3 and the system could also achieve specified performance index in
the absence of B(s). The structure adopted for the observer based compensation is as shown
in figure 5.2. The error signal is taken as

E(s) = ωo −ωr

Putting equation 5.41 into 5.10 leads to

Jsωo(s) =−A(s)E(s)+B(s)ωr(s)− F̃(s) (5.42)

with B(s)ωr(s) = Jsωr(s)
therefore

Jsω0(s)− Jsωr(s) =−A(s)E(s)− F̃(s) (5.43)
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Fig. 5.2 The structure of an observer based friction compensation for velocity control
simulations

JsE(s)+A(s)E(s) =−F̃(s) (5.44)

Hence
E(s) =

1
Js+A(s)

(−F̃(s)) (5.45)

and defining

G(s) =
1

Js+A(s)
(5.46)

then
E(s) =−G(s)F̃(s) (5.47)

Substituting equation 5.3 into equation 5.46 yields

G(s) =
Tis+ γ

Js(TIs+ γ)+Kp(Tis+1)
(5.48)

the order difference of eqn. 5.48 is clearly 1 and on further testing it was shown to exhibit
the strictly positive real (SPR) characteristics listed below. This implies that the transfer
function G(s) (5.48) is Strictly Positive Real (SPR). A system, such as G(s) is SPR if the
following conditions are satisfied [111];

1. G(s) is Hurwitz

2. G( jω)+GT (− jω)> 0, ∀ω ∈ ℜ

3. G(∞)+GT (∞)> 0

THEOREM 5.1
Given the simple servo system of 5.7, with G(s) SPR, with the friction model equations 5.15,
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5.16 and 5.17, the observer equations 5.12, 5.13, and 5.14 together with the control law 5.41,
the observation error F̃ and the control error E(s) will each asymptotically tend to zero, with
bounded states. Such a system is said to be globally asymptotically stable as the control error
converges to zero as well as the estimation error.
Proof:
Consider a state space representation of the single input single output system G(s) as

ε̇ = Aε +B(−F̃) (5.49)

e =Cε (5.50)

where ε is the state, F̃ the input (friction), and e is the output (error). Given that G(s) is
Strictly Positive Real (SPR) then from Kalman-Yakubovich’s Lemma [111], there exists a set
of matrices P and Q with the following properties P = PT > 0 and Q = QT > 0 such that

AT P+PA =−Q (5.51)

PB =CT (5.52)

Following a similar argument in [109], a Lyapunov function V that is radially unbounded in
the states ε and z̃ is chosen such that

V = ε
T Pε +

4
k

∫ z̃

0
Fhyst(τ̃)dτ (5.53)

then the derivative is
V̇ = ε

T (P+PT )ε̇ +
4
k

Fhyst(z̃) ˙̃z (5.54)

Re-arranging leads to

V̇ = ε
T Pε̇ + ε

T PT
ε̇ +

4
k

Fhyst(z̃) ˙̃z (5.55)

substituting eqn. 5.49 yields

V̇ = ε
T P(Aε −B(F̃))+ ε

T PT (Aε −B(F̃))+
4
k

Fhyst(z̃) ˙̃z (5.56)

on expanding

V̇ = ε
T PAε − ε

T PB(F̃)+ ε
T PT Aε − ε

T PT B(F̃)+
4
k

Fhyst(z̃) ˙̃z (5.57)
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Factorizing the above gives

V̇ = ε
T (PA+PT A)ε − ε

T (PB+PT B)F̃ +
4
k

Fhyst(z̃) ˙̃z (5.58)

From eqns. 5.51 and 5.52,
PA+PT A = Q and PB =CT

thus
V̇ =−ε

T Qε −2eF̃ +
4
k

Fhyst(z̃) ˙̃z (5.59)

Recall that eF̃ was earlier obtained in eqn. 5.28,
therefore,

V̇ =−ε
T Qε − 2

σk

(
Fhyst(z̃)(Fhyst(z̃)− γ̃)+σ ˙̃z( ˙̃z− γ̃)

)
(5.60)

Since the terms in the parenthesis are positive then equation 5.60 clearly shows a non-
increasing function (i.e the negative semi-definiteness of the derivative of the Lyapunov
function V ). This with the earlier condition that V is radially unbounded ensures the states
are bounded also. From observation it is easily seen that this is an interconnection of a linear
SPR function (G(s)) and a dissipative function whose output is F̃ . Such systems are known
to exhibit asymptotic stability. Thus the condition that the transfer function G(s) is SPR
and the passivity of the observer ensures the convergence of the control error e → 0 and the
estimation error F̃ → 0.

5.3.3 Observer design for position control

Next, the design of the position observer is discussed.
Consider a control signal u for the position control of the system of equation 5.6 of the form

u =−A(s)E(s) (5.61)

Then the modified control signal eqn. 5.9 for the system becomes

umod =−A(s)E(s)+ F̂f (s) (5.62)

with A(s) the transfer function of a linear controller often of the PID type, E(s) is the error
between the desired reference signal θr, assumed to be twice differentiable and the actual
output signal θ0(s). Thus E(s) = θo −θr. B(s) is the reciprocal of the input output transfer
function of the linear model of the process. Thus B(s) is Js2 for the position output. For the
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Fig. 5.3 The structure of an observer based friction compensation for position control
simulations where F and F̂ are torque variables that depend on the angular velocity of the
plant

design of the position observer the figure 5.3 is adopted for some reasons to be explained
later. Putting equation 5.62 into 5.10

Jsθo(s) =−A(s)E(s)+B(s)θr(s)− F̃(s) (5.63)

with B(s) = Js2θr(s)
therefore

Js2
θo(s)− Jsθr(s) =−A(s)E(s)− F̃(s) (5.64)

− Js2E(s)+A(s)E(s) =−F̃(s) (5.65)

Hence
E(s) =

1
Js2 +A(s)

(−F̃(s)) (5.66)

and define
G(s) =

1
Js2 +A(s)

(5.67)

then
E(s) =−G(s)F̃(s) (5.68)

From the above equation it is not feasible to find a transfer function A(s) such that G(s) is
Strictly Positive Real (SPR). This is because the difference in the order of denominator and
numerator must be 0 or 1, but in this case it is 2.
However, it is possible to find some functions of A(s) such that the function G(s) is asymp-
totically stable in the neighbourhood of the equilibrium. For this we seek A(s) such that G(s)
is; positive real (PR), has no poles on the imaginary axis and Re[G(iω)] > 0. For such a
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system, the error E(s)→ 0 and all other states remain bounded. Such PR functions allow the
use of pure integrators as A(s).
THEOREM 5.2
Assuming the system given as equation 5.8 with the friction force of equations 5.15, 5.16
and 5.17, the observer equations 5.12, 5.13, and 5.14 together with the control law 5.63, if
the closed loop transfer function G(s) equation 5.67 is PR, has no poles on the imaginary
axis and Re(G(iω))> 0 for ω > 0, then such system is said to be globally asymptotically
stable so that the error e −→ 0 and the states are bounded.
Proof
If we chose a State Space representation of G(s) as

ε̇ = Aε +B(−F̃) (5.69)

e =Cε (5.70)

There exists a set of matrices P, L and W with the following properties

P = PT > 0

AT P+PA =−LT L

PB =CT −LTW

and
W TW = D+DT

Therefore introducing a Lyapunov function V that is radially unbounded in the states ε and z̃
such that

V = ε
T Pε +

4
k

∫ z̃

0
Fhyst(τ̃)dτ (5.71)

then the derivative is

V̇ = ε
T (AT P+PA)ε −2ε

T PBF̃ +
4
k

Fhyst(z̃) ˙̃z (5.72)

V̇ =−ε
T LT Lε −2ε

TCT F̃ +
4
k

Fhyst(z̃) ˙̃z (5.73)

then
V̇ =−ε

T LT Lε −2eF̃ +
4
k

Fhyst(z̃) ˙̃z (5.74)
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substituting eF̃ , equation 5.28 into 5.74 yields

V̇ =−ε
T LT Lε − 2

σk
[Fhyst(z̃)(Fhyst(z̃)− γ̃)+σ ˙̃z( ˙̃z− γ̃)] (5.75)

therefore
V̇ ≤ 0 (5.76)

holds true since the terms in the parenthesis are always positive then equation 5.75 clearly
shows a non-increasing function (i.e the negative semi-definiteness of the derivative of the
Lyapunov function V ). This with the earlier condition that V is radially unbounded ensures
the states are bounded also. However, the asymptotic stability could not be ascertained. La
Salle’s theorem is now applied to proof this and also the convergence of the control error to
zero (e −→ 0) and the estimation error to zero (F̃ −→ 0). The condition that equation 5.75
is zero, that is

V̇ = 0

is possible only if the following are satisfied

1. Lε = 0

2. Fhyst(z̃)(Fhyst(z̃)− γ̃) = 0, and

3. σ ˙̃z( ˙̃z− γ̃) = 0

Thus when z̃ = 0 then from 5.22 the estimation error F̃ = 0 and the control error E(s) = 0
from eqn. 5.68 implying that G(s) is asymptotically stable.
The design of the PID controller A(s) in section 5.2 is such that this condition of positive
real is satisfied with

A(s) =
Kps+Ki +Kds2

s

5.4 Observer based friction compensation implementation

In this section the feedback model-based observer compensators designed in the previous
section are used for the purposes of both velocity and position control of simple system
subject to the friction influence. Some of the relevant friction model structures were used as
well as the new model presented for the purposes of performance comparisons and analysis.
This simulation analysis served as a test of the suitability of the compensator to perform
within acceptable design specifications.
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5.4.1 Velocity control example

To illustrate the ability of model-based friction compensation, consider the servo system
given as

Jsωo = u−Ff

where J is the inertia of the system, ωo the output velocity, u the control command and Ff

system friction modelled by the proposed friction model. Given the absence of an input
velocity (i.e ωr = 0), though the system is subjected to a disturbance velocity signal as shown
in the figure 5.4. Thus the system output velocity is ωo ̸= 0. Since the reference velocity is
zero, the objective is to eliminate the error between input reference ωr and the response ωo

so as to make ωo −→ 0. The choice for the nature of the disturbance signal was informed
by the fact that friction is most disturbing near-zero velocities and velocity reversals. As
such the disturbance signal is chosen to be low enough with many reversal velocities. To
capture the capability of the proposed, and other friction model structures to compensate
friction effects in this region, a disturbance signal of the form shown in figure 5.4 was used
as suggested in [109]. This disturbance signal was obtained by passing a white noise signal
with zero mean and deviation of unity through a filter H(s) of the form

H(s) =
1
40

s2

(s+0.2)4 (5.77)

For the control implementation of the observer based feedback control system shown as
figure 5.5, the values of the linear controller are P = 4 and I = 16. The parameter values
of the proposed model used for the simulation are; Fs = 0.33, Fc = 0.28, vs = 0.01, σ = 60,
τ = 0.002, Zb = 0.001, and fv = 0.0176. First a PI-control implementation in the absence of
friction was performed and the results illustrated in figure 5.6, while figure 5.7 captured the
linear controller implementation in the presence of friction. From these two figures it is clear
that friction effects on the system is more pronounced in the near zero and velocity reversals
and this rendered the linear PI controller inadequate for high precision velocity systems
control. The error measure was more pronounced around zero velocities as compared with
the case of no friction. As a measure of the effectiveness of the control scheme, mean square
error (mse) and the maximum error values were used. For all the velocity control schemes
studied these two measures were obtained and presented in table 5.1.

Subsequently, the proposed model observer was introduced as shown in the figure
5.5 to provide added control for the non-linear friction and the results shown in figure
5.8, while the mse and maximum error values are in table 5.1. In the same token LuGre
model-based observer, GMS model-based observer and Xiong model-based observer were
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Fig. 5.4 A disturbance signal used for the velocity control simulations

Fig. 5.5 Block diagram of the observer-based friction compensator for the velocity control
simulation example



180 Friction Compensation and Control

Fig. 5.6 Linear controller performance in the absence of friction: top- Disturbance (red), and
output (blue) velocities, middle- The control error signal, and bottom- The PI control signal

implemented and the results of the various control schemes shown in figures 5.9, 5.10, and
5.11 respectively. Their respective mses’ and maximum errors were presented in the table 5.1.
The parameters for the LuGre model-based observer used for the simulation are: Fs = 0.33,
Fc = 0.28, vs = 0.01, σ1 = 20, σ0 = 1000, and fv = 0.0176. For the GMS model-based
observer using 4 slip elements: Fs = 0.33, Fc = 0.28, vs = 0.01, σ0i = 25, σ1i = 0.0015,
Ci = 0.025, fv = 0.0176, and αi = 0.25. The parameters for the Xiong model-based observer
with 4 slip elements are: Fs = 0.33, Fc = 0.28, vs = 0.01, Ki = 2.5, σi = 1.5, fv = 0.0176,
and λi = 0.25, and τ = 0.002. From the table 5.1 it is shown that with the proposed model,

Table 5.1 Performance indices for the various control schemes studied under velocity control

Controller type mse (x10−6) Maximum error (x10−4)
PI no Friction 1.7187 47

PI with Friction 101.42 543
proposed model observer 1.0855 25

LuGre model observer 1.3738 47
GMS model observer 1.6553 50
Xiong model observer 1.6322 48
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Fig. 5.7 Linear controller performance in the presence of friction: top- Disturbance (red),
and output (blue) velocities, mid-upper- The error signal showing increased error due to
friction, mid-lower- The system friction, and bottom- The PI control signal
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Fig. 5.8 Observer based velocity control of a system subject to friction using the proposed
model: top- Disturbance ’red’, and output ’blue’ velocities,mid-upper- The error signal
showing increased error due to friction, mid-lower- The system friction ’red’ and estimate
friction ’blue’, and bottom- The linear control signal’blue’ and the modified control law
’red’
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Fig. 5.9 Observer based velocity control of a system subject to friction using the LuGre
model: top- Disturbance ’red’, and output ’blue’ velocities, mid-upper- The error signal
showing increased error due to friction, mid-lower- The system friction ’red’ and estimate
friction ’blue’, and bottom- The linear control signal’blue’ and the modified control law
’red’
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Fig. 5.10 Observer based velocity control of a system subject to friction using the GMS
model: top- Disturbance ’red’, and output ’blue’ velocities, mid-upper- The error signal
showing increased error due to friction, mid-lower- The system friction ’red’ and estimate
friction ’blue’, and bottom- The linear control signal’blue’ and the modified control law
’red’
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Fig. 5.11 Observer based velocity control of a system subject to friction using the Xiong
model: top- Disturbance ’red’, and output ’blue’ velocities, mid-upper- The error signal
showing increased error due to friction, mid-lower- The system friction ’red’ and estimate
friction ’blue’, and bottom- The linear control signal’blue’ and the modified control law
’red’
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the compensator scheme was able to reduce the error originating from frictional effects in
the system as indicated by the lowest value of the maximum error recorded. As such the
performance order of the model-based observers investigated here showed the proposed
model performance for the chosen reference signal to be better. This closely followed by the
LuGre, Xiong and GMS models in that order.
Next was a look at using the same concept for position control of a system under the influence
of friction.

5.4.2 Position control example

The position control scheme example is shown in figure1 5.12. Consider the simple system
subjected to a step input position and the objective is to ensure the error E(s) between output
position θo and reference position θr is as small as possible. First a simple PID controller
was implemented with the following parameter values: P = 0.1, I = 0.4, and D = 0.05 and
the results obtained both for the cases of no friction and that with friction are shown in
figures 5.13 and 5.14 respectively. The process friction was modelled using the proposed
friction model. From these figures, position control was effectively accomplished with a
simple PID feedback controller in the absence of friction, see figure 5.13. On the other-hand,
introduction of friction into the system complicated and posed a challenge which the simple
PID controller could not handle, see figures 5.14 effectively. In other to confront this an
observer based position controller designed in the previous section was implemented for
a step input reference (basic changes has to do with the PID parameters, but the structure
remains the same). For the observer based schemes, the various models of friction (proposed,
LuGre, GMS and Xiong) were used for the observer implementation as in the figure 5.12.
The results of the position control as a result of the new observer based compensators with
the proposed, LuGre, GMS, and the Xiong models respectively are shown as figures 5.15,
5.16, 5.17, and 5.18. The various mse and maximum errors presented also in table 5.2.
The observer based compensators generally were shown to remarkably improve the system
performance by reducing the friction induced error. All the systems under study showed
better performance than the case of the simple linear controller, with the proposed model
exhibiting the best compensatory qualities as regards to the friction phenomenon.

5.5 Analysis of simulation results

In this section an analysis of the simulation results is carried out with a view to understanding
the general behaviour of the proposed model and some others as it relates to velocity and
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Fig. 5.12 Block diagram of the observer-based friction compensator for the position control
simulation example

Fig. 5.13 Linear controller position control performance in the absence of friction: top-
Reference input ’red’, and output response ’blue’ positions, middle- The velocity signal, and
bottom- The PID control signal
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Fig. 5.14 Linear controller position control performance in the presence of friction: top-
Reference input (green), and output response (red) positions, mid-upper- The velocity signal
showing limit cycle prediction, mid-lower- The friction predicted and bottom- The PID
control signal
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Fig. 5.15 Position control of a system subject to friction using the proposed model as observer:
top- Reference input ’green’, and output response ’red’ positions, mid-upper- The velocity
signal, mid-lower- The friction forces (both estimated and predicted and bottom- The PID
’blue’ and modified ’red’ control signals
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Fig. 5.16 Position control of a system subject to friction using the LuGre model as observer:
top- Reference input ’green’, and output response ’red’ positions, mid-upper- The velocity
signal, mid-lower- The friction forces (both estimated and predicted and bottom- The PID
’blue’ and modified ’red’ control signals
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Fig. 5.17 Position control of a system subject to friction using the GMS model as observer:
top- Reference input ’green’, and output response ’red’ positions, mid-upper- The velocity
signal, mid-lower- The friction forces (both estimated and predicted and bottom- The PID
’blue’ and modified ’red’ control signals
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Fig. 5.18 Position control of a system subject to friction using the Xiong model as observer:
top- Reference input ’green’, and output response ’red’ positions, mid-upper- The velocity
signal, mid-lower- The friction forces (both estimated and predicted and bottom- The PID
’blue’ and modified ’red’ control signals
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Table 5.2 Performance indices for the various control schemes studied under position control

Controller type mse (x10−4)
PI no Friction 67

PI with Friction 441
proposed model observer 30

LuGre model observer 41
GMS model observer 44
Xiong model observer 65

position control. The performance the observer in compensating the friction phenomena for
the velocity and position control systems studied is also investigated hereunder.

5.5.1 Velocity control

A low velocity signal used for the simulation was necessary so as to capture the effects of
friction non-linearity especially at low velocities and reversals. From the simulation results of
figure 5.6, the linear controller implementation was effective for the system velocity control
as the controlled error result showed. This is typical of linear control in the absence of
friction. The control of systems with friction is most problematic in the low and reversal
velocity regions and as such linear controllers are not effective when used as stand alone
controllers for non-linear systems involving these velocity regions. This scenario was shown
in figure 5.7 where the introduction of friction non-linearity to the system rendered the
otherwise appropriate linear controller inefficient for velocity control. This deterioration in
the control as measured by the mse and maximum error is of a unit order (10 times worse)
than the case for no friction. The control law also was shown to increase by a factor of
about 10 and the system friction as modelled by the proposed model is shown also. With
a model-based friction observer to compensate friction non-linearities incorporated in the
control loop of figure 5.5, improvements are easily observed. From the results of figure 5.8
the controlled error was seen to be well below the error obtained for the cases of no friction
of figure 5.6 and simple linear controller in the presence of friction figure 5.7. The control
signal needed to achieve this improved control is quite small also. The error reduction of the
model-based observer compensation (with proposed model) was about 2 times better than
the no friction compensated control and 20 times better than with friction. Using the LuGre
model-based observer of figure 5.9 good performance of the control scheme is observed and
the error improvement against the no friction control and no model observer compensation
was about the same and 10 times respectively for both scenarios. The performance of the
GMS and Xiong models observer compensations were of the same order as the LuGre
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model and generally showed improvement over the conventional linear controller. It should
be noted that the improvement of the model-based compensation strategy over the simple
control even in the case of no friction suggests the capability of model-based compensators
to improve linear system performance also. Low velocities and reversal point velocities
control measures of the compensators from the various performance results of figures 5.6
to 5.11 indicate the ability of the observer based compensation approach to be superior to
the velocity control schemes based only on the linear controller. A critical look at the error
results in the relevant figures and tables also indicate that the performance improvement
of the observer based compensation to be mostly in the low and reversal velocities where
friction is mostly non-linear. Among the various model-based observers investigated namely
the proposed, LuGre, GMS and Xiong models, index results suggests that better control
performance (velocity regulation) was achieved with the proposed model observer than the
others. This was followed closely by the LuGre, Xiong and GMS models in the order. These
measures of performance of the various control schemes namely the mean square error (mse)
and maximum error are published in table 5.1.

5.5.2 Position control

Position control simulation results for the system of figure 5.12 performed using the linear
(PID) controller show good performance of the control approach given that the position
error in the steady state is effectively reduce to zero as also indicated by the velocity and the
control signal required for optimal system performance figure 5.13. This results suggests that
linear controller are generally appropriate for control of systems without any non-linearities
such as friction. On introduction of friction as modelled by the proposed model, the system
performance of the control scheme, see figure 5.14 indicates the presence of limit cycle
oscillations. This limit cycle oscillation is as a result of the integral action of linear controller.
Thus the output position ’never’ settles on the reference but rather oscillates around it in a
periodic manner. With model-based friction observer integrated into the control loop as shown
in the figure 5.12, performance improvements were obtained suggesting the elimination or
reduction of the limit cycle oscillations. Performance of the observer compensation based
on the proposed model is shown in figure 5.15, the output position tracks the reference
position with zero error in the steady state, Settling time was also seen to have reduced as
well as the maximum overshoot when compared with the performance of figure 5.13. The
observer friction force and system friction appear the same and move between the positive
and negative stiction values. The performance index of the proposed model suggests mse
of 2 times better than the linear controller without friction and 15 times better than the case
with friction.
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Implementation of LuGre model-based friction observer compensation performance for
the control of position is shown in figure 5.16. Close observation indicate similarities with the
proposed model observer with position error of zero in the steady state, and the observer and
system frictions being the same. The LuGre based approach showed improved performance
of 1.5 times better than the case of ordinary linear controller without friction and 10 times
the case with friction present. In the same manner GMS based observer performance of
figure 5.17 shows an improvement in the range of the LuGre against the linear controller
implementations, while the performance of the Xiong model-based friction observer has
compatible results like the case of linear controller implementation in the absence of friction,
see figure 5.17.

Therefore position control simulation results of a step reference position indicates that the
observer based control to be superior to the stand alone linear (PID) controllers in handling
position control of systems with possible frictional non-linearity. Among the various model-
based observers investigated namely the proposed, LuGre, GMS and Xiong models, index
results suggests better control performance was achieved with the proposed model observer
than others. This was followed closely by the LuGre, GMS and Xiong models in the order.
The index used as performance measure is the mse shown in table 5.2. The behaviour of
the GMS model-based compensation was different qualitatively to the rest in that there is a
presence of bias friction force (about -0.2 N-m) at zero error and no or zero velocity.

5.5.3 Comments on results

In general it is also worth noting that the capability of the model-based friction compensation
approach is based on the assumption of a perfect knowledge of the system friction structure
and parameters. However, deviations do exist between the real system friction and model,
and also between real friction parameters and those of the model used for their compensation
design. Discrepancies arising from these give rise to model structure uncertainties and
parameter uncertainties respectively and often lead to deterioration of the performance of
model-based observers for friction compensation and control. Over-compensation and under-
compensation are possible problems that could arise due to this mis-match between the
system friction parameters (Fs and Fc) and the modelled friction parameters (F̂s and F̂c) used
for observer design. To overcome such problems associated with such errors adaptive friction
compensation using models that easily update themselves on-line and use the updates to
adapt to the system friction, see section 2.5.2 for more details. This is due to the fact that it is
often difficult to perfectly identify these parameters, and also their variations in response to
varying operating conditions. It would really be interesting to investigate the effects of the
variations of other parameters of the proposed model structure (apart from the Coulomb and
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static friction parameters) on the performance of the model-based observer compensation
technique. For the proposed friction model, such parameters are; the micro-damping σ , the
Stribeck velocity vs, the pre-sliding breakaway displacement Zb, and the viscous friction
coefficient fv.

5.6 Chapter summary

Compensation of friction in real systems is difficult to achieve due mainly to the nature
of friction. A combination of the traditional PID based linear controller (for stability and
error reduction), and a model-based friction observer (for the estimation of system friction)
adopted for compensation and control is termed observer-based friction compensation scheme.
The model-based friction compensation method used in this thesis is based on the general
feedback principle. In this chapter an observer-based friction compensation and control
strategy was designed and implemented. The design was a two part process: First, the
linear controller design using the proportional + lag compensator for the velocity control,
and a PID linear controller for position control meeting design specifications as highlighted
was achieved to ensure appropriate controller performance. Second, a model-based friction
observer utilising the proposed model for the estimation of the observed friction has been
designed both for velocity and position control. The implementation of the observer based
friction compensator designed for velocity and position control was performed and results
obtained analysed. Performance of the observer based compensation using other models of
friction was also obtained and analysed. From the analysis it was shown that performance
improvements were guaranteed by the observer based compensation scheme against the
traditional linear controllers. These linear controllers as a stand alone were also shown
to have appropriate performance results in the absence of friction but deteriorates in the
presence of friction.

The accuracy of model-based friction compensation techniques is strongly dependent
on the choice of an adequate friction models and it’s parameters as demonstrated by the
simulations. Inaccuracies arising from mis-match in these parameters can lead to issues of
over-compensation and under-compensation which are capable of rendering the behaviour
of the observer based compensator inferior to the linear controllers. Based on the reference
signals used and the results obtained, the proposed model showed strong improvement over
the other models compared as indicated by used metrics.
Since parameter variations affecting friction requires that friction parameters adapt to these
changes there is need for adaptation of the model and design and implementation of such
adaptive controllers. In the next chapter these compensators would be incorporated into
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the laboratory test-bed for the purposes of real time friction compensation control and their
performance studied.





Chapter 6

Friction Compensation Experiments and
Analysis

6.1 Introduction

In the preceding chapter a model-based friction observer (that uses the proposed friction
model) was designed for the compensation and control of systems with friction with par-
ticular emphasis given to the laboratory test-bed earlier designed in chapter 4. Friction
compensation and control is one core area of applications of system models. As such the
new friction model presented in this research should be able to meet control objectives.
Simulation analysis of the designed observer based friction compensator (using the new
friction model presented) was performed in the previous chapter and was compared with
some observer based compensators (using other models such as the LuGre, GMS, and Xiong
friction models) and the results of the analysis demonstrated the effectiveness of the observer
based compensator with the new friction model over the others especially in the pre-slide
regime of friction.

In this chapter the focus is on the implementation of the model-based friction observer for
the purposes of friction compensation and control of the laboratory test-bed. Both velocity
and position control experiments would be carried out to demonstrate the effectiveness or
otherwise of the new model-based friction observer for compensation and control. Tracking
and regulation control experiments would be performed for both the velocity and posi-
tion schemes. In the same vain experimental comparison of the performance of the other
model-based observers as carried out for the simulation analysis of chapter 4 would also be
implemented for the purposes of comparing the performance of the various compensators.
Finally a simulation of the observer based compensation of the test-bed would be performed
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and the results compared with actual experimental results so obtained. The layout of the
chapter is as follows; In section 6.2 set-up of the experiment, model parameters used for
the experimental implementation of friction compensation and control of the test-bed are
discussed while velocity control experiments were performed on the test-bed and subsequent
analysis of the experimental results in section 6.3. Position control experiments and result
analysis were discussed separately in section 6.4. Section 6.5 presented velocity and position
control simulations conducted on the test-bed. Analysis of both simulation and experimental
results of velocity and position control were done in section 6.6. Chapter conclusions are
contained in section 6.7.

6.2 Friction compensation implementation on the test-bed

In this section an explanation of the experimental set-up for the performance of the various
friction compensation and control experiments on the test-bed is given. Model parameters
used for the for friction estimation by the various friction observers are also explained.

6.2.1 Experimental set-up

The set-up of the laboratory friction test-bed is as shown in figure 4.1 of chapter 4, and it
consists of an SRV-02 rotary servo in the high gear ratio driving a load through an external
gear system. Friction occurs in the motor shaft, gear system, and the load-discs in the system,
with the friction between load-discs being larger than the others. A data acquisition card is
used as interface between the hardware (friction test-bed) and the MATLAB/SIMULINK
software used to drive the system running on a PC with quarc software as an interface
between the software and the hardware. The SIMULINK block diagram representation
of the system with the hardware in the loop (the actual system) is represented in figure
6.1. The quadrature encoder reads the angular position of the load while the tachometer
measures the motor angular speed. The SIMULINK provide a platform for command inputs
and implementation of control strategies on the test-bed. A universal power supply module
supplies dc power to drive the motor, while another dc source is used to power the torque
sensor. During rotation the torque between the load-disc and the disc attached to the output
shaft of the gear is measured by the sensor attached to the fixed load-disc.

Real time position and velocity control experiments were then carried out first using
varying position and velocity inputs and also constant position and velocity inputs with the
controllers and observers designed in the previous chapter. For the velocity and position
control simulations, a model structure for the test-bed derived in chapter 4 with the friction
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Fig. 6.1 The SIMULINK-hardware-in-the-loop of the friction test bed for real time control

modelled as a linear function of the velocity Beqv was used. This expression for friction
would then be replaced by the non-linear friction model presented in chapter 3. Series of
simulations for position and velocity control were carried out on the test-bed model structure
using MATLAB/SIMULINK software.

Both tracking and regulation control tasks were investigated with the test-bed, the pa-
rameters of the friction models used are as obtained from the parameter identification in
chapter 4. However after some series of experiments performed, the micro-damping pa-
rameter σ1 estimated values seemed to negatively affect the results obtained. On adjusting
to a lower value of this parameter and from experimental investigation a value different
from the identified values was seen to yield better results and this value was adopted for the
experiment. The viscous friction coefficient had the same effect and was later adjusted to fit
experimental observations. The possible reasons for these deviations would be explained
later in the chapter. So a harmonised model parameter values (for the micro-damping and
viscous friction coefficient parameters) for the experimental investigations on the laboratory
friction test-bed was used for the entire experiments in this chapter along-side the tables of
parameter estimates for the various friction models in chapter 4 (tables 4.13, 4.14, 4.15 and
4.16). The adjusted parameter values are presented in table 6.1 below.

Table 6.1 The adjusted parameter values for the friction control experiments

Model Parameter Value
fv 0.00403

σ1i 0.0375, 0.0375, 0.0375, 0.0375
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Fig. 6.2 Velocity control implementation experiments for the laboratory test-bed

6.3 Velocity control experiments

Velocity control of systems with friction especially in the low velocity range has been
demonstrated to be more effective when a friction observer with adequate representation
of the system friction is used for the elimination of the friction non-linearity inherent
in the system. The experimental test-bed implementation of the observer based friction
compensation is shown in figure 6.2. The parameter values of the linear controller with the
transfer function A(s) is

A(s) = Kp
Tis+1

Tis+gamma
(6.1)

where Kp = 1.5136 is the proportional gain, and the second term the lag compensator with
parameters Ti = 0.0909 and γ = 0.0285. The plant inverse B(s) = 1/G(s) where G(s) is given
by eqn. 5.2. The condition for the plant inverse to be part of the control is for differentiable
input reference. Thus for the constant velocity regulation case this branch will be removed
since the differential of a constant is zero while for varying velocity the branch will be
included as in the tracking experiment. For the control schemes first a linear controller only
is implemented then a friction observer based on the proposed new model and finally friction
observer based on some other models for comparison of their performance. Velocity tracking
and regulation experiments performed would be discussed in the following subsections.
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6.3.1 Tracking experiment

For the velocity tracking and control experiments, a low amplitude, slowly varying sinusoidal
velocity reference signal was used on the system represented of figure 6.2. The aim of
the experiment is to track a given velocity trajectory with minimal error in the presence of
friction non-linearity. The observer design was based on the new friction model proposed in
this thesis and subsequently other friction models were implemented for comparison. The
metrics for comparing the effectiveness of the various model-based observers are the mean
square error (mse) and the maximum error values.

First and experimental implementation of the linear controller without any form of friction
compensation was performed and the result shown in figure 6.3. Second, the implementation
of the tracking experiment using the friction observer based on the proposed new model is
as shown in figure 6.4 and the other models namely the LuGre, GMS and Xiong models
are as shown in figures 6.5, 6.6, and 6.7 respectively, while their mse and maximum error
values are recorded in table 6.2. The friction torque in the system was measured by the toque
sensor attached to the output load, the velocity also measured by the tachometer. The process
was performed 5 times and the average measurements taken for each set of experiment. The
results were also filtered to reduce the effect of sensor noise.

Table 6.2 Index for velocity tracking experiment

Friction model mse value (x10−5) max. error (x10−4) Percent Improvement
PID only 1.8279 275 Reference

Proposed model 1.2806 239 13.1
LuGre model 1.3177 248 9.82
GMS model 1.4749 253 8
Xiong model 1.4384 249 9.45

6.3.2 Regulation experiment

The ability of the various model-based friction observers implemented for velocity regulation
to a specified constant reference input value such as a step input was investigated similar
to the tracking case. Since this involves a constant input signal velocity, the plant inverse
block will be eliminated for the constant velocity control experiment. A step input velocity
signal was used as reference with a magnitude of 1 rad/sec. The performance of the lin-
ear controller for velocity control is investigated followed by the various observer-based
controllers. Similar to the tracking experiment 5 experimental runs were carried out for
each control method implemented and their filtered average recorded. First the result of
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Fig. 6.3 A linear controller implementation result for velocity tracking of the test-bed showing:
top- The input (red) and output (green) velocities in (rad/sec), mid-upper- The velocity error
signal, mid-lower- The control signal input to the plant, and bottom- The friction torque in
(N-m)
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Fig. 6.4 A velocity tracking and control experiment with a model-based friction observer for
the test-bed with: top- The output ’green’ and reference ’red’ velocities, mid-upper- The
error signal, mid-lower- The control signal and bottom- The friction torques of the system
rig ’green’ and estimated by the observer ’red’
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Fig. 6.5 A velocity tracking and control experiment with a model-based friction observer for
the test-bed with: top- The output ’green’ and reference ’red’ velocities, mid-upper- The
error signal, mid-lower- The control signal and bottom- The friction torques of the system
’green’ and estimated by the observer ’red’
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Fig. 6.6 A velocity tracking and control experiment with a model-based friction observer for
the test-bed with: top- The output ’green’ and reference ’red’ velocities, mid-upper- The
error signal, mid-lower- the control signal and bottom- The friction torques of the system
’red’ and estimated by the observer ’green’
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Fig. 6.7 A velocity tracking and control experiment with a model-based friction observer for
the test-bed with: top- The output ’green’ and reference ’red’ velocities, mid-upper- The
error signal, mid-lower- the control signal and bottom- The friction torques of the system
’green’ and estimated by the observer ’red’
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experimental implementation of the linear controller for velocity control without any form of
friction compensation is presented in figure 6.8. Implementation of the velocity regulation
experiment using the friction observer based on the proposed model is as shown in figure 6.9,
and the other models namely the LuGre, GMS and Xiong models are as shown in figures
6.10, 6.11, and 6.12 respectively. Their respective error measures namely mse and maximum
error values are recorded in table 6.3.

Table 6.3 Index for the velocity regulation experiment

Friction model mse value (x10−4) max. error (x10−4) percent improvement
PID only 9.6548 5474 Reference

Proposed new model 9.4329 5432 0.77
LuGre model 9.4808 5438 0.66
GMS model 9.4554 5444 0.48
Xiong model 9.4757 5452 0.40

6.3.3 Analysis of results

The model-based friction compensation and control experiments performed on the test-bed
showed strong improvement over the case of linear controller only implementation both for
the tracking and regulation scenarios. Considering the friction models used for the friction
estimation of the observer in comparison with the linear controller case, from table 6.2,
the proposed new friction model-based observer showed good improvement over the linear
controller in the maximum error and the mse error for velocity tracking experiment. The
LuGre friction model performance against the linear controller in terms of the mse and
maximum error also showed some improvement. In the same vain, the GMS and Xiong
models performance improvement against the linear controller in terms of mse and maximum
error were good.

For the velocity regulation, performance indices also showed good improvement over the
linear controller in terms of mse and maximum error for the proposed new model observer,
the LuGre model observer. The GMS observer and the Xiong model observer recorded
improvement also over the linear controller table 6.3. These indices as captured in tables
6.2 and 6.3 showed that better regulation and tracking results for the specified low velocity
regimes was achieved using an additional observer for friction compensation. From these
tables also it is observed that the proposed new model showed superior performance in terms
of the mean square error (mse) and maximum error measures than the other observer based
control. The order of performance being; proposed new friction model, LuGre, GMS and
Xiong were closely matched.
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Fig. 6.8 A linear controller implementation result for velocity regulation of the test-bed
showing: top- The input (red) and output (green) velocities in (rad/sec), mid-upper- The
velocity error signal, mid-lower- The control signal input to the plant, and bottom- The
friction torque in (N-m)
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Fig. 6.9 A velocity regulation and control experiment with a model-based friction observer
for the test-bed with: top- Output ’red’, input ’green’, mid-upper- Error, mid-lower- The
control law and bottom- The friction torques; system ’green’, observer ’red’
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Fig. 6.10 A regulation tracking and control experiment with a model-based friction observer
for the test-bed with: top- Output ’red’, input ’green’, mid-upper- Error, mid-lower- The
control law and bottom- The friction torques; system ’green’, observer ’red’
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Fig. 6.11 A velocity regulation and control experiment with a model-based friction observer
for the test-bed with: top- Output ’red’, input ’green’, mid-upper- Error, mid-lower- The
control law and bottom- The friction torques; system ’green’, observer ’red’
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Fig. 6.12 A velocity regulation and control experiment with a model-based friction observer
for the test-bed with: top- Output ’red’, input ’green’, mid-upper- Error, mid-lower- The
control law and bottom- The friction torques; system ’green’, observer ’red’
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Fig. 6.13 Position control implementation experiment for the laboratory test-bed

6.4 Position control experiment

In this section position control experiments are conducted on the test-bed demonstrating
the performance of the various control schemes developed in the previous chapter, namely
the PID linear controller, and the various friction observers. The parameters of the linear
PID controller used for the position control experiment are Kp = 5.7517, Ki = 10, and
Kd =−0.0768, with Kp as the proportional gain of the controller, Ki the integral gain, and
Kd the derivative gain.
Thus the transfer function of the linear controller is

A(s) =
Kps+Ki +Kds2

s
(6.2)

The transfer function of the plant inverse is B(s) = 1/G(s) with G(s) as described in equation
5.4. The parameter values of the various friction observers are as presented in the respective
tables. The set-up for the implementation of the observer based friction compensation is
shown in figure 6.13. As with the velocity control, the plant inverse block assumes the input
position signal to be twice differentiable.

6.4.1 Tracking experiment

For the position tracking and control experiments, a slowly varying sinusoidal position
reference signal was used. The aim of the experiment is to demonstrate the superior per-
formance of the model-based friction compensation and control approach over the linear
controller method to track a given position trajectory with minimal error in the presence
of friction. The observer design was based on the friction model proposed in this thesis
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and subsequently other friction models were implemented for comparison. The metrics for
comparing the effectiveness of the various model-based observers are the mean square error
and the maximum error values.
First the experimental implementation of the linear controller without any form of friction
compensation was performed and the result shown in figure 6.14. Second, the implementation
of the tracking experiment using the friction observer based on the proposed friction model
is as shown in figure 6.15, and the other models namely the LuGre, GMS and Xiong models
shown in figures 6.16, 6.17, and 6.18 respectively while their mse and maximum error values
are recorded in table 6.4. The friction torque in the system was measured by the toque
sensor attached to the output load, the velocity also measured by the tachometer and position
obtained by integrating the velocity signal. The output of the encoder was recorded and
used to compare its relation with the tachometer output. The process was performed 5 times
and the average measurements taken for each set of experiment. The results were filtered to
reduce the effect of sensor noise.

Table 6.4 Index for position tracking experiment

Friction model mse value (x10−4) max. error (x10−4) Percent improvement
PID only 4.2465 1203 Reference

Proposed new model 2.2029 899 25.27
LuGre model 2.1074 901 25.10
GMS model 2.7844 962 20.03
Xiong model 2.2430 903 24.94

6.4.2 Analysis of results

The model-based friction compensation and control experiments for position control per-
formed on the test-bed showed strong improvement over the case of linear controller only
implementation. The various friction models used for the friction estimation of the observer
in comparison with the linear controller case showed varying degrees of improvement as seen
from table 6.4. The proposed friction model-based observer showed 48.12% improvement
over the linear controller case in the mean square error (mse) and 25.27% in maximum
error while the LuGre friction model performance against the linear controller in terms of
the mse and maximum error are 50.37% and 25.1% respectively. The GMS performance
improvement against the linear controller was 34.43% for mse and 20.03% for maximum
error. Likewise the Xiong performance was 47.18% for mse and 24.94% for the maximum
error index. From this the LuGre model showed strong reduction in the overall means square
error index. The error reduction at zero or low velocity and reversals is captured by the
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Fig. 6.14 A linear controller implementation result for position tracking of the test-bed
showing: top- The input (green) and output (red) positions in (radians), mid-upper- The
position error signal, mid-lower- The control signal input to the plant, and bottom- the
friction torque in (N-m)
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Fig. 6.15 A position tracking and control experiment with a model-based friction observer
for the test-bed with: top- Output ’red’ input ’green’, mid-upper- Error, mid-lower- The
control law and bottom- The friction torques; system ’green’, observer ’red’



6.4 Position control experiment 219

Fig. 6.16 A position tracking and control experiment with a model-based friction observer
for the test-bed with: top- The output ’red’ and reference ’green’ velocities, mid-upper- The
error signal, mid-lower- the control signal and bottom- The friction torques of the system
’red’ and estimated by the observer ’green’
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Fig. 6.17 A position tracking and control experiment with a model-based friction observer
for the test-bed with: top- Output ’red’ input ’green’, mid-upper- Error, mid-lower- The
control law and bottom- The friction torques; system ’green’, observer ’red’
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Fig. 6.18 A position tracking and control experiment with a model-based friction observer
for the test-bed with: top- Output ’green’, input ’red’, mid-upper- Error, mid-lower The
control signal and bottom- The friction torques; system ’green’, observer ’red’
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Fig. 6.19 Block diagram for velocity control simulations of the experimental test-bed

maximum error index which show that the proposed model performance was superior to that
of the LuGre model. The Xiong model also had a better mean square error measure than the
GMS model while the later show greater error reduction at reversal velocities. These are
further discussed below.

6.5 Velocity and position control simulations

Velocity and position control simulations are further performed with the friction test-bed
using the new friction model proposed in this thesis for the friction-observer design. The aim
is to compare the performance of the simulation results against the real experimental results.
Thus the linear part of the plant (test-bed) is represented by the transfer function G(s) (see
equations 5.2 or 5.4) and the frictional non-linear part modelled using the new friction model
proposed earlier in chapter 3 equations 3.1, 3.2, 3.3, 3.4 and 3.5. For comparison purposes,
the same signal inputs for the velocity tracking and regulation, and position regulation
experiments in previous sections would be used for the simulation described below with a
linear controller described by equation 6.1 for the velocity control simulations. The figure
6.19 shows the block implementation of the velocity control scheme while figure 6.20 shows
the block implementation of the position control simulations and the linear controller is
described by equation 6.2 for position simulations.
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Fig. 6.20 Block diagram for position control simulations of the experimental test-bed

6.5.1 Velocity tracking simulation

Low amplitude, slowly varying sinusoidal velocity reference signal was used for the simula-
tion as for the real experiment. The observer design was based on the new friction model
proposed. The metrics for comparing the effectiveness of the various model-based observers
are the mean square error (mse) and the maximum error values. The linear controller transfer
function A(s) is given as in (6.1) and the plant inverse B(s) = 1/G(s). With the values
specified in Appendix A, the transfer function G(s) for the velocity model becomes

G(s) =
1.863

0.02388s+1
(6.3)

First and experimental implementation of the linear controller without any form of friction
compensation is performed and the result shown in figure 6.21. Second, the implementation
of the tracking experiment using the friction observer based on the proposed friction model is
as shown in figure 6.22. The mean square error and maximum error metric for each control
method was presented in table 6.5

Table 6.5 Index for velocity tracking simulation

Controller Type mse (x10−5) max. error (x10−4) % Improvement
PID 1.2664 165 Reference

Proposed new mode observer 0.4994 36 78.2
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Fig. 6.21 Linear controller simulation result for velocity tracking of the test-bed showing:
top- The input (green) and output (red) velocities in (rad/sec), mid-upper- The velocity error
signal, mid-lower- The control signal input to the plant, and bottom- The friction torque in
(N-m)
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Fig. 6.22 A velocity tracking and control simulation with a model-based friction observer for
the test-bed with: top- Output ’green’, input ’red’, mid-upper- Error, mid-lower- Control
and bottom- The friction torques; system ’green’, observer ’red’
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6.5.2 Velocity regulation simulation

A step input velocity signal was used as reference with a magnitude of 1 rad/sec. The
performance of the linear controller for velocity control is investigated followed by the
friction observer-based controller. First the result of simulation implementation of the linear
controller for velocity control without any form of friction compensation is presented in
figure 6.23. Then the implementation of the velocity regulation experiment using the friction
observer based on the proposed new model is as shown in figure 6.24. Their respective error
measures namely mse and maximum error values are recorded in table 6.6.

Table 6.6 Index for velocity regulation simulation

Controller Type mse value (x10−4) max. error mse % improvement
Linear controller 1.1182 1 Reference

Proposed model observer 0.9434 1 15.6

6.5.3 Position control simulation

For the position tracking simulation, a slowly varying sinusoidal reference signal was used
similar to the experimental implementation. The linear controller transfer function A(s) is
given as in (6.2) and the plant inverse B(s) = 1/Gp(s). With the values specified in Appendix
A, the transfer function Gp(s) for the model becomes

Gp(s) =
1.863

s(0.02388s+1)
=

1
s

G(s) (6.4)

First the implementation of the linear controller without any form of friction compensation
was performed and the result shown in figure 6.25. Second, the simulation of the tracking
control using the friction observer based on the proposed new model is performed and the
result as shown in figure 6.26. Their respective mse and maximum error values are recorded
in table 6.7 as measure of performance.

Table 6.7 Index for position tracking and control simulation

Controller Type mse value (x10−4) max. error (x10−4) Error % improvement
PID only 2.9779 567 Reference

Proposed model observer 1.4854 432 23.8



6.5 Velocity and position control simulations 227

Fig. 6.23 Linear controller simulation result for velocity regulation of the test-bed showing:
top- The input (red) and output (green) velocities in (rad/sec), mid-upper- The velocity error
signal, mid-lower- The control signal input to the plant, and bottom- the friction torque in
(N-m)
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Fig. 6.24 A velocity regulation and control simulation with a model-based friction observer
for the test-bed model with top- Output ’red’, input ’green’, mid-upper- Error, mid-lower-
Control and bottom The friction torques; system ’green’, observer ’red’
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Fig. 6.25 A linear controller implementation for position tracking of the test-bed
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Fig. 6.26 A position tracking and control simulation with a model-based friction observer
for the test-bed with top- Output ’red’ input ’green’, mid-upper- Error, mid-lower- Control
and bottom The friction torques; system ’green’, observer ’red’
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6.6 Comparing the experimental and simulation results

The proposed friction model presented in this thesis was used for to perform a series of
simulations with the derived model of the test-bed. The results obtained would then be
compared with that of real experimental results obtained earlier.
Velocity Tracking and Regulation
The performance of the simulation example showed better improvement in velocity tracking
for both the linear controller and the friction observer. This is attributed to the fact that the
simulation assumed a noise free process where as in the real experiment, noise is inevitable
to some degree and this affects results accuracy. Though the maximum error for the linear
controller is less than twice that for the simulation case, the maximum error in the presence
of observer changes greatly with a factor of almost 7. But generally the shapes of both
simulation and experiment results are similar with the simulation showing how well the
model is able to track velocity variations. The same trend is seen for the regulatory case
where the tracking error is effectively reduce to near-zero in the steady both for simulation
and experiment.
Position Tracking
Similar trend was observed for the position tracking simulation and experiment while the
percent error improvement are 24% and 25% respectively with a general improvement in
error and mean square error for the simulation against the experimental results due likely to a
perfect matching of model parameters in the simulation, and a noiseless scenario contrary to
the experiment in which error could not be 100% removed.

6.6.1 Discussion

During the experimental run it was observed that degradation in controller due to too high
a value of the micro-damping and the viscous friction coefficient. The values used were
as estimated however their performance was poor. Adjustment of these parameters were
carried until adequate experimental response obtained. Therefore these values were changed
as in table 6.2 above. The reason for this variation could be attributed to the established
experimental fact that friction varies with operational conditions like temperature, humidity.
This often leads to mis-match between the parameter values used for estimation and the
values observed during such experiment. This is the reason adaptive control using online
parameter identification technique to estimate friction parameters is desirable. One of the
effects of this parameter mis-match is over-compensation and under-compensation as a result
of using larger and lower parameter values respectively than the actual value at the time of the
experiment. Both simulation and experimental results for velocity and position control show
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that friction causes performance degradation in systems and linear controllers may not be
effective in control experiments and simulations for such systems with friction. This is most
obvious in the zero velocity regions as in figures 6.21 and 6.3. Compensation and control
improvements in both velocity and position control are easily obtained with the introduction
of friction observers as in figures 6.22 and 6.4. Friction compensation and control based
on the observer based on the new friction model presented in this thesis from the result
tables 6.2, 6.3 and 6.4, show superior improvement on the control of systems with friction
non-linearity than the other models compared for the set of control experiments.

6.7 Chapter summary

A set of friction compensation and control experiment and simulation have been performed
using first linear controllers only to investigate their effectiveness for control of systems
subject to friction non-linearity. The result of such control underscores the need for a
friction observer to be incorporated into the system to improve the overall control effort.
Implementation of an observer-based friction compensator designed in the previous chapter
was carried out for the velocity and position control of the experimental laboratory test-bed
and strong improvements were recorded. Both velocity and position tracking and regulation
were conducted. The different models investigated showed superior control performance
against the linear controller as a stand alone implementation. Thus the non-linearity in the
system due to friction posed greater control problem for the linear controller which was
greatly minimised by the introduction of the friction observer. From the results of the various
friction observers used for friction estimation namely the proposed friction model, LuGre
model, GMS model and the Xiong model, the performance of the proposed new model for
the set of experiments performed using the experimental friction test-bed indicates better
improvement in the velocity and position control of systems subject to friction non-linearity,
this was followed by the LuGre model, the GMS and Xiong models respectively.
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Conclusion and Recommendations

7.1 Introduction

Friction in physical systems generally results in performance degradations as a result of
it’s non-linear nature and its attendant features such as stick-slip motion, Stribeck effect,
pre-sliding hysteresis with non-local memory, and frictional lag. An experimental friction
test-bed was designed in the laboratory for characterisation and identification of friction and
also for control experiments. The new friction model presented in this thesis was used on the
experimental test-bed for velocity and position control. An improved performance due to the
integration of the pre-sliding function in the new model was shown.

In this chapter the following form the core of the discussion. Section 7.2 contains a
summary drawn from the research report while the original contributions of the research to
the general body of knowledge is discussed in section 7.3. The limitations and constraints
encountered in the course of the research is discussed in section 7.4. Section 7.5 offering
recommendations for future research in this area concludes the thesis report.

7.2 Summary

Investigation of the dynamics of friction using the laboratory test-bed designed showed
the characteristic features of friction as supported by many other experimental studies and
capture the underlying mechanisms of friction. A deeper understanding of the underlying
friction dynamics characterizing friction was thereby established. From such it is evident that
friction behaviour is most problematic in the pre-sliding, reversal and low velocity regimes.
This is because of the rich dynamism characterizing friction in these regions. Due to this rich
dynamism exhibited by systems with friction earlier model formulations to model friction
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features for control purposes have either over-simplified the phenomenon (Coulomb model)
with the effect of loosing its dynamism or have become complex for implementation and
simulation (GMS model). Many of such friction models and their relative complexities
and ability to model adequately friction features were studied in chapter 2. Motivated by
the need to formulate a friction model structure adequate for compensation and control,
a new friction model structure simple enough for simulation, implementation and control
purposes and yet rich enough to model observed friction dynamics was proposed in chapter
3. This new model of friction has a function which modelled the pre-sliding friction regime
in which friction was seen to be pre-dominantly a function of the displacement rather than
the velocity. This pre-sliding model captures the hysteresis features with non-local memory
typical of friction unlike the more popular models such as the LuGre model. The proposed
model properties such as stability, passivity, boundedness and dissipativity were established.
Simulation analysis was performed to study the model behaviour especially in the pre-sliding
and low velocities and the result of such simulations compared with the results of other
models such as the LuGre, GMS, Elasto-Plastic, and Xiong friction models. Sensitivity
analysis of the new model was also investigated against the other models and the model
was shown to exhibit robustness to parameter variations. From the simulation studies it
was established that the model is capable of modelling known friction dynamics. Model
parameter identification and analysis to obtain estimates of the parameters of the new friction
model and the parameters of the LuGre, GMS, and Xiong model for the representation of the
friction in the laboratory test-bed was performed and the various parameters of interest used
for system validation to obtain parsimonious models.

The performance indices from such identification experiments namely the mean square
error and the maximum error metrics were used to compare the various models in terms
of modelling identified friction features of the test-bed. Such results indicate the strong
correlation between the identified friction features of the test-bed and that obtained from
the proposed model. A model-based friction observer was therefore designed in chapter 5
using the new model presented for the estimation of the system friction for the laboratory
test-bed. The design was based on the passivity of the friction model presented and a
simulation example was used to demonstrate the observer performance with some other
observers obtained using the LuGre, GMS, and Xiong friction models. The simulation results
indicate improvement in both velocity and position control of systems with friction against
the more popular LuGre and GMS models. In chapter 6, a control experiment was performed
for the position and velocity control of the laboratory test-bed. The position and velocity
control experiments were performed both for the cases where only a linear controller was
used and for the case where a friction observer was integrated into the control loop. For
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performance comparison purposes the friction observers were based on the proposed new
model, LuGre model, GMS model and Xiong model. With mse and maximum error as
performance indicators, it was observed that strong improvements were achieved for the
cases where a friction observer was integrated into the control loop against the cases where
the linear controller only was used. Considering the relative performance of the friction
observers, the observer based on the proposed new friction model showed better performance
as suggested by the error measures.

7.3 Original contributions to knowledge

In line with set research objectives the following are original contributions to the body of
knowledge arising from this thesis:

1. A new friction model structure capable of modelling the friction phenomena especially
in the low regimes of velocity, and velocity reversals has been developed. Rigorous
sensitivity and robustness analysis of the new friction model were carried out and its
performance compared other relevant friction models.

2. A describing functions based hysteretic equation originating from the new friction
model for the prediction of the existence of limit cycles in systems with friction.

3. An experimental laboratory test-bed adequate for friction characterisation, parameter
estimation, compensation and control related experiments was designed and con-
structed. A set of friction characterisation, compensation and control experiments
performed.

4. Friction model parameter estimation for the proposed friction model and some other
popular friction models and a comparative analysis of the estimation results of other
friction models have been provided.

5. Design and analysis of a model based friction observer using the new friction model.
Simulated and experimental comparison between the model-based friction observer
using the the new friction model and other observers.

7.4 Limitations of the work

The research work conducted within the time frame has led to the development of a new
friction model capable of modelling identified features of friction. The model integrates a
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pre-sliding friction function to capture the non-local hysteretic friction as a function of bristle
displacement. There have been however some challenges and limitations in the course of the
research. Some of these limitations are therefore discussed below

1. The pre-sliding hysteretic function implementation in this research has assumed a
simplified approach in its realisation. The implementation of the target values (zt and
ft) using only a single value both for the negative and positive bristle movements.
More accurate implementation would naturally consider the bristle direction and thus
use corresponding value of the breakaway displacement (Zb) and the static friction
value (Fs).

2. The implementation of friction observers only considered the positive parameter values
and thus the model accuracy and capability to model both friction in both directions
was reduced.

3. An off-line friction parameter identification was adopted for simplicity neglecting
possible parameter variations during system operation. Thus no parameter adaptation
was conducted.

7.5 Recommendations for further research

The laboratory test-rig designed for this particular friction experiments could be re-engineered
to increase the efficiency and accuracy of such friction experiments in the following specific
areas given the time and resource availability;

• The capacity of the torque sensor used for the experiment is about 23 N-m while
the actual system experimental torques captured for the various experiments are in
the range of less than ± 0.2 N-m. Using a more sensitive sensor with range in the
neighbourhood of the actual values would help in increasing the accuracy of the test-rig
results.

• A more accurate axial alignment of the load (friction) discs with the axis of the gear
and motor shaft to avoid uneven loading that may result due to axis mis-alignment.
In this experiment a laboratory clamp was used to keep the load disc-torque sensor
system horizontal and the axial alignment was done manually

• A structured rig providing more options in terms of motor type and capacity so that
various friction systems could be studied.
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Possible extension of application areas to include robot systems and mechanisms with
multiple degrees of freedom would be an important research area to be pursued and many
systems with rolling and sliding mechanisms. These extensions might as well lead to possible
modifications of the proposed model structure to conform with application needs.
Model parameter changes are unavoidable since friction is dependent on the system operating
conditions such as temperature, lubrication, time, humidity etc. Thus a given model might be
more accurate at some operating conditions and inaccurate at others. This variation could
be costly where high precision is required hence necessitating parametric models whose
parameters change in accordance to changes in the system friction and operating conditions.
Such systems are called adaptive control systems. Friction force parameters of the proposed
friction model can be made adaptive to reflect parametric changes resulting in operational
variations of the system. Online and offline parameters identification are often used for
system identification and modelling. Offline approach adopted in this research usually leads
to models of friction with static parameters while online approach yields adaptive models
capable of tracking changes in model parameters as a result of changes in the system. These
adaptive systems could be made robust to handle uncertainties in the modelling, [117], [105],
[103], [37]. Design of such adaptive model-based friction compensators and subsequent
implementation would yield more accurate results for velocity and position control of such
systems under the influence of friction. In [56], a modified LuGre model was used for design
of an adaptive robust friction compensator for linear motors. The implementation of such
adaptive controllers would require the relaxation of the strictly positive real (SPR) property
imposed on the system during the design of the friction observer (chapter 5), to a more simple
version requiring the transfer function to be only positive real (SR).
A simplified linear version of the non-linear pre-sliding friction model structure could be
adopted and analysis of such a model performed to test it’s ability to model friction features
as it relates to the pre-sliding regime of friction. This could lead to a simpler model with
the sine function removed. This approach could thus lead to a more simplified pre-sliding
function for the purposes of analysis and stability studies.
Due to the non-linearity of the friction phenomenon and it’s asymmetric nature, it would
be interesting to extend the new model to reflect different parameter values for the positive
and negative friction regimes. Therefore further research would be on the impact of this
parameter changes on the pre-sliding hysteretic function.
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Appendix A

Linear Controller Design

Overview

A description of the design approach adopted for the design of linear controllers for the
friction test-bed in this research is similar to that for speed and position experiments per-
formed as part of the non-linear systems and control course module at the school of system
engineering, university of Reading. Here the process is explained step-by-step starting with
the lag compensator design for velocity control experiments and then the PID controller for
position control experiments.

Lag Compensator Design

Considering the model structure of the friction test-bed given as

ωl(s)
Ea(s)

=
AKm

JeqRas+(AKm)2 (A.1)

this equation can further be reduced to

ωl(s)
Ea(s)

=
1

JeqRas
A+Km

+AKm
(A.2)

Given
K =

1
AKm

and
T =

RaJeq

(AKm)2
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then
G(s) =

ωl

Ea(s)
=

K
T s+1

(A.3)

which is the open loop transfer function of the linear frictionless model structure of the
test-bed with the output as the velocity and input as the armature voltage. The objective is to
design a velocity controller for this system to meet certain criteria such as steady state error
of 0.01 to a step input signal, and a cross-over frequency of about 110 rad/sec Procedure
A lag compensator structure is chosen for this task of velocity control over the PI controller
because it reduces the influence of high frequency noise signals on the overall control scheme.
The parameters of the friction test-bed that are of interest as contained in the manufacturer’s
data sheet are shown in table A.1. First a check to ascertain if the original system meet design

Table A.1 Parameters of the friction test-bed

Parameter Description Value Unit
Km Motor torque constant 0.00767 N-m/A
A Gear box transmission ratio 70:1 -
Jl Moment of inertia of load 2.6583x10−5 kgm2

Jm Moment of inertia of the motor armature 3.87x10−7 kgm2

Kb Back emf constant 0.00767 N-m/A
Ra Armature resistance 2.6 ω

specification without any modifications is carried out as follows: For a Bode plot of the of the
open loop transfer function G(s) in figure A.1b it is observed that the cross-over frequency
criterion is not met since it’s cross-over frequency is 65.8 rad/sec. The closed loop response
of the system to a step input signal as presented in figure A.1a shows the steady state error
0.35 to be much greater than specified. Introducing a lag compensator network

Clag = Kp
Tis+1
Tis+ γ

(A.4)

with Kp being the proportional gain, Ti time constant, and γ .
First design for the gain parameter: Since G(s) is a first order type 0 system, the steady state
error ess to a reference step is

ess =
1

1+Kn
(A.5)

where Kn = KKp is the loop gain for the entire system which ensures the error criterion is
satisfied. Substituting values yields Kn = 99 and from there

Kp =
Kn

K
= 53.1401
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(a) Response to a unit step signal (b) Bode plot for the system G(s)

Fig. A.1 Test-rig response and Bode diagram of the open loop transfer function

Therefore the loop gain is modified to KpG(s), plots for the open loop Bode plot and the
closed loop response to a step input are then obtained and compared with specifications.
From the closed loop response figure A.2a, the error requirement of 0.01 is now satisfied.
However, from the Bode plot of figure A.2b the cross-over frequency of 4.15x103 rad/sec has
become to high. From the open loop Bode plot of figure A.1b, it is observed that a magnitude
shift of 3.6dB will meet the cross-over frequency criterion. This adjustment thus alters the
system gain also. This alteration in the error would be corrected via the lag network. Having
met the cross-over frequency requirement of 110 rad/sec as shown in figure A.3b, a plot of
the closed loop step response is obtained and it shows some deviation at steady state from
expected, figure A.3a. The parameters of the lag network are then computed as.

γ =
KpKess

1− ess
= 0.0285

and
Ti =

10
ωc

= 0.0909

where ωc is the specified cross-over frequency. Hence the parameters of the lag compensator
for the control of the system are Kp = 1.5136, γ = 0.0285 and Ti = 0.0909 and equation A.4
becomes

Clag = 1.5136
0.0909s+1

0.0909s+0.0285
(A.6)

This equation was used for the velocity control experiments of chapter6



252 Linear Controller Design

(a) Response to step input meeting error re-
quirement

(b) Bode plot for the system KpG(s) with too
high cross-over frequency

Fig. A.2 Test-rig response and open loop Bode diagram of the transfer function showing too
high cross-over frequency

(a) Response to step input with error for the
new system KpG(s)

(b) Bode plot for the system meeting cross-
over frequency requirement

Fig. A.3 Test-rig response to input step, and Bode diagram showing error difference
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(a) Response meeting required steady state
error

(b) Bode plot meeting required cross-over fre-
quency

Fig. A.4 Integrating the compensator network to improve system performance

PID controller Design

The Proportional+Integral+Derivative controller for position control exhibits efficient control
dynamics such as fast response, elimination of steady state errors and oscillations and
improves system stability. However the design of such controller to meet certain specifications
sometimes are not straight forward and could involve a series of trial and error approach.
The first thing is to set the required performance specifications for the controller to be
designed. For the experimental friction test-bed designed for the characterisation of the
friction phenomenon, the following features were specified.

1. A settling time of not more than 1 second

2. Maximum overshoot of 15%

3. A zero steady state error to a unit step signal

4. A rise time of 0.2 seconds

The individual contributions of the various controllers (P,I,D) to the overall control dynamics
of the entire control system and how they effect other aspects of the control system could
vary greatly. The table A.2 shows the effects of introducing the Proportional Kp, Integral Ki

and Derivative Kd parameters to a given linear closed loop control system. From these the
objective is to derive the right combinations of these controllers to give specified performance
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Table A.2 Parameters effect on the closed loop response

Parameter Rise time Overshoot Settling time Steady state error
Kp Decreases Increases Little effect Decreases
Ki Decreases Increases Increases Eliminates
Kd Little effect Decreases Decreases No effect

(a) Step response of the friction test-bed in the
absence of PID controller

(b) Step response of the friction test-bed with
PID controller

Fig. A.5 PID controller design

index. Recall the position control equation of the experimental test-bed for a friction free
scenario is given as

θl(s)
Ea(s)

=
AKm

s((Jeqs+Beq)Ra +(AKm)2)
(A.7)

then
G(s) =

θl(s)
Ea(s)

=
K

s(T s+1)
(A.8)

with K and T as previously defined and the θl being the load position. In the absence of
any form of control the closed loop step response of the system function G(s) is presented
in figure A.5a with no steady state error due to the system being of type 1. However, the
settling time and the rise time are respectively 1.72 seconds and 1.22 seconds much more
than the specified requirement. By a series of trial and error approach (though other methods
like auto-tuning could be adopted) a PID controller with parameters; Kp = 5.7517, Ki = 10,
and Kd = 0.0768 was obtained satisfying the control requirements. The settling time of the
closed loop step response is 1 second, rise time of 0.17 seconds and an overshoot of 12.5%
all within the required specifications. the step response of the PID controlled friction test-bed
is presented in figure A.5b.



Appendix B

Simulations, Simulink diagrams and
Matlab codes

B.1 Introduction

A more detailed description of the various approaches adopted in both the experimental
investigations of the test-bed and its model simulations as well as the respective Matlab
codes and Simulink diagrams used are provided. To accomplish this and make it easy for the
reader, a chapter by chapter structure and explanations is given to explain the underpinning
procedures starting with chapter 3 to chapter 6 which form the core of the research report.

B.2 In chapter 3

This section a description of the realisation of the proposed non-drift dynamic friction model
and the associated Matlab codes and the Simulink diagram is given. In the same manner also
provided is the Simulink diagram for the Stick-slip phenomenon and the sensitivity analysis.

B.2.1 The proposed non-drift friction model algorithm and Matlab
codes

The model equations as given in chapter 3 are; equations (3.1, 3.2, 3.3, 3.4, and 3.5). The
Simulink model for the proposed friction model structure is given in figure B.1.

Relevant Matlab codes for the individual blocks are as given below

Listing B.1 Friction force block

1 function Friction = fcn(v,Fhyst ,gamma)
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Fig. B.1 Proposed non-drift dynamic friction model structure representation with Simulink
block diagram

2 % Code to determine the friction force value
3 sigma = sqrt (100000);
4 % F_f = sat(gamma , Fhyst(z) + sigma*v) +f_v*v : Friction

force equation
5 saturated = Fhyst + sigma*v;
6 if abs(saturated) >= abs(gamma)
7 saturated = gamma;
8 end
9 Friction = saturated + f_v*v;

10
11 end

Listing B.2 Hysteresis function block

1 function Fhyst = fcn(z,zdot ,t,x)
2 % Code to implement the hysteresis function:
3 % F_hyst=sin((z-z_r)*pi/(2*|Z_b -z_r|))*|f_t -f_r| + f_r
4 % Author: Anthony Nnaji
5 % Date: 20/07/2016
6 clear all;
7 %% persistent variables for calculations
8 persistent lastF lastZ pz pzdot direction %J
9

10 if isempty(direction)% detect the direction of signal
positive or negative

11 direction = 0;
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12 end
13 if isempty(lastF) % detect the value of force at velocity

change
14 lastF = zeros (1 ,1000000);
15 end
16 if isempty(lastZ) % detect the value of displacement at

velocity change
17 lastZ = zeros (1 ,1000000);
18 end
19 %% beginning of my code
20 if isempty(pzdot)
21 pzdot = zeros (1 ,1000000);
22 end
23 if isempty(pz)
24 pz=zeros (1 ,1000000);
25 end
26 time = round(t*1e3);
27
28 if time >=1
29
30 pz(time)= z;
31 pzdot(time)=zdot;
32
33 i=time;
34
35 if pzdot(i)==1
36 direction = direction +1;
37 end
38 hyst =0; ff=0;
39 % Here we need to choose the values of the maximum

deflection Zb (break
40 % away) and
41 % the maximum friction force before gross sliding Fs (

stiction) to
42 % integrated in the codes and not to change everything

when they
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43 % change.
44 Fs = x(1);
45 Fc = x(2);
46 vs = x(3);
47 tau = x(4);
48 sigma = x(5);
49 Zb = x(6);
50 zt=Zb;ft=Fs;Z=0;
51
52 %% defining the outer loop which the hysteresis

function must not exceed
53 if i>1
54 if direction ==0
55 if pz(i) >=pz(i-1)
56 zt=Zb;ft=Fs;
57 else
58 zt=-Zb;ft=-Fs;
59 end
60 if pz(i)>Zb
61 Z=Zb ;
62 elseif pz(i)<-Zb
63 Z=-Zb;
64 else
65 Z= pz(i);
66 end
67 ff = (Z-lastZ (1))/abs(zt-lastZ (1));
68 hyst = ff*abs(ft-lastF (1))+lastF (1);
69 lastF (2) = hyst;
70 lastZ (2) = Z;
71 end
72 if direction ==1
73 if pz(i) <=pz(i-1)
74 if pz(i)>Zb
75 Z=Zb;
76 elseif pz(i)<-Zb
77 Z=-Zb;
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78 else
79 Z=pz(i);
80 end
81 if lastZ (2)<Zb
82 zt=-2*Zb+lastZ (2);
83 ft=-2*Fs+lastF (2);
84 elseif lastZ (2)==Zb
85 zt=-Zb;
86 ft=-Fs;
87 lastZ (2)=Zb;
88 lastF (2)=Fs;
89 end
90 ff = (Z-lastZ (2))/abs(zt-lastZ (2));
91 hyst = ff*abs(ft -lastF (2))+lastF (2);
92 lastF (3) = hyst;
93 lastZ (3) = Z;
94 end
95 end
96 if direction >1
97 j=direction;
98 if pz(i)>Zb
99 Z=Zb ;

100 elseif pz(i)<-Zb
101 Z=-Zb;
102 else
103 Z= pz(i);
104 end
105 if pz(i) <=pz(i-1)
106 if lastZ(j+1)<Zb
107 zt=-2*Zb+lastZ(j+1);
108 ft=-2*Fs+lastF(j+1);
109 if j>2
110 ee = j-1;
111 for k =1:2:ee -1;
112 if pz(i) <= lastZ(j-k+1)
113 zt=-2*Zb+lastZ(j-k);
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114 ft=-2*Fs+lastF(j-k);
115 lastZ(j+1)=lastZ(j-k);
116 lastF(j+1)=lastF(j-k);
117 end
118 end
119 end
120 elseif lastZ(j+1)==Zb
121 zt=-Zb;
122 ft=-Fs;
123 end
124 end
125 if pz(i) >=pz(i-1)
126 if lastZ(j+1) >-Zb
127 if j==2
128 zt=2*Zb+lastZ(j+1);
129 ft=2*Fs+lastF(j+1);
130
131 if pz(i) >=lastZ(j)
132 zt=Zb;
133 ft=Fs;
134 lastZ(j+1)=lastZ(j-1);
135 lastF(j+1)=lastF(j-1);
136 end
137 end
138 if j>2
139 ee = j-1;
140 for k =1:2:ee -1;
141 zt=2*Zb+lastZ(j+1);
142 ft=2*Fs+lastF(j+1);
143 if pz(i) >= lastZ(j-k+1)
144 zt=2*Zb+lastZ(j-k);
145 ft=2*Fs+lastF(j-k);
146 lastZ(j+1)=lastZ(j-k);
147 lastF(j+1)=lastF(j-k);
148 end
149 if pz(i) >=lastZ (2)
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150 zt=Zb;
151 ft=Fs;
152 lastZ(j+1)=lastZ (1);
153 lastF(j+1)=lastF (1);
154 end
155 end
156 end
157 elseif lastZ(j+1)==-Zb
158 zt=Zb;
159 ft=Fs;
160 lastZ(j+1)=-Zb;
161 lastF(j+1)=-Fs;
162 end
163 end
164 ff = (Z-lastZ(j+1))/abs(zt-lastZ(j+1));
165 hyst = ff*abs(ft -lastF(j+1))+lastF(j+1);
166 lastF(j+2) = hyst;
167 lastZ(j+2) = Z;
168 end
169 end
170 else
171 hyst =0;
172 ff=0;
173 end
174
175 Fhyst = hyst;
176 end

Listing B.3 Deflection rate block

1 function zdot = fcn(v,gamma ,Fhyst ,x)
2 %Code to implement the rate of deflection
3 % Author: Anthony Nnaji
4 % Date: 20/07/2016
5 Fs = x(1);
6 Fc = x(2);
7 vs = x(3);
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8 tau = x(4);
9 sigma = x(5);

10 Zb = x(6);
11
12 % zdot = sat(gamma , Fhyst(z) + sigma*v) - Fhyst)/sigma;
13 saturated = Fhyst + sigma*v;
14 if abs(saturated) > abs(gamma)
15 change = sign(v)*gamma; % slip regime
16 else
17 change = saturated; % stick regime
18 end
19 zdot = (change -Fhyst)/sigma;
20 end

Listing B.4 Lag-function block

1 function gammadot = fcn(v,gamma ,x)
2 % Code to implement the friction force state: gammadot = (G

-gamma)/tau;
3 % Author: Anthony Nnaji
4 % Date: 20/07/2016
5 Fs = x(1);
6 Fc = x(2);
7 vs = x(3);
8 tau = x(4);
9 G = (Fc + (Fs - Fc)*exp(-(v/vs)^2));

10
11 gammadot = (G-gamma)/tau;
12 end

B.2.2 The stick-slip effect

The stick slip motion was captured for a simple system of figure 3.7 and the Simulink block
diagram model, using the proposed non-drift dynamic model to capture the system friction is
shown as figure B.2. The solver type for the simulation results published in chapter 3 of the
research report is the ode4 (Runge-Kutta) with a fixed step size of 1x10−5.
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Fig. B.2 Block diagram for the simulation of stick-slip effect of friction using the proposed
friction model

B.3 In chapter 4

The relevant Simulink models for the friction characterisation experiments and system
identification are shown in the respective figures below.

For the characterisation experiments the block diagram is depicted in figure B.3.
For the system identification and parameter estimation, the block diagram is as shown in

figure B.4
The data-fitting code was implemented using the lscurvefit algorithm in Matlab for the

parameter estimation under the constant velocity regime. The code is as listed in B5.

Listing B.5 Code for data fitting and estimation of static friction parameters using the
lscurvefit algorithm

1 % A script to run the curvefitting of the friction -torque
and velocity

2 % data acquired from experiments using.
3 % Date :24.03.2016
4 % Author: Anthony Nnaji
5 %% system identification section
6 load xdata;% this is the measured velocity data
7 load ydata;% this is the measured torque data
8
9 %% % the data fitting (Identification)

10 % Proposed model structure
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Fig. B.3 Simulink block diagram for the friction characterisation experiments using the
test-bed

Fig. B.4 Simulink block diagram for the estimation of parameters of the proposed friction
model
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11 fun = @(x,xdata)(x(1)+ (x(2)- x(1))*exp(-(xdata/x(3))
.^2) + x(4)*xdata);

12 x0 =[0.085 ,0.091 ,0.091 ,0.03];
13 [x,resnorm ,residual ,exitflag ,output] = lsqcurvefit(

fun ,x0,xdata ,ydata ,[0.08 0.09 0.01 0.01] ,[0.92
0.12 0.5150 0.7]);

14 % Identification plots
15 figure;
16 plot(xdata ,ydata ,'r.');
17 hold on;
18 plot(xdata ,fun(x,xdata));
19 meansquareerror = sum((fun(x,xdata) - ydata).^2) /76;
20 hold off
21 %% Validation section
22 %enter the velocity and friction values for validation
23 load validationvelocity;
24 load validationtorque;
25 xdata = validationvelocity;
26 ydata = validationtorque;
27
28 %%validation code
29 % Proposed model structure
30 x=[x(1) x(2) x(3) x(4)];
31 % x(1) =0.085; x(2) =0.1064; x(3) =0.0813; x(4) =0.0690; %

Put in the
32 % values obtained from identification
33 F = x(1) + (x(2) - x(1))* exp(-(xdata/x(3)).^2) + x(4)

*xdata;
34 % Validation plots
35 figure
36 plot(xdata , F);
37 hold on;
38 plot(xdata ,ydata ,'r.');
39 hold off
40 meansquareerror2 = sum((F - ydata).^2) /76;
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For the parameter estimation using the fmincon optimisation tool under frictional-lag the
Matlab main and objective function scripts are respectively listed as B6 and B7.

Listing B.6 Main function for the estimation of friction parameters under frictional-lag

1 % A script to run the estimation of parameters under
frictional -lag

2 % utilisisng the fmincon optimisation tool
3 % Date 20/03/2016
4 % Author Anthony Nnaji
5 clear all;
6 load chirpdata.mat;
7
8 Tfinal = 9.424;
9 h = 0.001;

10 x0 = [0.1 ,0.08 ,0.2 ,0.02 ,1 ,0.001] ';
11 A = [0,0,1,-1,0];
12 B = 0;
13 LB = [1 ,0 ,0.065 ,0.085 ,0.03];
14 UB = [5,inf ,0.095 ,0.12 ,0.7];
15 options = optimset('LargeScale ','off','Display ','iter','

TolX' ,0.0000001 ,'TolFun ' ,0.0000001 ,'HessUpdate ','bfgs','
MaxIter ' ,30);

16 % [x,fval ,output] = fminunc('MAIN_obj ', x0, options , h,
Tfinal , TY, TX);

17 [x,fval ,output] = fmincon('MAIN_obj ', x0 , A, B, [], [], LB ,
UB , [], options , h, Tfinal , TY, TX );

18
19 Fs = x(1);
20 Fc = x(2);
21 vs = x(3);
22 tau = x(4);
23 sigma = x(5);
24 Zb = x(6);
25
26 opt = simset('solver ','ode5','SrcWorkspace ','Current ','

FixedStep ',h);
27 [tout ,xout ,yout] = sim('MAIN' ,[0 Tfinal],opt);
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28 plot(tout ,ydata ,tout ,yhat ,'-.r');
29 figure;
30 plot(xdata ,yhat);

Listing B.7 Objective function for the estimation of friction parameters under frictional-lag

1 function f = MAIN_obj(x,h,Tfinal , TY , TX)
2 %% The objective function for the frictional -lag script
3 Fs = x(1);
4 Fc = x(2);
5 vs = x(3);
6 tau = x(4);
7 sigma = x(5);
8 Zb = x(6);
9 opt = simset('solver ','ode5','SrcWorkspace ','Current ','

FixedStep ',h);
10 [tout ,xout ,yout] = sim('MAIN' ,[0 Tfinal],opt);
11 f = yout(length(yout));

B.4 In chapter 5 and 6

Most of the simulation block diagrams used in chapters 5 and 6 appear in the relevant areas,
so here some of the Simulink diagrams for the friction control simulation and experiments
are further explained as they were used in the real experiments and simulations. For the
position control simulations, figure B.5 depicts the structure of the simulink diagram used
with the plant pictured as the dashed block containing the friction, gain and the integrator
blocks.

In the same vein, the velocity control experiments performed on the test-bed using the
proposed friction model to compensate for system friction is shown in block form in figure
B.6.

Below B.1 is the table of parameter symbols used in the thesis alongside their descriptions
and SI units
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Fig. B.5 Block diagram for the position control simulations of the test-bed using the proposed
friction model

Fig. B.6 Block diagram for the velocity control experiments on the test-bed using the proposed
friction model
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Table B.1 Description of symbols used in the thesis with their SI units

parameter symbol Description SI unit
F Force [N]
Ff Friction force [N]
Fc Static friction force [N]
Fs Kinetic friction force [N]

σ0,(σ),K Stiffness [N/m]
σ1 Micro-damping [Ns/m]
fv Coefficient of viscosity [Ns/m]
vs Stribeck velocity [m/s]
τ Time constant [s]
γ Friction force state [N]
λ Friction force scale factor [−]
J Inertia [kgm2]
v Velocity [m/s]
z Bristle deflection [m]

Zb Breakaway displacement [m]
Kp Proportional gain [N/m]
Kd Derivative gain [s]
Ki Integral gain [1/s]
δ Shape parameter [−]
ωo Angular velocity [rad/s]
θo Angular displacement [rads]
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