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Abstract

C'M O functions are completely multiplicative functions f for which ) > | f(n)=0.
Such functions were first defined and studied by Kahane and Saias [31]. We extend
these to multiplicative functions with the aim to investigate the theory of the extended
functions and we shall call them MO functions. We give some properties and find
examples of MO functions, as well as pointing out the connection between these
functions and the Riemann hypothesis at the end of Chapter 2.

Following this, we broaden our scope by generalising both C M O and MO functions
to Beurling prime systems with the aim to answer some of the questions which were
raised by Kahane and Saias. We shall call these sets of functions CMOp and MOp
functions. Such generalisations allow us to look for new examples to extend our
knowledge. In particular, we explore how quickly the partial sum of these classes
of functions tends to zero with different Beurling generalised prime systems. The
findings of this study suggest that for all CMOp and M Op functions f over N' with

abscissa 1, we have

S fn) = Q(%)

n<a

n €N
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Introduction

This work aims to study both multiplicative functions with zero sum and Beurling
prime systems. This thesis is organised as follows. The first chapter contains an
introduction to the theory surrounding both subjects. The purpose of this chapter is
to provide some tools which are required and used throughout the thesis to prove the
main results. We review some notions which describe the asymptotic behaviour of
a function and Riemann-Stieltjes Integral concept. We also introduce some concepts
such as arithmetical function, multiplicative and completely multiplicative functions
as well as surveying some results which show the connection between the Mobius
function and the Prime Number Theorem (PNT). This chapter also reviews a valuable
tool known as Dirichlet series which has a significant role in the field of number theory.
We also introduce essential theorems which show the link between the Euler product
and Dirichlet series of a multiplicative function. Additionally in Chapter 1 we give
the Mellin formula which allows one to transform this series into an integral as well
as giving Perron’s formula. Finally, we review specific relevant results from complex
analysis which we use in this work.

Chapter 2 introduces a class of functions which has been defined and studied by
Kahane and Saias [31,[30], called C' MO functions. These are completely multiplicative
f for which >, f(n) = 0. The main purpose of this chapter is to generalise
these functions to multiplicative functions and we shall call them MO functions.
More precisely, we define MO functions to be multiplicative functions for which
S f(n) = 0 and Y07, f(pF) # Oforall p € P. The third condition is put in
order to avoid trivial examples. We investigate how much of the theory of CMO
functions can be generalised. Like C'M O functions, MO functions are not so easy to
find since the series need to be conditionally convergent, motivating some examples
and a closer look at properties of these functions.

Chapter 3 is devoted to reviewing the mathematical background of Beurling prime

systems P which we utilise in the chapters that follow. We introduce this concept,



giving some examples. In the following part, we introduce the Beurling analogue of
arithmetical functions and Dirichlet convolution of these functions. In the next three
sections, we address Abel’s Identity, the Mellin transform and its inverse, and Euler
products concepts over the Beurling generalised integers N'. Recent progress with
Beurling’s Prime Number Theorem is also considered and surveyed in this chapter.

Finally, we quote some known relevant results which are required for this work.

In Chapter 4, we discuss the special functions of Liouville and Mobius over Beurling
prime systems (i.e. Ap, up respectively). We study the relationship between the
partial sums of such functions which play a vital role as examples in chapters 5 and 6.
We are also interested in the following question: how small can the partial sum of both
Liouville and Mobius functions not exceeding x over N be made for a system with
abscissa equal to 17 In particular, we investigate Beurling prime systems P for which
the counting functions ¥p(z), Np(x) and Mp(z) are asymptotically well-behaved, in
the sense that ¥p(x) = 2 + O(x°*), Np(z) = pr + O(2P+¢) and

Mp(z) =) pp(n) = O(a"*)

neN

hold for all € > 0, but for no € < 0, where p > 0, «, 3, v < 1 respectively. We show
1
2
We also conclude that out of the three numbers {«, 5,~}, the largest two must be

pp(n)

that it is impossible to have both § and ~ less than = or both o and ~ less than %
equal and at least % Lastly, we also examine the behaviour of the sums ),

and ) ’\PT(") of Beurling prime systems under some conditions on P.

In Chapter 5, we investigate C'M O functions on Beurling generalised prime systems
and find various examples and properties of these functions. In this chapter, we use
some concepts of Chapter 3 to generalise C MO functions, whereas earlier work by
Kahane and Salas has depended on the usual primes. This chapter also addresses
and considers the questions that have been asked by Kahane and Salas for C'MO
functions. For example, we show how quickly partial sums of C'MOp functions tend

to zero with different Beurling generalised prime systems.

In Chapter 6 we broaden our scope by considering M Op functions which is a
generalisation of CMOp functions. We define these functions over multiplicative
functions instead of completely multiplicative functions. Such a generalisation allows

us to look for new examples to extend our knowledge. In particular, we construct an



example which involves the function f(n) = ‘”;—Ex") with a g-prime system satisfying

Np(x) = pa + O(a”)

for some p > 0 and § < 1, where ap(n) is 1 — pg if py divides n € N and 1 if py does
not divide n € N. We show that f(n) is an MOp function if and only if ®a > 4 and
¢p(a) = 0. For all other examples detailed we find that > _ f(n) = Q(x ;E) for all
€ > 0. Indeed, this may suggest that for all functions f which are multiplicative over

N, we have X
Y fn)= Q<ﬁ>

n <z

neN

We notice as a consequence of the above conjecture that if P is a g-prime system

satisfying
Np(z) = px + O(a”)

for some p > 0 and < %, then (p(s) # 0 in the strip {s € C: f + % < Rs < 1}; i.e.

a very strong form of Riemann Hypothesis holds.



Chapter 1
Preliminaries

In this chapter, we review some facts and results from real analysis which are
necessary of this work. We also give and review some essential mathematical concepts
in number theory which are required and used throughout the thesis. Finally, we offer
some results from complex analysis which are in order that we may prove some of the

main results later on.

1.1 Some facts and results regarding real analysis

In this section, we provide some definitions of special notations which describe the
asymptotic behavior of a function like Big oh, Little oh and Omega. Some of these
notations are commonly used in the Analytic Number Theory such as the Prime
Number Theorem and its equivalences. We also introduce the concept of bounded

variation to functions and Riemann-Stieltjes Integral.

1.1.1 Asymptotic Notations

The O (Big oh), o (little oh), 2 (Omega), asymptotic equivalence and order
of magnitude estimate notations are the convenient set of notations in asymptotic
analysis. We define them as follows: let f : [A,00) — C and g : [4,00) — (0, 0),
then

(i) we write f(z) < g(z) or f(z) = O(g(z)) to mean that there exist constants B
and constant y such that |f(z)| < Bg(z) for all x > y.

4



(ii) we write f(z) = o(g(z)) to mean

tim £ _ g

T—00 :L‘)

(iii) we write f(x) ~ g(z) to mean

lim £ _ 1

T—00 :zj)

(iv) we write f(z) =< g(z) to mean that there exist positive constants b, B and y
such that bg(z) < f(z) < Bg(z) holds for z > y; i.e. f(x) < g(x) means that
both \ f(z) < g(z)” and \g(z) < f(z)""

(v) we write f(z) = Q(g(z)) if there exist z,, — oo and positive constant B such
that |f(x,)| > Bg(z,) for all n; (i.e. f(z) # o(g(x)))

Remark 1.1. Let f,h:[A,00) — C and ¢ : [4,00) — (0, 00). Then

(i) If we have h(x) = O(1), then this means that h(x) is bounded for sufficiently
large . While if we have h(z) = o(1), then this means that h(z) — 0 as
r — 00.

(ii) If we have h(z)=0O(B), where B >0 is a constant, this equivalent to h(z)=0(1).

(iii) Anequation of the form g(x)= f(z)+O(E(x)) means that g(x)— f(z) =O(E(z)),
where O(E(x)) is an error term and g(x) is a main term. This equation is only

meaningful if f(x) is bigger order than E(x); (i.e. E(x) = o(f(x)).

(iv) If we have f(z) and g(x) are integrable and satisfy f (x) = O(

(x)) for x > A,
then [ f(z)dx = [} O(g(x))dz. Furthermore, [} O(g(x))dz = O(

(fag(@
(v) If we have f(z) = o(g(z)), then f(z) = O(g(z)).

(vi) If we have f(z) = o(g(x)), then [ f(t)dt = o( [} g(t)dt) if [} g(t)dt is divergent

as r — OQ.



1.1.2 Function of Bounded Variation

The function denoted by a will be assumed to be complex valued function.

Definition 1.2. If [a,b] is a compact interval, a set of points P = {xg,z1,...,2,},
satisfying the inequalities a = xg < 1 < ..., 2,1 < x, = b, is called a partition of
[a,b]. The interval [z;, x;4,] is called the ith subinterval of P, so that > (2,11 —;) =
b —a [1I] page 128.

Definition 1.3. Let a be defined on [a, b] and let P as defined before. If there exists

a positive number C' such that

n—1
D lelwis) — alz)| < C
i=0
for all the partitions P = {xg,x1,...,2,} on [a,b], then « is said to be of bounded

variation on [a,b]. As such we can define the total variation of o defined on an

interval [a, b] via
n—1

Vit(a) = sup Y Jal@isn) — alzy)],

=0
where the supremum runs over the set of all partitions P of the given interval.
We say that «a : [a,00) — C is a function of locally bounded variation if it is

of bounded variation over all compact subintervals of [a, c0) [1] page 128.

1.1.3 Riemann-Stieltjes Integral

The functions denoted by f and « will be assumed to be (real or complex) valued

functions defined and bounded on the compact interval [a, b].

Definition 1.4. Let P = {xg,x1,22,...,2,} be a partition of [a,b] and let ¢; be

a point in a subinterval [x;, z;41]. A sum of the form

—

n—

S(P, f,a) = ft)(a(zip) — o))

7

I
o

is called a Riemann-Stieltjes sum of f with respect to a. We say f is Riemann
integrable with respect to o on [a,b], and we write (f € R(«) on [a,b]) if there
exists I € R having the following property: for all ¢ > 0, there exists a partition

P. of [a,b] such that for every partition P finer (i.e. containing extra points) than

6



P. and every choice of the points t; in [z;, z;11], we have |S(P, f,a) — I| < €. Then
I= f;f(:v)da(x) is the Riemann-Stieltjes integral [1] page 141.

Theorem 1.5. If f € R(«) on [a,b], then a € R(f) on [a,b] and we have

b b
/f(x)doz(l“)=f(b)0é(b)—f(a)a(a)—/ a(x)df (x).

Proof. See Theorem 7.6 [1] page 144.
U

Theorem 1.6. Assume f € R(a) on [a,b] and assume that o has a continuous

derivative o' on [a,b]. Then the Riemann integral fab f(x)a' (x)dx exists and we have

[ et = [ s

Proof. See Theorem 7.8 [1] page 146.
U

Theorem 1.7. (Abel’s summation formula) Let a : N — C be a arithmetic function

and let f be a differentiable function such that f Riemann integrable on [1,00) with
A(r) = cpep aln). Then

a(n)f(n) = A(z) f(z) — ) t)f'(t)dt. (1.1)
S a(n)f(n) = A(x) f() /1A<>f<>

1<n<z

Proof. The formula ({1.1)) can be deduced by integration by parts for the Riemann-
Stieltjes integral (using Theorems and . Indeed, we have

> almftn) = [ f0aaw) = [aws]; - [ awr @

— A () - / " AW f (1,

7

where “1 —” means approaching 1 from below. O

We shall use the next theorem in the proof of Propositions [1.21] [3.26] and [3.27|

Theorem 1.8. Let a(n) > 0 be a sequence. Then product T[]~ (1+]a(n)|) converges

if and only if the series Y, |a(n)| converges.

Proof. See Theorem 8.52 of [I] pages 208-209. O

7



1.2 Some concepts and results in number theory

In this section, we turn our attention to cover materials from number theory. We
introduce some concepts such as arithmetical function, multiplicative and completely
multiplicative functions with some examples. We also survey some results which
show the connection between Mobius and Liouville functions and the Prime Number
Theorem (PNT). We then introduce a fundamental number theoretic sum associated
with arithmetic functions called Dirichlet series as well as introducing its convergence
issues. Finally we review some results and techniques applicable to Dirichlet series

such as Euler products and Mellin transforms and the inverse Mellin transforms.

1.2.1 Arithmetical Functions

An arithmetical function f : N — C is called multiplicative if f(1) = 1 and
it satisfies f(mn) = f(m)f(n) whenever (m,n) = 1, where (m,n) is the greatest
common divisor of m,n € N. Such an f is called completely multiplicative if
f(mn) = f(m)f(n) for all m,n € N. Multiplicative functions are determined by their
values on prime powers; (i.e. once we know the values of f(p*), we know the values
of f(n) for any n € N). However, completely multiplicative functions are determined
by their values on primes; (i.e. once we know the values of f(p), we know the values
of f(n) for any n € N).

If a function x(n) is completely multiplicative, periodic with period k& > 1, and
vanishes when (n,k) > 1 then it is called a Dirichlet character modulo k. A

character is called principal if it has the following properties

0 if (n,k) > 1.

We introduce two significant arithmetic functions which play a crucial role in the

thesis. We define Mébius function to be the function given by

1 ifn=1,
p(n) =< (=1)* if n= pypi, - pi, are distinct primes,
0 otherwise,

or equivalently, the multiplicative function defined by u(p) = —1 and u(p*) = 0 if

k > 1 for all primes p. We also define A(n), also known as Liouwville’s function,

8



to be the completely multiplicative function which is A(p) = —1 for every prime
number p.

The following theorem will be of use in later chapters.

Theorem 1.9. If f(n) is multiplicative, and f(p*) — 0 as p* — oo, then f(n) — 0

as n — 0Q.

Proof. See Theorem 316 of [24]. O

1.2.2 Average order of Arithmetical Functions

In order to study the distribution of values of an arithmetical function, it is useful
to consider its average behaviour. To do this we need to know something about the
partial sums of the function in order to investigate such behaviour. As such, we can
define the partial sum of the arithmetical function f by F(z) =" .. f(n).

The partial sum of pu(n) and A(n) functions not exceeding z can be defined,

=> p(n)

n<x

=> )

n<x

respectively, by

and

We use these notations throughout the thesis.

Definition 1.10. Let f and g be two arithmetic functions. Then the Dzrichlet

convolution f x g is the following arithmetic function:

(fx9)m) = > F(d)g(5)-

dn

The next theorem which is called Dirichlet’s hyperbola method is a useful elementary

technique of finding an asymptotic formula.

Theorem 1.11. Let f and g be arithmetic functions and write

:Zf(n) and G(x Zg

n<x n<z



Then, for any ab = x, where a and b are positive real numbers, we have

S (Fra)n) =Y f(@dgla) = > FG(5) + D 9m)F(5) - Fl)GE).

n<x qd<zx n<a

Proof. See Theorem 3.17 of [2].

1.2.3 The Prime Number Theorem and Mobius function

The Prime Number Theorem (PNT) that describes the asymptotic distribution
of prime numbers was first proved nearly simultaneously by J. Hadamard and C. J.
de la Vallée Poussin in 1896 [20] [34]. They proved that

7(x)logx

lim =1
T—00 €T

by showing that the Riemann zeta function ((s) has no zeros for Rs > 1, where 7(z)

is the number of primes not exceeding x. This relation can also be written by using

the asymptotic notation,
x

()

~ log x’
or equivalently,

Pn ~ nlogn,

where p,, is the n'® prime number. Several asymptotic formulas have been studied to
be equivalent to the PNT by some scholars (see for example [5], [13] , [44]). We review
some results which show the relationship between Mobius and Liouville functions and
PNT. H. von Mangoldt 1897 [56] proved that knowing the PNT, it is easy to obtain
Yo @ = 0 with same elementary steps. However, E. Landau 1909 showed in
[37] the converse of von Mangoldt’s result also holds. Another equivalent of the PNT,
attributed to E. Landau [35)], by M (z) = o(z). He also showed in [37] that the Mo6bius
function can be replaced by the Liouville function in the previous results. In 1912,
J. E. Littlewood showed in [4I] that the Riemann hypothesis (RH) is equivalent to

the following evaluation

M(z) = Z,u(n) = O(x%%) for all ¢ > 0. (1.2)

n<x

10



E. Landau 1924 [38] improved on this result, showing that the RH allows replacement
of the error term in ([1.2)) by

O(x% exp (clogx log log log x

)) for some ¢ > 0.
log log x

E.C. Titchmarsh 1927 [52] later improved this to

1
O(x% exp (101 Fgl’ >> for some ¢; > 0.
oglogx

In 2009, the bound was improved by H. Maier and H. L. Montgomery [42] to
O(x% exp (b(log m)%)) for some b > 0,

and K. Soundararajan 2009 [49] to be

O(x% exp ((logx)%(log logz)')). (1.3)

M. Balazard and A. de Roton [3] have slightly improved this bound by using a similar
approach as K. Soundararajan. They replaced 14 by % +¢ein |D The best possible
bound was conjectured by S. M. Gonek (see N. Ng [46]) to be

M(x)=0 (x%(log loglog x)%)

That is, conjecturally, one cannot get M (x) to be 0<x%(log log log x)i) Following
the above conjecture, Theorem [.7]in Chapter 4 can be used to show that this would
imply L(x) is also

O <x% (log log log z) %> :

It is also well-known that M (x) and L(z) are Q(/z) since there are zeros of the

Riemann zeta function ¢ on the line Rs = % (see for example [54]).

1.2.4 Zeta Functions and L-functions; Dirichlet series

It is well-known that L. Euler in the 1737 determined the values of {(s) = >0 | &

when s is an even integer bigger than 1. A fundamental connection between ((s) and

the prime numbers was established by Euler, known as the Euler product representation

11



of the zeta function, given by

1 1 1\
C(S)ZH<1+_S+E+”'):H(1__) .

peP p p peP

This infinite product is convergent for s > 1. In 1859, B. Riemann [48] defined the

generalised version by viewing ((s) as a function of a complex number s instead of

a real number s; i.e.

((s) = Z% for Rs > 1.
n=1

This was later named the Riemann zeta function. This series is absolutely
convergent in the half plane s > 1 and it has an analytic continuation to the
whole complex plane C except for a simple pole at s = 1 with residue 1. For this
continuation, we have the functional equation of the zeta function which relates

the values of ( at s and 1 — s as follows:
_ TS
C(1—s)=2(2n) 5003(7>F(s)((3), for s > 0,

where I'(s) = fooo e t5~1dt is the Gamma function. The most interesting mystery
of zeta function occurs whenever 0 < Rs < 1. This is not only called the critical
strip but also is central to the famous Riemann Hypothesis (RH) which states
that all zeros in the critical strip are located on the critical line Rs = %

In 1837, L. Dirichlet [18] introduced another Dirichlet series of the form

LX(S)_ 3 x(n)

= ns?

n=1

which is known as a Dirichlet L-function in order to prove that there are infinitely
many primes in any arithmetic progression an + d, where a,d are any two positive
coprime integers and n is also a positive integer. These series are absolutely convergent
in the half plane s > 1 and have an analytic continuation to the whole complex plane
C apart from a simple pole at s = 1 if x(n) is a principal character. However, L, (s)
is holomorphic everywhere if x(n) is a non-principal character. The Generalised
Riemann Hypothesis (GRH) asserts that for every Dirichlet character y, all the
zeros in the critical strip lie along the line Rs = % The Riemann zeta function is
a special case of these functions when y(n) =1 for all n € N.

The Riemann zeta function and Dirichlet L-functions are examples of the following

12



series

3 aln) (1.4)

ns
n=1

which is called an Ordinary Dirichlet series with coefficients a(n), where a(n)
is an arithmetical function. More generally, this series is a type of the General

Dirichlet series which have the form

Z a(n)e (1.5)

n=1

where s is a complex number and A, is a strictly increasing sequence of non-negative

real numbers whose limit is infinity. Indeed, if A\, = logn, then gives .
However, if A\, = n and the change of variable e™® = 2z gives the power series
> > a(n)z". These series not only play a significant role in analytic number theory
but also have applications in other areas such that cryptography, physics and applied

statistics.

Convergence of Dirichlet Series

In this section, we are concerned with different convergence issues of Dirichlet
series. Namely, we introduce some fundamental theorems relating to Dirichlet series,

which explain the concept of abscissa of convergence and absolute convergence.

Theorem 1.12. (Abel’s theorem on Dirichlet series) If the Dirichlet series
D(s) =Y a(n)e™*, s=0+it, Ay >0,
n=1

converges at the point so = oo + ity, then this series is convergent in the half plane

o > oy and uniformly convergent inside any angle |arg(s — so)| < 0 < 7.

Proof. See Abel’s theorem on Dirichlet series given in [23] page 3.
0

Theorem 1.13. If the series is convergent for s = so , and has the sum D(sg), then
D(c +it) — D(og +itg) as 0 — o along any path which lies entirely within the
region | arg(s — so)| < 6 < 7.

13



Proof. See Abel’s theorem on Dirichlet series given in [23] page 6.
O

Theorem 1.14. The series may be convergent everywhere, or divergent every-
where, or there may exist a number o. such that the series converges for o > o. and

diverges for o < o.. Indeed this series converges uniformly throughout the region of
the half plane {s € C: 0 > g.+ ¢ for all 6 > 0}.

Proof. See Theorem 3 and Theorem 4 of [23].
O

Theorem 1.15. There is a number o, such that the series converges absolutely

if 0 > 0, but does not converge absolutely if o < o,.

Proof. See Theorem 8 of [23].

Remark 1.16.

(i) The numbers o. and o, are called the abscissa of convergence and abscissa

of absolute convergence respectively.

(ii) The regions H,, = {s € C: 0 > 0.} and H,, = {s € C: 0 > 0,} are called the

half plane of convergence and half plane of absolute convergence.

(iii) The lines 0 = 0. and 0 = g, are called the line of convergence and line of

absolute convergence respectively.

(iv) In general there might be a strip between the lines of convergence and absolute

convergence where the series (|1.5)) is conditionally convergent.
Theorem 1.17. For the series , we have

. logn
0<o0,—0.< limsup & .
n—oo n

Proof. See Theorem 9 of [23].
U

If A\, = logn, then (1.5) gives (1.4) and the maximum possible distance between

these two lines is 1.

14



Theorem 1.18. Let f, g and h be arithmetic functions, with respective ordinary
Dirichlet series F(s) =320 10 G(s) = 5% 9% gnd H(s) = 32 M0 Assume

n=1 ns 7’ n=1 ns n=1 ns

that h = f x g the Dirichlet convolution of f and g; i.e.

hn) = 3" fld)g(%).
dln

Then the series H(s) converges in any domain where both series F(s) and G(s) are

absolutely convergent, and in such circumstances we have

Proof. See Theorem 1.2 of Chapter I1.1. [51].
0

It is mentioned in the notes of Chapter IL.1.[51] that the above theorem can be
extended in the following manner: If the series F'(s) converges, and if the series G(s)

converges absolutely, then the series H(s) converges and we have H(s) = F(s)G(s).

1.2.5 Euler Products

In this section, we introduce the next important theorem which is due to a discovery
by Euler in the 1730s.

Theorem 1.19. Let f : N — C be a multiplicative function such that the series
Y f(n) is absolutely convergent. Then the sum of the series can be expressed as

an absolutely convergent infinite product,

[e.e]

S fm) =T+ f0) + f@) +--}

n=1

extended over all primes. If f is completely multiplicative, the product simplifies and

we have

= 1
Z;f(”)znl_—f(p)-

p

Proof. See Theorem 11.6 of [2].
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Example 1.20. If f(n) = -&, then our series is ((s), the Riemann zeta function, and

we obtain

1
ns 1-;

S LT[ =) forR(s) > 1.

Furthermore, if f(n) = %, % and XSZ), then we can get the following Euler
products:
— n(n) - 1
= 1 s — f ].
> s [T+ n@re™) ) R(s) > 1,
n=1 P
= A(n) 29
= 1—=Xp)p™®) " = if R(s) > 1,
2 To - = S8 ionen

We shall need the following result in Chapter 2.

Propostion 1.21. Let f be a multiplicative function. Then >~ |f(n)| converges,
so that f is absolutely convergent, if and only if ), Sooc [f (") converges.

Proof. Trivially, the series > > [f(p")] converges if 3 7 | f(n)| converges.
Now suppose > > 22, [ f(p")] converges. It is follows by Theorem (1.8 that

IT(1+ fj #691) =11 (i_oj £")]) converges.

p

But the right hand side is at least [] ., { Yoo |f(pk)|} Therefore, by the proof of

Theorem 11.6 of [2] for any =, we have

11 { f: \f(p’“>|} = > =D If ).

p<zx = neN n<z
pin&p <z

Hence )", |f(n)| converges, so that f is absolutely convergent.
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1.2.6 Dirichlet Series as Mellin Transform; Perron’s formula

In this section, we provide the theorem which allows one to express the general
Dirichlet series as integrals. We also introduce Perron’s formula which allows one to

calculate the partial sum of an arithmetical function a(n) not exceeding x.

Theorem 1.22. Let F(s) = >_>2 a(n)e™** be a general Dirichlet series with finite

abscissa of convergence o, and let A(x) =3, ., a(n). Then we have

S >~ A(l
F(s) = Za(n)e—kns — 3/A % dy  for o > max{0,0.}.
n=1 el

Proof. Applying Riemann-Stieltjes integration, we have

F(s) = Za(n)e"\”s = /)\OO e dA(t) = lim e PdA(t)

T—o0
n=1 A=

:zlml(puwetﬂi4—§/T/uwet%ﬁ)

T—o00 A1

1 A(T> g —ts
= Jim (2 +SA A(t)e " dt),

1

b

where “A\; —” means approaching \; from below.

Now if A(T") converges, then i(TI;) — 0 whenever 7" — oo and o > 0, while if A(T")

diverges, then A(T) = O(e?<*) for all ¢ > 0 and hence é(Tz) — 0 whenever T' — oo

and o > o.. Therefore, for o > max{0, 0.}, we have

F(s) = 8/00 %, dy where A(logy) = Z a(n).

A1

ern <y
0
: ; . T L
Lemma 1.23. If ¢ > 0 we write fCJr.m to mean lim fCJr.Z . Then, if x is a real
c—100 T 500 Y e—iT

number, we have

1 c+ioo ers 1 Zf T > O’
o) s ey Y=l
0 if z<0.
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Moreover, we have

1 c+io0 exs 1 c+iT exs
— C ods— — © ds
21, S 21t Jo_ir S

—100

- { Lo iz A0,
Proof. See Lemma 3 of [23].

Theorem 1.24. (Perron’s formula) Let F(s) = >_°"  a(n)e " be a general Dirichlet
series with finite abscissa of convergence o., and let A(x) = >, _ a(n). Then, for

x € R, but x # A\, for all n, we have

c+ioco
Ax) = L/ Fls) e™ ds

S

—100
for every ¢ > max{0, o.}.

Proof. See Theorem 13 of [23].

1.3 Some relevant results from complex analysis

In this section, we quote some useful results from complex analysis which we

require for the later chapters.

Definition 1.25. We say that a holomorphic function f on astrip {s€C : a <Rs< b}
is of finite order on the strip if there exists A > 0 such that

flo+it) =O0(|t|) as|t| — oo (1.6)

for all o in the strip [39] page 367. If for some o no such A exists, we say f is of
infinite order for this range o.

A function f defined by Dirichlet series has finite order in the half plane of
convergence if holds for ¢ > o.. As such, we can define the Lindelof function
ps(o) to be the infimum of all real numbers A such that |f(o + it)] = O(|t|?);
(i.e. |f(o +it)| = O([t|*/()*2) for all € > 0 but no £ < 0). It is also well-known that
ps(o) is non-negative, decreasing and convex and for ¢ > o,, pus(c) = 0 for o

sufficiently large (see for example [53], [54]).
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If f = ¢, then p(o) = 0 for 0 > 1 and pu(0) = 3 — o for 0 < 0 by the functional
equation. But u(o) is not known for any other 0 < o < 1.

E. L. Lindelof [40] conjectured (Lindeléf’s Hypothesis) that one has

L5 ifo<i
o) = 2 2
#o) { 0 ifUZ%,

or equivalently,
C(5 +it)] = O(Jt[) (1.7)

for all ¢ > 0 as |t| — oo. He showed that the upper bound for the left hand side
of (1.7) is O(|t|3) which has been improved by many researchers since then. The
current best bound of |(( + it)| which was recently estimated by J. Bourgain [7]
is O(|t[s17) for all & > 0. It is also known that Lindelof Hypothesis follows from the

Riemann hypothesis which has been mentioned earlier (see for instance [19]).

Theorem 1.26. (Borel-Carathéodory Theorem) Let f(z) be a holomorphic function
on a closed disc of radius R centered at the origin. Then, for 0 <r < R,

2r R+r
max|f(z)] < supRf(z) +
() € 7 SRA(E) ¢

£ (O)]-

Proof. See Theorem 5.5 of [53].
0J

Theorem 1.27. (Hadamard Three-Circles Theorem) Let f(z) be a holomorphic
function in the region r1 < |z| < r3. Let ry < ry < r3, and let My, My, M3 be the
mazxima of |f(z)| on the three circles |z| = rq1,rqe,rs respectively. Then

log( 1) log(12)

log(72)

M;

or equivalently,

My < M{7"M§,  where k=

Proof. See Theorem 5.3 of [53].
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Theorem 1.28. Let f be a holomorphic on an open set U, and let a be any point of
U. Then, for every n > 0, we have

1) = g [ A,

271 )., (z —a)"t!
where v is any oriented circular path with centre at a.
Proof. See Theorem 16.20 of [2]. O

Theorem 1.29. Let f be continuous on an open set U, and suppose that g is analytic
inU and g = f. Let o, B be two points of U, and let v be a path in U joining a to
5. Then

Lf:mm—gm»

Proof. See Theorem 2.1 of [39].
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Chapter 2

Multiplicative functions with Sum

Zero

This chapter is organised as follows. In the first section, we review C'M O functions
which are completely multiplicative functions with sum zero. In the second section, we
generalise these to multiplicative functions and shall denote them by MO functions.
Furthermore, we give some examples of such functions as well as studying their

properties.

2.1 CMO functions

A function f: N — C is called a CM O function if it satisfies the two following

conditions:

f is a completely multiplicative function and Z f(n)=0.

n=1

Such functions were first introduced by J.-P. Kahane and E. Salas [3I]. One
motivation for them is to gain further insight into the zeros of Dirichlet series with
completely multiplicative coefficients. Namely, the Generalised Riemann Hypothesis
as discussed below. One of their aims was to find and give necessary and/or sufficient
conditions on f(p) for f being a C MO function. They also gave some properties and

examples of such functions. For instance, they discussed various examples of C'MO
A(n) x(n)

n ne

functions including f(n) = , where A(n) is the Liouville function and f(n) =

where x is a non-principal Dirichlet character and « is a zero of L, with Ra > 0.
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This study led them to consider the question of how quickly > __ f(n) can tend to
zero. They suggested that it is always Q(\/LE) and the Generalised Riemann Hypothesis
- Riemann Hypothesis (GRH-RH) would follow if their proposition is true. This is
because if GRH-RH is false then there is o which is a zero of L, with o > % which
% is not Q(\/LE) (see [31]). This suggestion is incredibly difficult to

prove, but it might be easier to disprove; i.e., to find examples such that

means ) _,

nzng(n) = O(%) for some ¢ > %

To date no such counter examples have been found. One approach to consider this

counter example question is to consider examples of generalised C'M O functions.

2.2 MO functions

In this section, we introduce new functions which are a natural generalisation
of CMO functions. We extend the notion of CMO to multiplicative functions and
shall call them MO functions. We would like to see how much the theory of CMO
functions can be generalised here. To help motivate our enquiries we consider examples
of such functions and properties thereof. For example, let f be a MO function and g
a multiplicative function “close” to f. We shall show that ¢ is also an MO function
under some extra condition on f. We can also ask a similar question of Kahane
and Saias how quickly the partial sum of MO functions up to and including x;

(i.e. > n<q f(n)) can tend to zero. We define these functions as follows:

Definition 2.1. An arithmetical function f : N — C is called an MO function if it

is multiplicative and satisfies

(1) > f(n)=0 and (i) > f(p*) #0forall peP.

The extra condition (i) says the series converges but not to zero. This is needed
to avoid trivial examples. For instance, let f(1) =1, f(2) = —1 and f(n) = 0 for all
n>2. Then > >7 f(n) =0but D2, f(2%) = fF(1)+ f(2) + f(4) +--- =0, and so
does not satisfy the extra condition.
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2.2.1 Examples

Like CMO functions which have been studied by Kahane and Sailas [31], MO
functions are not so easy to find since these need to be conditionally convergent (as
we shall see in Proposition . To help the readers understanding we give three
examples of MO functions. The first is based on the Mobius function, the second on

the Dirichlet eta function, which corresponds to the case k = 2 in the third example.

( ) ;

Example 2.2. The function £ is an MO function since:

(i) it is clear that & ( ) is a multiplicative function;
(ii) it is well-known that ) °° & #0) — () (see for example [2] page 97);

(iii) > oo, p —1——7é0f0rallp€IP’

Example 2.3. Consider (_Q: — which is multiplicative. For which values of a € C

with Ra > 0 is this an MO function?

(i) Theseries) converges for Ra > 0 since A(x) := >, _ (=1)""" = O(1).
Therefore, 0 < A( ) < 1 and using Abel summation (see Theorem [1.7), we have

S, A,

_ O(ﬁ*a) +a/100 i(fl)dt—a/:o ta<+11)dt: Ca+0<x%),

where C,, is a constant, since

> O(1) < ] 1
‘/g; tat+l dt‘ - O(/ﬂ; t%a-&-ldt) - O(ﬁ)

Hence, for Ra > 0,

> o)

n<x

In particular, > °° (7}1): = converges. Now, for Ra > 0, we have

S EUT - gtey(a). 2.1)

n=1
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This is zero if and only if 2¢ = 2 or ((a) = 0 (for @ = 1, the sum on the left

of (2.1)) is not zero).

1)19'“1

(ii) It remains to establish for which values of v that Y - (_T # 0 for allp € P.

If p =2, then

2 (—1)%t =1 222
Y =
ko — 9ak 20 _ 1
This is non-zero if and only if 2% # 2; (i.e. For (72—:_1 to be MO we therefore
need 2% # 2). Now if p > 3, then

S D A R | 1
Z( pZa :Z_:l_L

ak
k=0 p

This is non-zero for any o with Ra > 0.

We see that “2 is not an MO function if 2° = 2 since (ii) does not hold.

na

Therefore we conclude that E— is an MO function if and only if ®a > 0 and
((a)) = 0 since (i) and (ii) hold.
Furthermore, if ((a) = 0 with Ra > 0, then

> S -ol)

n<x

—1 n—1
n

This example can be generalised as follows:

Example 2.4. Define gi(n) as follows:

1 —k if k divides n,
gr(n) =

1 if k does not divide n.

We ask for which positive integer £ > 1 and a with ®a > 0 is the function g’“n—(f)
MO ?
When k = 2 we get Example [2.3]

(i) We wish to find all k£ for which gi(n) is a multiplicative function as follows: If
m =n =1, then gr(m)gr(n) = gr(mn). Now if k divides mn, then we have four

cases as follows: Assume (m,n) = 1.
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(a) If k divides both n and m, then (m,n) # 1. Hence we cannot have k
dividing both m, n since we need (m,n) = 1.
(b) If k£ does not divide n and k divides m, then gx(m)gp(n) = (1 — k)(1) =
1 — k= gp(mn).
or vice versa
(c) If k does not divide m and k divides n, then gp(m)gp(n) = (1)(1 — k) =
1 —k = gp(mn).
(d) If k does not divide both n and m, then we have two cases:
i. If k£ is not a prime power; (i.e. k = p{*- p?---p*, where i > 2and
a; > 1). Then, with m = pi* and n = p5? - - - pi"* such that (m,n) =1,
we have gi(m)gr(n) = (1)(1) # (1 — k) = g(mn).
ii. If k is a prime power; (i.e. & = p”). Then at least one of m or n is

not a multiple of p while the other is (i.e. p does not divide m, then p”

divides n or p does not divide n, then p" divides m) and gx(m)gx(n) =
(1)1~ k) = (1— k) = ge(mn) or ge(m)gs(n) = (1— k)(1) = (1— k) =
gr(mn).

However, if £ does not divide mn, then k does not divide both m and n, and
gr(m)gr(n) = (1)(1) = 1 = gr(mn).

Thus gx(n) is multiplicative function if and only if k£ is a prime power.

(i) The series .°°, % conyerges for Ra > 0 since

=1 npo

N mk T T
A(x) = ng(n) = Z gr(n) + Z gr(n) =0+ Z gr(n)
n<z m=1 n=(m-—1)k+1 n=Nk+1 n=Nk+1

= gu(Nk+1) 4+ ge(Nk +2) + - - + gi(z), where N = {%J
(1).

Thus 0 < A(z) < k — 1 and using Abel summation, we have

gr(n) _ A(z) / TA()
AR dt

— ne xre 1 tatl
1 < A(t) = O(1)
- (ZEW) + &/1 o+l dt — &/x o+l dt
1
=Cat0(3),
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(n)

where C, is a constant, as in Example | In particular, for Ra > 0, Y07, e

converges.

Now, for Ra > 1, we have

O =Y =Y s = (L= K

WE

n

Thus Z g (1) Co,=(1—k"¢(a) for Ra > 0 by analytic continuation.
na

Also, Y 90 (if and only if K = k or ¢(a) =
nO[

(i) It remains to get all k& and o for which $°%° %@ - (o for all p € P. Let

m=0 pma

k = pg, po a prime number.

If po # p, then gi(p™) = 1 for all m > 0. Hence

This is non-zero for any « with ®a > 0. Now if py = p, then

[e) r—1 00 r—1 0o
I D R DT EE DI
m=0 p m=0 p m=r p m=0 p m=r p
1 1 1 1 = 1
=1+ E + ]% + .+ p(er)Oé + p(rfl)a + (1 - k‘) 2:1 p—(errfl)a
U B 1 11—k 1
=1+ E + Z% +-t p(r72)o¢ + p(rfl)a + p(rfl)oz ) pa -1

(PR 4 D g g ) =) + (= B
p(rfl)oz<pa _ 1)

:pra+p(r—1)a+___+pa_p(r—l)a_p(r—2)a__“_po¢_1+1_k
p(rfl)a(pa _ 1)
pra —k kY — L

p(r Da <p _ ]_) T koc(l _p—a>'

This is non-zero if and only if k* # k; (i.e., For g’“n— to be MO we therefore
need k* # k).

We see that g’“n—(a") is not an MO function if k* = k since (iii) fails. Therefore, we
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conclude that g’;—(a") is an MO function if and only if k£ is a prime power, a > 0 and
((a)) = 0 since (i), (ii) and (iii) hold.
Furthermore, if {(a) = 0 with Ra > 0, then
1
g(n) _ 0( )

ne xERa
n<x

2.2.2 Some properties of MO functions

In this section, we establish some preliminary properties of MO functions.

Propostion 2.5. If f is a CMO function, then f is an MO function; (i.e CMO C
MO).

Proof. It is clear that f is multiplicative and )" >°, f(n) = 0. It remains to show
that > po, f(p*) # 0 for all p € P. Now since f is completely multiplicative, then
f(p*) = f(p)*. Therefore

k\ C k __ 1
Zof(p)—kzzof(p) =T "

o]
k=

This series converges since |f(p)| < 1.
Hence, by Definition 2.1], f is an MO function.
U

Propostion 2.6. Let f be an MO function. Then Y >, |f(n)| diverges. Indeed
Zp S 1f (%) diverges.

Proof. Let us assume that the statement is false, so that

Z |f(n)| converges.
n=1

Then, by multiplicative property,

Zf(n) = HZf(pk) = () since Zf(pk) £ 0.

p k=0
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Yielding a contradiction since f is an MO function and hence
Z |f(n)| diverges.
n=1

Furthermore, Proposition gives >0 > 02 |f (p*)| diverges, as required.

2.2.3 Partial sums of MO functions

We know that the partial sum of an MO function not exceeding x tends to zero
when z tends to infinity. A question raised by Kahane and Saias [31] regarding CMO

functions is: can one show, given g(z), that there exist a CMO function f with

S f(n) = QAg(a))?

n<x
We are not considering this question, but we are interested in a related question which

is: how small can we make g(z), so that the above is true for all MO functions f7

This question motivates the following propositions:

Propostion 2.7. If f is an MO function, then

Zf(n) B Q(:clsga)'

n<x

Proof. Let us assume that the statement is false, so that

Zf(n) B O(wligx)‘

n<zx

We know that for n € N,

f(n) = Z fm) = Z fim) = O(nlsgn)'

m<n m<n

Hence
f*) = 0<;)-

pk log p*
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Now it follows that Y- >72° | f(p")| converges since

Ep:; klogp ZZ klogp (since logp” > logp)
> Z—k
= Z

log P

Y logp converges (since p, logp, ~ n(logn)?).

Thus

ZZ ’flogp converges.

p k=1

Hence, by Proposition [L.21} Y7 |f(n)| converges. However, by Proposition [2.6

we have a contradiction, and so it follows that

Zf(n) - Q(:cligx)

n<x

Remark 2.8. Similarly, if f is an MO function, then

1
Zf m) for all > 0.

n<x

We can improve Proposition using the fact that Z logl—ogp)g converges.

Propostion 2.9. If f is an MO function, then

5200 =2 o)

n<x

Proof. Let us assume that the statement is false, so that

52100 = O ooz )

n<x
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We know that for n € N,

=D fm)= > f(m) =0<m>'

m<n m<n

Hence 1
k
S
@) p*(loglog p*)?
Now it follows that > >, [f (p*)| converges since

ince (loglogp®)? > (loglog p)?
Z Z k(log logp Z Z *(log 1ng (since (loglogp®)” > (loglogp)~)

p>3 k= 1 p>3 k= 1
> 1
< (loglogp)* < p*
1

= (p— 1)(log log p)? converges (since (loglogp,)?~ (loglogn)?).
p=3

For p = 2,

o0

Z L < ! + L Zi converges
— 2% (loglog 2¥)? — 2(loglog2)? = (loglog4)? — 2k £es:

Thus

ZZ

5 converges.
k(log log P*)

Hence, by Proposition [1.21} >~  |f(n)| converges. However, by Proposition ,

we have a contradiction, and so it follows that

5500 = i)

n<x

Remark 2.10. Similarly, if f is an MO function, then

1
> fn oo x)HE) for all € > 0. (2.2)

n<x
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Kahane and Saias [31] have shown that if f is a CMO function, then
1
Z f(n) = Q(;)
n<x

by using a deep result of D. Koukoulopoulos in [33]. We attempted to improve ([2.2))
to Q(2) as with the work of Kahane and Saias [31], but the question is still open.

2.2.4 Closeness relation between two multiplicative functions

Let M :={f : N — C multiplicative}, and let us define an (extended) metric

on M to be the distance function
D(f.9)=>_> lg") = f(").
p k=0

Then M is an extended metric space since D(f,g) can attain the value oco. It is
straightforward to check for all f,g,h € M

(i) D(f,g) =0 if and only if f =g,
(ii) D(f,9) = D(g, f),
(iii) D(f, k) < D(f,9) + D(g,h),

hold. We aim to extend Theorem 3 of Kahane and Saias in [31] by showing that if
f is an MO function and g is a multiplicative function “close” to f, (i.e. g has finite
distance from f), then g is also an MO function. We can do this under an extra

condition on f, as the following theorem shows.

Theorem 2.11. Let f be an MO function for which

= f(")
Pl

k=0

>a for somea >0, for all p and all Rs > 0, (2.3)

and let g be a multiplicative function such that D(f,g) is finite and
> 9" #0  for allp. (2.4)
k=0

Then g is an MO function.
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Proof. Let F(s) := 3 L and G(s) .= 3™ %. Then the series for F(s) is

n=1 ns n=1

absolutely convergent for Rs > 1 and it is convergent for s > 0 and s = 0 since
Yoo, f(n) = 0. We note that the assumption D(f, g) is finite and the fact that f is
an MO function imply |g(p*)] — 0 as p* — co. Then, by Theorem , g(n) — 0
as n —» 0o. Therefore the series for G(s) converges for s > 1 since g is bounded.
Therefore F'(s) and G(s) can be written as follows:

Now

) . g(z;") Zo—o g(p’“);f(p’“)
H(s) :_H< p >:H<1+ — fl(]p’“) )
Zk =0 pks P g

converges absolutely for #8s > 0 if and only if

i 25)

converges for Rs > 0. But

g(*)—f(P*)
Z‘Zko TpRs _ZZ’g |

P ‘ZkOka pk(]

by (2.3]) so, since D(f,g) is finite, (2.5) converges for s > 0 and H(s) converges
absolutely to holomorphic function for s > 0. However, H(s) = (G/F)(s) for

s > 1 then G(s) = F(s)H(s), where the series for F'(s) converges for s > 0 and
s = 0 since f is an MO function, and H (s) converges absolutely for s > 0. Therefore

G(s) converges for Rs > 0 and s = 0 using the extension of Theorem [L.18 Thus we
have G(0) = F(0)H(0) = 0. Hence, by assumption and G(0) =0, ¢g is an MO
function.

O

The proof of Theorem also gives the following result.

Corollary 2.12. Let f and g both be multiplicative functions such that D(f,q) is
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finite and satisfies

0 k

‘Zf(fs) >a for some a >0 and all Rs > 0,

—o P

0 k

‘Zg(];) >0b  for someb >0 and all Rs > 0.
ps

k=0

Then the following two assertions are equivalent:

d fn)=0 and H g(n)=0.

2.2.5 Open problems

(i) Let f be an MO function. Can we show that

> j=a(})

n<zx

(ii) As pointed out earlier Kahane and Saias suggested that for all C MO functions,
one has ) _ f(n) = Q(\/%E) As also mentioned, GRH-RH (Generalised
Riemann Hypothesis-Riemann Hypothesis) would follow if their suggestion is

correct.

In Example 2.2} it is known that >° _ pu(n) = Q(y/z) since there are zeros
of the Riemann zeta function ¢ on the line ®s = 3 (see [54]). Thus, by Abel

summation,
> =a( )

n<z

However, for > ED" and > o) ¢, converge to zero in Examples

n<x no n<r no .
and [2.4] it is necessary that a be a zero of S22 EN and $7° g itp

ns n=1 ns

Ra > 05 (i.e. ((«) = 0). Suppose this is the case. We then have

S =0(ow) ma D =0(x)

n<x n<x
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and

> = 0m) it S04 =)

1
z°

In our results, we have not found any examples with ) <ot (n) = O( ) for ¢ > %

This may suggest the following conjecture.

Conjecture 2.13. For all multiplicative function f (MO functions), we have

S f(n) = Q(%)

n<x

Furthermore, the RH would follow if Conjecture [2.13| were true since if RH is false

then there is a which is a zero of ¢ with Ra > % which means Y on<e (_;): -

2
S 20 g ot O

n<r no

and

)
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Chapter 3
Beurling generalised prime systems

In this chapter, we turn our attention to introduce Beurling generalised prime
systems, along with Beurling’s Prime Number Theorem in relation to these systems.
We also give some relevant known results about these systems which we use in this

work.

3.1 g¢g-prime systems

The concept of generalised primes and generalised integers was introduced
by A. Beurling in the 1930s and has been studied by many researchers since then
(see for instance [4], [I5], [21], [25] , [58]). The structure of this system is defined to
be a sequence of real positive numbers P = {py, p2, ps3, ...} which need not be actual
primes (or even integers) satisfying

I1<p<py <o <p; < -

and for which p; — oo as i — oco. With this sequence we can form a new increasing
sequence
I<mi<mnpg<---<ny <+

of real numbers which represent all possible products Hle pi*, where k € N and
aj, as,...,ar € Ng = NU{0}. These new elements are called generalised integers
associated to P and denoted by N (i.e. N' = {n;};>1). Attached to these systems
we have the usual counting functions mp(x) and Np(z) which are the sum over

all the g-primes and g-integers not exceeding the positive real number x, counting
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multiplicities, respectively; that is
p; <@ n; <
i€ N i1€N

which can be written equivalently in the more standard notation in many books and

= Y 1 and Np(z)= » L

p<ux n<a
pEP nenN

papers:

These type of systems are discrete systems, where m and N are step functions with
integer jumps. There is also a concept of continuous g-prime systems [12] [26], but
they shall not concern us here. The generalised zeta function, the associated zeta

function, is formally defined by

CP(S):H 1_8: !

J4S

-y - zni (3.1)
g eN

~

We say that a g-prime system P has an abscissa of convergence o. if and
only if converges for Rs > o, and diverges for s < o.. The product is called
the Euler product of the Beurling zeta function. The sum of represents the
generalised Dirichlet series which will be generated by multiplying out this product
in the same way as the standard Euler product, defined in Chapter 1.

Remark 3.1.

(i) Beurling prime systems generalise the concept of the primes and natural numbers
which are obtained from the original prime numbers by taking all possible

products of these.

(ii) Note that P and N are in general multi-sets and A is the semi-group generated
by P under multiplication.

(iii) We write g-primes, g-integers and g-zeta (i.e. P, N and (p) to mean Beurling

(or generalised) prime systems, integers and zeta function respectively.

(iv) The abscissa of convergence of the series Y- .\ == and > 5, z% is the same.
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(v) If abscissa of P is 0 (0 < ¢ < 00), then P’ := P = {p° : p € P} has abscissa
1 and as such N'= N7 = {n? : n. € N'}. At the outset we are only interested

in those systems for which the abscissa of convergence of the Dirichlet series for
C’p is 1.

3.1.1 Examples

We provide some examples that describe systems P which have different abscissa

of convergence as follows:

Example 3.2. If P, = {3,5,7,11, ---} = P\ {2}; i.e. p, = n'" odd prime. Then
N1 ={1,3,5,7,9,- -} which is the set of odd numbers. The counting functions 7p, (x)

and Np, (z) are:

T, (x) = E l=mw(z)—1 forx>2
p<z
pEP1

— % (1+0(1)) byPNT,

and

Np(r)= 3 1= Z”1:§+0(1).

The abscissa of convergence of the Dirichlet series of P; is 1 since

1 1
§ = = E — converges Rs > 1 and diverges Rs < 1.
ns n®

neN n=2k—1
keEN

Example 3.3. If P, = {2,2,3,3,5,5,7,7, ---} (every prime appears twice), then
No=1{1,2,2,3,34=224=224=22050506=236=2306=236=23,--1}

with multiplicity d(n) (every integer appears d(n) times) since

=11 (1) - (g(l - 5)) (f{m (1- ;)_1) —¢(s)
_ (ii) g (e D) (),

n=1 n=1 n=1

where d(n) is the divisor counting function. The counting functions mp,(x) and Np,(x)
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are:

tpy(e) = > 1=23"1=2n(z) = 102;(1 +o(1)) by PNT,

p<= p<zT
p € P2
and
Np,(x E 1= g d(n) ~zxlogz asz — oo,
n<ax n<ax
n € Ny n €N

by the proof of Theorem 3.3 of [2]. This system has abscissa of convergence 1 since

Z Z converges Rs > 1 and diverges fs < 1,
nEN

by the Theorem 291 of [24].

Example 3.4. If P; = {4,9,16,25,-- - }, where p, = (n+1)? for n € N. Then we find
N3 ={1,4,9,16,16,25,36,36,--- } with all elements (n + 1)2. The counting function

p, () is:
()= Y 1= Y 1= Y 1=z+0().
p<ax (n+1)2<z n<y/r—1
p € P3

But, the asymptotic behaviour of Np,(z) may not clear. The abscissa of convergence

of the Dirichlet series of P5 is % since

J R 1
Z S Z T)Qs converges Rs > % and diverges fs <

peEP n=1

N

Example 3.5. Let Py = {2,4,8,16,--- ,2" ---} where p, = 2" for n € N. Then we
find Ny = {1,2,4,4,8,8,8,16, 16, 16, 16, 16, - - - } which made from 2" with multiplicity

p(n), where p(n) is the number of partitions of n. The counting functions 7p,(x) and

Np,(x) are:
logx
)= Y= 1- Y 1= o)
0g2
p<w <z n<iose
pE P, log 2
and
cto(1 log
M= X 1= o= X sl =
n<zx 2" < x 0<n<10ﬁ
n € Ny n >0 = T log2
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since p(n) = eIV swhere ¢ = 7 \/g . A more detailed asymptotic formula was
independently discovered by G. H. Hardy and S. Ramanujan [22] and Y. V. Uspensky

[55]. This system has abscissa of convergence 0 since

1 1\n
Z — = (;) converges s > 0 and diverges fs < 0.

peEP p
Example 3.6. If P5; = {2,2+10g2,2+1log3,2+1og4,- -}, where p, = 2+ logn and
n € N, then N5 = {1,2,2 +log2,---,2 +1log100,4,2 + log 101, - - - }. The counting

function 7p, (x) can be found as follows:

mp. (z) = le Z 1= 212696_2%—0(1).

p<am (2+logn)<z n<er—2
n € Ps
However, the asymptotic behaviour of Np, (z) is less clear. The abscissa of convergence

of the Dirichlet series of Ps is 0o since

1 1
Z — = Z BTy diverges for all s.
pEP p n=1 ( +log n)

3.2 Arithmetical functions over N

This section introduces the concept of divisibility that will be necessary for this
thesis to define the greatest common divisor of two integers over Beurling generalised
integers. It also provides a definition of functions that are defined over P and N such
as arithmetic, multiplicative and completely multiplicative with some examples like
Liouville and Mobius functions. This section also introduces Dirichlet convolution of

arithmetical functions over N.

Definition 3.7. Let m,n € N, say m = p{* --- pi* and n = plf x -pzk7 where p; € P
are distinct, £ € N and aq,...,ax,b1,...,br € Ng. As such, we say m divides n if
a; < b; for all 7, or equivalently, n = rm for some r € N. In all other cases, we say m
does not divide n.

E. M. Horadam [28] only defined this in the case where the n; are distinct;
(i.e. the multiplicities all 1). We use the same but now the n; do not have to be
distinct. We could here have m = n € N numerically the same but m does not divide

n; (i.e. if they are made from different g-primes).
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Definition 3.8. With m and n as in Definition the greatest common divisor
(m,n) of any m,n € N, is defined as the largest g-integer that divides both m and
n; (i.e.with m and n as above, (m,n) = p{* ---pi* € N, where each ¢; = min{a;, b;}
and i =1,...,k) (see [28]).

Definition 3.9. An arithmetical function with domain A is a function f : N'—C
which is defined on the multi-set of Beurling integers N.

Remark 3.10. Note that we are abusing the notion of function in case of multiplicities.
This is done for clarity of notation. In much of our work, we are not interested in the

arithmetic function f : NV — C itself, but in the partial sum of the function f(n) up

> fn),

n<az

neN

to and including x; i.e.

which is a function because it counts all the possible elements of N up to z.

3.2.1 Some special functions

In this section, we define the functions up(n), Ap(n), and Ap(n) which generalise
the standard functions p(n), A(n), and A(n).

Example 3.11. (Mébius’s function) We define generalised Mobius function on
N to be up(1) = 1, pp(pi, - - pi,) = (—1)* for distinct g-primes; (i.e. iy,...,ix are

distinct) and zero otherwise.

Example 3.12. (Mangoldt’s function) We define generalised Mangoldt function
for n € N as follows:

Ap(n) logp if n = p* for some g-prime p € P and integer k > 1,
n)=
P 0 otherwise.

Example 3.13. (Liouville’s function) We define generalised Liouville function
on N to be Ap(1) =1 and Ap(n) = (=1)"F % for n = pi* - - pi* € N, where k € N

and aq,...,a; € Np.

Remark 3.14. As mentioned these examples may not necessarily be functions if
a g-integer can be made from different g-primes. We could have two g-integers n; and
ne € N that are numerically the same but n; does not divide ny. From Example [3.3]
for Na, we have here 4=4 but 4 = 2 - 2 does not divide 4 =2-2; (i.e. 2-2f2-2).

40



Moreover, we notice that pup(2-2) = (—=1)*> =1 and pup(2-2) = pp(2-2) = 0 while
Ap(2-2) = Ap(2-2) = Ap(2-2) = (—1)? = 1.
We also note that

> dp(d) =2+ Ap(2) +Ap(2-2) =1 —1+1=1,

dl(n=2-2)
d e Ny

whereas Y Ap(d) = Ap(1) + Ap(2) + Ap(2) + Ap(2-2) =1 —1—1+1=0.
)

di(n=2-2
d e Ny

3.2.2 Multiplicative functions on N/

In this section, we present the definition of multiplicative and completely
multiplicative functions. We also introduce the function ¥p(n) which generalises the
standard function i (n).

Definition 3.15. A function f : N — C is said to be multiplicative on N if
f(1) =1 and it satisfies

f(mn) = f(m)f(n) whenever (m,n) = 1.
Such an f is said to be completely multiplicative [57] if we also have

f(mn) = f(m)f(n) for all values of m,n € N.

The functions up(n) and Ap(n) are examples of multiplicative and completely

multiplicative functions.

As for classical multiplicative functions, if f and g are multiplicative functions and
f(p*) = g(p*) for all g-primes p € P and k € Ny, then f = g.

Definition 3.16. (Chebyshev’s ¢-function) We define the generalised Chebyshev
function over N with the sum extending over all g-prime numbers p € P that are

less than or equal to x as follows:

Upr)= 3 logp= 3 Ap(n).

PP <= n<w
peP neN
keN
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As in classical prime number theory, we introduce the g-prime counting function

n=1

It is related to ¥p(z) via
up(o) = [ logtdlin(e).
p

1

We can also define the functions Mp, Lp, mp and lp which represent the following

Mp(z):= Y pp(ni)= Y pp(n),

n; < n<z

partial sums:

i €N neN
Lp(z) = Z Ap(n;) = Z Ap(n),
ni<a n<aw
i1 €N neN
Hp 1y Hpln
mp(l') = 7”(L ) = Z TE )7
Nen nEn
e A () Ap(n)
P\ p\n
lp(x) = Z = Z —
ni <w ! n<a
i €N neN

We will use these throughout the rest of this thesis.

3.2.3 Dirichlet convolution of arithmetical functions over N/

In this section, we provide the definition of the Dsirichlet convolution of
arithmetical functions f % g which is multiplicative if f and g are multiplicative over
Beurling integers .

Definition 3.17. The convolution of arithmetical functions f and g over N was

defined by E. M. Horadam [29] as follows:

(fra)m) = 3 fd)g(5):

d|n
deN

E. M. Horadam only defined this in the case where the n; are distinct as previously

mentioned. We use the same but now the n; do not have to be distinct. Again this
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need not be a function in the sense that we described earlier (a g-integer can be made

from different g-primes).

Theorem 3.18. Let f,g : N — C both be multiplicative functions. Then their

Dirichlet convolution f * g is also multiplicative.

Proof. Let h = f x g and let (m,n) = 1, where m,n € N'. Then

hmn) = 3 f(d)g()-

dlmn

deN

Now every divisor d of mn can be written uniquely as d = xy, where = |m and y | n.
In addition, (z,y) =1 and (%, %) = 1. Hence

h(mn) = Z f(m;)g(%) = Z f(x)f(y)g(%>g<ﬁ>

yln yln
=D, f<fﬂ)9(%) > f(y)g(g):h(m)h(n)
zlm yln

3.3 Abel’s Identity over N/

Abel summation (see Theorem can be extended to series over A/. The basic

theorem allows one to express the partial sum of the form

Z a(n;) f(n;) = Z a(n)f(n),
n; < n<ax
i €N neN
where a : N — C is an arithmetic function over A in terms of

Aw) = 32 afn)= 3 aln),

n; <x n<x
i €N neN

where f(n) is a continuous differentiable function.
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Theorem 3.19. Let a : N — C be a function, and let the function f be a continuously

differentiable function on [1,00) with A(x) as above. Then

Proof. The formula can be deduced by integration by parts for the Riemann-Stieltjes
integral (using Theorems and . Indeed, we have

5> atwrn) = [ f@dawm = Aol - [ Aws o

nex
— @)t - [ A s
U
For example, letting B(z) = >, . @, we have the relations
B(z) = # + /11 %dt (3.2)

and
A(z) = B(z)x — /1:C B(t)dt. (3.3)

We are interested in estimating lower bound of the partial sums of up(n), Ap(n),

£ 7’75") and )‘PTE") not exceeding z in Chapters 5 and 6. To estimate such bound we need

the following;:
Propostion 3.20. Let A(x) and B(x) as defined above, if
(i) A(z) = o(v/z), then B(z) = C + O(\/LE) for some constant C.

(i1)) B(x) = 0(\%), then A(z) = o(y/z).
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Proof. (i) By (3.2), we have
B(x) = A;(f) +/x$ /
_ ) °°A( LN, A, [Te(VE)
) —dt — / —Ldt = < a:) / tg)dt /x <;2/)dt
—o(ﬁ) +O+/:oo( )dt = O+o(i>, where C' is constant.

(ii) By (3.3)), we have

w\w 8

8

A(z) = B(z)x — /lx B(t)dt

) LG () A
= o(vz) +o([262]7) = o(v) + 0(2[Va] —2[V1]) = o(V2).

0
As a result, we also have (i) and (ii) below, which we shall use in later chapters.
(i) if B(x) =C+ Q(\/LE) for some constant C, then A(z) = Q(/x).

(i) if A(z) = Q(v), then B(z) = Q(J5).

3.4 The Mellin transform and its inverse over N

In this section, we apply Theorems [1.22] and [1.24] to give the Mellin transform
and Perron’s formula for Beurling’s numbers A as follows: If \; = log(n;), then, for
Rs > o., we have

(i) Theorem [1.22] gives

»

F(s) = Z ar(;z) = /001;18(+1) dy, where A(y) = Z a(n).
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(ii) Theorem [1.24] (Perron’s formula) gives for y ¢ N,

Aly) = Z a(n) = L /CHOO &S)ys ds, where F(s) = Z CLT(;L).

- 2mi ; s
n<wy oo neN
neN

If y € NV, an extra term appears as in the usual case.

Example 3.21. Taking a(n;) = 1, u(n;), A(n;), A(n;), respectively for the Dirichlet

series, we get the usual Mellin transforms:

< N,
Cpls) = N% -5 :Z’ff) d,
L ) > Mp(x)
Up(s) := o0 —neN = e du,
_(p(2s) Ap(n) > Lp(x)
= T T o T

L _M: AP(”): s * Yp(x) .
PO T e T, e

If the abscissa is 1, then all these hold for at least Js > 1.
We can also get the usual inverse Mellin transforms (Perron’s formula) of the above

Dirichlet series for x > 0, but « ¢ N:

1 c+i00
Np(x) —/ CP—(S):BS“ ds,

" 2mi oo 8(s 1)
Lp(z) = % /C:r:o ZPT@ x* ds,
vote) =g [

These all hold with ¢ > max{0, 0.}, where o, is the abscissa of convergence of the

Dirichlet series for (p as mentioned earlier.
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3.5 Euler products over N

The significance of multiplicativity underpins the next theorem which is an
extension of Theorem over N. This theorem in its original form is sometimes

referred to as the analytic version of unique-prime-factorization.

Theorem 3.22. Let f : N — C be a multiplicative function, and let )" . f(n) be

an absolutely convergent series. Then

d =10+ + e+ } (3.4)

neN pEP

where the infinite product ranges over all g-primes. If f is completely multiplicative,
then the right hand side of simplifies to be

1
Zf(n)znl_—f(p)-

neN peEP

Proof. For every x, let

W(z)= [] {1+f)+f0*+ -}

p< =z
peP

Every n € N can be uniquely written in the form p{* - - - pi*, where the p;, € P and
a; > 0 and by multiplicativity of f we have f(pi*)--- f(pi¥) = f(pi*---pi¥) = f(n).

Hence the result of multiplying out the series is precisely the following

W(z)=>_ f(n),

neA

where A is the set of all those g-integers whose g-prime factors are at most x. Hence

DINOEUGIE SO SRNOI

TlEN n€A n>ac
neN
Since n & A implies at least one g-prime factor of n is > z, son > z. As v — o0,
the sum on the right tends to 0 since ) .- f(n) is absolutely convergent and the
result follows.

Note that by the same argument with f(p*) replaced by | f(p*)|, the product can be
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seen to be absolutely convergent. Finally, we have f(p*) = f(p)* when f is completely

multiplicative and
S ) = [[0+F0) + f@)P+ = [[
neN pEP s 1 f(p)

as we will see later.

O
Corollary 3.23. Assume )y - f(n)n=* converges absolutely for o > o,. If f: N—C

18 multiplicative we have

Zf H{l—FLf)‘i‘%"i_'“} if 0> 0, (3.5)

neN peEP p

and if f is completely multiplicative we have

f 1 .
Z =11 [ _1® if 0> 0o (3.6)

neN peEP ps

Proof. Equations (3.5) and (3.6) can be obtained by applying Theorem 3.22 to an
absolutely convergent Dirichlet series.
O

Example 3.24. Suppose P has abscissa 1 and let f(n) =1, up(n), Ap(n), respectively

for the Dirichlet series, then we get the following Euler products over P:

—CP s),
nEN peP
m: B up(p) _ 1 L
neN _g)<1+ P’ >_,g>(1 ps) CP(S)
) 1 1 ol (29
ZP(S)HGZNTIgjl_A%@glJF#gl—pL Cp(s)

These all hold for at least #&s > 1. They may converge for s = 1. For example, if
>N = converges.

The following propositions concerns multiplicative functions over P and N

Propostion 3.25. Let f be a completely multiplicative function over N and assume
> nen f(n) converges. Then sup,cp |f(p)| <1 for all p € P.
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Proof. Since ) .- f(n) converges, then f(n) — 0 as n — oo. This also means
that f(p) — 0 as p — o0, so | f(p)| < % for some p > py € P.

Now if |f(p)| > 1, then |f(p*)| = |f(p)|* > 1 for all k since f is completely
multiplicative function and f(p*) does not tend to zero as k — oo. Thus give a
contradiction. Thus |f(p)| < 1 for all p € P. Since |f(p)| < 3 for some p > p, € P,
it follows that |f(p)] < c < 1 for all p € P.

0

Propostion 3.26. Let f be a completely multiplicative function over N'. Then

> nen | f()] converges if and only if > p |f(p)| converges and sup,ep |f(p)| < 1
for allp € P.

Proof. Using Proposition 3.25| the series » | f(p)| converges and sup,ep | f(p)| < 1
forall pe Pif > . |f(n)| converges.

Now suppose »_ p [f(p)| converges and |f(p)| < 1 for all p € P. We want to

prove » | f(n)| converges.

From above, ¢ = sup,¢p | f(p)| < 1. Therefore [ p m converges since
1 /()] 1
1< I =TT ) < TT (14— 1wl
S el VA V)| Bt~ L={fl/ — "% 1—c
where |f(p)| < ¢ where we have used Theorem Now
1

H T = Z |f(n)| converges (by Theorem [1.8)

S L= ()] =
pln & p<w

> Y |f)l.

n<x

Hence ) .\ |f(n)| converges.
U

Propostion 3.27. Let f be a multiplicative function over N'. Then " . |f(n)]
converges if and only if 37 p > pen | f(P")] converges.

Proof. Trivially, the series Y- _p 3o |f(p")| converges if 37 1| f(n)| converges.
Now suppose Y- cp ey |f(0")| converges. We wish to show that Y-, .- [f(n)]
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converges. Since

Z Z | f(p")| converges, it is follows by Theorem [L.§ that

IT(1+ i Feh1) =TI (i F(#")]) converges.

The right hand side is at least [ [, { > o 1 F (M) } But, by the proof of Theorem [3.22]

we have

o0

[I{>ehil= 3 1rm

p<zr k=0 neN
pln&p<=

> |f(n)].

n<x

Hence ) .\ |f(n)| converges.

3.6 Beurling’s Prime Number Theorem

A. Beurling in 1937 [6] found a condition on Np to ensure the validity of the Prime
Number Theorem (PNT) as follows: if

Np(z) = pz + O ( (bgiw)’ (3.7)

where p is a positive constant and v > %, then

xZ

mp(z) (3.8)

~ logx
Beurling, and later Diamond, showed that Beurling’s condition is sharp by
providing different examples of generalised prime systems where PNT fails when v = %
(see [6] [12]). Many researchers have refined this result with error terms; (i.e if we
assume something more in , can we say something more in ?)
E. Landau 1903 [36] showed that if

Np(x) = pa + O(a”) (3.9)

20



for some p > 0 and § < 1, then

: x
7T73($> == 11(1‘) + O(W) (310)
for some k£ > 0, where li(z) = 23“" hfgt ; is the Logarithmic integral function. H. G.

Diamond, H. L. Montgomery and U. M. A. Vorhauer 2006 [14] showed that the above
result is best possible by establishing a g-prime system for which ([3.9)) holds for some

p > 0and 5 < 1, but the error term of (3.10]) is Q(ﬁ) for some k; > 0.

In 1949, B. Nyman [47] treated the converse of PNT by proving that if

mp(z) = li(z) + 0((105—(,;)9

holds for all § > 0, then

Np(z) = p$+0<@> (3.11)

holds for some p > 0 and for all § > 0. In 1961, P. Malliavin [43] verified that if

() = li(z) + O(ﬁ) (3.12)

for some 0 < b < 1 and ¢ > 0, then holds with the error term O(el(l+gz)a) for
some ci,p > 0 and a = HLQ In 1970, H. G. Diamond [II] improved Malliavin’s result
by proving that if holds for some 0 < b < 1 and ¢; = 1, then holds with
error term O(W) for some p > 0 and a = b+Ll In 2006, T. W. Hilberdink
and M. L. Lapidus [27] extended Diamond’s result by showing that if holds for
b=1, (i.e Yp(xr) = x4+ O(z*) for some 0 < o < 1), then holds with the error
term O(W) for some p, C' > 0. The open question here is: is this result best

possible?

Several asymptotic formulas that are “equivalent” to Beurling’s PNT have been

recently investigated by Diamond and Zhang [15], [16]. For instance, this includes



Z Ap(n) =logz —c+ o(1),

n

n<ax

neN

where ¢ is not Euler’s constant in general. They researched conditions under which
these relations do or do not hold, and they found some of the implications between such
formulas without additional assumptions, while the others can fail unconditionally.
Many of their results have been recently improved by means of different approaches
which are based on recent complex tauberian theorems for Laplace transforms with
pseudo function boundary behavior [9]. In 2018, G. Debruyne, H. G. Diamond and
J. Vindas [8] gave conditions that imply the Beurling version of PNT equivalence
related to the partial sum of Mobius’s function not exceeding x. They have also shown
that such sum estimates fail by giving some examples which violate their necessary

condition for Mp(zx) = o(z).

3.7 Known results about Beurling numbers where

Yp or Np is well-behaved

In this section, we outline some relevant ideas and results about g-primes
and g-integers, in order to prove the main results in later chapters, where we are
interested in g-prime systems for which both Np(z) and ¥p(z) are simultaneously
“well-behaved”. These systems were investigated by T. W. Hilberdink in 2005 [25]

and have the following properties:

Np(z) = pr + O(z°*%)  for some p > 0 (3.13)
and
VYp(z) = 2 + O(x*F°) (3.14)

hold for all € > 0, but for no ¢ < 0 and 0 < o, 8 < 1. For the usual primes, ((3.13])
holds with § = 0 and if the RH is true, then 1) would hold for a = % Such

systems exist as was shown by Zhang [58]. Indeed, Pz (his system) satisfies these

with a = 8 = % We also study such systems where either of 1) or ‘D holds
with o, 8 < %
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Theorem 3.28. Suppose that for some 0 < a < 1, we have
Pp(z) =2+ O(x*F)  for all e > 0.

Then Cp(s) has an analytic continuation to the half plane {s € C : Rs > a} except

for a simple (non-removable) pole at s =1 and (p(s) has no zeros in this region.

Conversely, suppose that for some 0 < o < 1, {p(s) has an analytic continuation
to the half plane {s € C: Rs > a}, except for a simple (non-removable) pole at s = 1,
and that Cp(s) # 0 in this region. Further assume that |Vp(o + it)| = O(|t|°) holds
for all € > 0, uniformly for o > a4 6 with any 6 > 0. Then

Yp(z) =2+ O(x*")  for alle > 0.
Proof. See Theorem 2.1 of [27].

O

Theorem 3.29. Suppose that Yp(x) = x + O(x®) for some 0 < o < 1. Then there

exist positive constants p and ¢ such that

N/p(ﬂ?) = pxr + O(mefc\/m).

Proof. See Theorem 2.2 of [27].

Corollary 3.30.

(i) If Yp(x) =z + O(x®) for some constant o < L (which implies that Np(z) ~ px
for some p > 0), then for every o <n < 3, Np(z) — px = Q(z") and (p(s) does
not have finite order throughout the strip {s € C:n < Rs < 1}.

(i) If Np(z) = pz + O(2”) for some constants p > 0 and 8 < 3, then for every
f<n < %, Y(x) —x = Q(x"/) and (p(s) has infinitely many zeros in the strip

{scC:n <RNs<1}.

Proof. See Corollary 2 of [25].
U

Theorem 3.31. Let P a g-prime system satisfying and for some
0 <o, B <1. Then max{a, 3} > 3.
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Proof. See Theorem 1 of [25].
U

Theorem 3.32. Let P a g-prime system satisfying and for some
0<a,B <1. Then foro > O = max{«, 5}, and uniformly forc > ©+4§ (any § > 0),

Vp(o + it) = O((log |t|)i%éf>+€) and  (plo +it) = o(exp {(log |t|)i%éf>+€}),

for all e > 0. In particular, (p(o +it) = O(Jt|°) for all € > 0.

Proof. See Theorem 2.3 of [27].

Remark 3.33.

(i) If @ < B and we already know that (p(s) is of finite order for ¢ > 7 for some
a <n < f, then (p(s) and Vp(s) have zero order in this range.

(ii) If B < a and we we already know that Vp(s) has only finitely many poles for
o >n for some o < 7 < f3 (equivalently, (p(s) has finitely many zeros here),

then (p(s) and Vp(s) have zero order in this range.

The following result shows the existence of a system which satisfies (3.13) and
(3.14) unconditionally.

Theorem 3.34. There is a system of Beurling primes Py such that

(i) the associated Beurling integer counting function satisfies
2
Np(z) = pz + O(z2e18D%)  with p > 0;

(i1) the associated zeta function (p(s) is analytic for o > % except a simple pole at
s = 1 with residue p;

(iti) the function (p(s) has no zeros on the half plane o > %;

(iv) the prime counting function satisfies

N

mp(z) = li(z) + O(z2).
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Proof. See Theorem 1 of [58] and Theorem 17.11 of [16].
O

We shall use the next theorem in the proof of Theorem m (see also the preprint

[45]). An eealier version was proved in [25].

Theorem 3.35. Let f(s) =) ,cn aﬁ;”) be a Dirichlet series with abscissa of convergence
o. <1.

(1) Suppose that for some 0 <9 < 1 and p € C, we have

A(z) = Z a(n) = pr + O(2"°)  for alle > 0.

n<xz

neN

(3.15)

Then f(s) has an analytic continuation to the half plane {s € C : Rs > ¥} with a
simple (removable if p = 0) pole at s = 1 with residue p and f(s) has finite order;
indeed pg(o) <1 for o >19.

(11) Conversely, suppose that for some 0 <9 < 1, f(s) has an analytic continuation
to the half plane {s € C : Rs > 9} except for a simple pole at s = 1 with residue p.
Further assume that pip(0) =0 for o > (see Definition[1.25) and either

(a) a(n) >0 or

b a(n)| = O(z"*)  for alle > 0.
) 3 =0 o1
n € N7

Then holds.
Proof.

1) The proof of the first part follows on writin

(¢) 8

< Az ps < A(x) — px
f(s):s/1 335(“) dxzs_—1+3/1 (;de. (3.17)

The integral on the side of (3.17) converges to a holomorphic function for Rs > o

since

Alx) — pr| _|Ax) —pr| _|O@™)| _ Ba" B
s+l o ’x5+1’ - o+l - qotl o x1+0'71978'
Furthermore,
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o= 2 s [

o+t “|A(x T
<|p I‘ ’+\ +zty/| p'

— 14t
. FA(x) — pr
< e _ A S b
_Cp’1+a—1+it‘+oa|tl‘l+it’ (Smce/ xot+l

1

dx converges for o > 1)
=O0(|t]), as [t| — oo.

(i7) For the converse, let ¢ > 1, x,T > 0 such that ¢ N, then, for n € N, we

have

1 [T xN\sds (£)e 1 ifn<zx
R A
270 Jo_yp \n/ 8 T'|log %| 0 ifn>ux

Multiply by a(n) and sum over all n € A/. Therefore, for ¢ N, we have

1 c+iT f(S)iBs x° ]a(n)\
ng/\/

The range is split into (n > 2r & n < §) and (5 < n < 2x) in order to use the bound
|log £| > log 2 for the first range. This gives

_ L f(s)e i ja(n)] a |a(n)]
A(I)_%/cm . ds+0<? Z nc|log§|>+0(? Z nc|log%|>'

n>2c&n < 3 5 <n<2z
neN neN
Using | log%‘ = ‘ log (1 + %)‘ = mT—x\ for the second range, we obtain

1 AT £(g)xs x¢ a(n T a(n
Ay = o [T, (T S l;ﬂ)w(f 5 ,Lgy‘).

2mi
n>2z&n< g §<n<2
neN neN

Therefore
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=g [ o) ol X )

since f(c) = O(5).
Now consider the right integral of the above equation. We move the contour past
the line s = 1 to the line s = ¢ for any o > 9 (see Figure . The residue at 1 is

px since f(s) is holomorphic in this region.

o+iT c+il

Figure 3.1: rectangular contour

Hence

g M ([ L)

The integrals will be estimated by using the bound |f(s)| = O(J¢|*) for all € > 0. The
integral over the horizontal path [0 + T, ¢ + T is

1 /c+iT f(S) ) ’
— —x%ds| =

21 Joir S

ds.

“fly+iT)
27rz y—HT

y—&-dey‘

IA

T)|dy

2n’T

=07

C C

) = O(Txl_€> for all € > 0,
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by the above bound. Similarly for the integral over [¢ — ¢T,0 — ¢T]. On the line

Rs = o, we will have

L7 f(s) oo |

2mi o—iT

1T flo+it)
27T7/ -7 O_"’Zt
o T ; o T ;
v [T, [T,
2 J_p o+t T Jo |o+it
o 1 ; o T ;
27 [Clflerit) x_/ [flo+at)]
T Jo o+t ™ )i t
= 0(27) + O0(x°T¢) = O(2?T*) for all € > 0,

QZ’U—tht

by the above bound. Hence

c

Alz) = px+o(Tf7€) +OE°T) +0(T(f—i1))+o<% 3 %)

§<n<2
neN
Choosing ¢ =1 + 10;5 gives
x e xlog x x la(n)]
A(x):px—i-O(—Tl_g)—i-O(xT>+O( 0 >+O<f > T —al (3.18)
5§ <n<2
neN

for x ¢ N and for all € > 0. We need to bound the term on the right hand side, which
is difficult for general x when n is an integer close to x, as then |n — x|~ could be very
large. To take into account this eventuality we choose « here such that [n — z| < .

This ensures that it stays away from these integer n; i.e.
1 1

Then, for such x,

>l <a 3

2 <n<2 S<n<2z
nenN

In case (a) of Theoremm (47), the term on the right hand side of the above inequality

is O(23+¢) since the abscissa of convergence o, < 1, while in case (b), it is O(z3T7+)

by (T0).
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Taking T' = z*, gives A(x) = pxr + O(x°%¢) for all ¢ > 0. This holds for
all o > 9, so holds whenever x — oo satisfying . Now we follow the
method used in the proof of Theorem 2.2, originally given in [27]. We show for all z
sufficiently large for which

<x—%,x+%)ﬂ/\/’7ﬁgb,

there exist 27 € (x — 1,z) and 23 € (z,x + 1) such that

1 1 1 1
<I1——2,I1+—2>HN:¢ and <ZL’2——2,$+—2>HN:¢
xT X xT x5

1 1 2

For case (a), positivity of a(n) gives
Alw) < Alws) = pry + O(8) = pr + O(z"*)

and
A(z) > A(x1) = pry + O(2V¢) = pr + O(2”*°).

Hence (3.15]) follows for z. While for case (b), we have

A@) =A@ < | Y am)| < Y fam)] <2’
S i

for all € > 0 by . Hence follows. It remains to prove (|3.19).

Assume z is sufficiently large, so that Np(z) < L, where L = [@] Divide
(x — 1, ) into L intervals of equal length. Then one of them contains no elements of
x ¢ N. Let its midpoint be z;. Then (xl — %, x1 + %) NN = ¢. Thus the equation
3.19) holds with such z; when % < &3 (ie. L < ja3).
Similarly (z,z + 2) contains suitable .

O

Remark 3.36. The following conjecture has been suggested by T. Hilberdink [personal

communication].

Conjecture 3.37. Let P be a g-prime system for which the integer counting function
satisfies (3.13)) for some § < % Then (p(s) has at least one zero on the line Rs = %
or to the right of this line.
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Chapter 4
The special functions Ap and pp

In this chapter, we firstly study the relationship between the partial sum of Ap
and pp which play a significant role as examples in chapters 5 and 6. We then
investigate generalised prime systems for which the counting functions ¥p(z), Np(x)
and Mp(z) are asymptotically well-behaved, in the sense that ¢¥p(z) = x + O(z**),
Np(z) = px + O(2°*°) and Mp(z) = O(z7*) for some p > 0 and «a, 3,y < 1
respectively. We shall explore which values of «, 3,y are feasible. We also study the

behaviour of the sums ) _\ & 2() and Y onen APT(") under some conditions on g-prime

systems P. Finally, we study the behaviour of the sums ), _, ‘”’T(") and ) 2z(n)

n

under some conditions on g-prime systems P.

4.1 Relationship between A\p and up

In this section, we derive results which establish relationships between the Ap and
up functions as in the classical case. Of course, we shall always be aware that these

are not necessarily functions if they are made from different g-primes.

Theorem 4.1. For every n € N, we have

Ae(m) = 7 pe ().

d?|n
de N
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Proof. Let

Fpn)i= > np(55) = 3w (2) - S(e) = (up = S)(m),

d?|n cln

deN ceN

where

1 if c=m? with m € N,
S(e) = .
0 otherwise.

We would like to show that Fp(n) = Ap(n). It is easy to see that S(n) is
multiplicative and since pp(n) is multiplicative, then, by Theorem , the function
(up % S)(n) in the Dirichlet convolution algebra of arithmetic functions, is also mul-
tiplicative. We know that Ap(n) is a multiplicative function. It therefore suffices to
show that Fp(p*) = Ap(p¥) for all g-primes p € P and all k € N. Now, for every p*,

where p € P, we have

2m

m P m—r
Fp(p*™) = Z pp (?) = Z pp (p*1)
d2\p2m r >0 s.t.
deN r<m
= X w4 ()
r >0 s.t.
r<m
=0+up(l) =1
and
) . p2m+1 9 1
B = 30 me(Fpm) = X a0
d2‘p2m+1 r >0 s.t.
de N r<m
= Z pp (PP 4 (PP
r >0 s.t.
r<m
=0+ pp(p) = -1
Thus

Fp(p*) = = Ap(p¥), as required.

1 if k is even
—1 if kis odd
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Theorem 4.2. For every n € N, we have

pp(n) = 3 Ae (5 ) e(d).

d?|n
deN
Proof. Let
Gp(n) = > )\p(%>mp(d) == Ap<%> T(e) = \p + T)(n),
iy Ly
where

pup(m) if c =m? with m € NV,
T(c) = .
0 otherwise.

We would like to show that Gp(n) = pp(n). It is easy to see that T'(n) is
multiplicative and since Ap(n) is multiplicative, then, by Theorem , the function
(Ap * T)(n) in the Dirichlet convolution algebra of arithmetic functions, is also mul-
tiplicative. We know that pp(n) is a multiplicative function. It therefore suffices to
show that Gip(p*) = pp(p*) for all g-primes p € P and all k € N. Now, for every pF,

where p € P, we have

Gp(*) = ) Ap(%)ﬂp(d)z > (e ")

da?|p* r20
de N 2r < k

= Mp (") (1) + Ap (0" ) pp (p).

Note: Ap(p*2)up(p) exists only if k > 2. Thus

1 ifk=0
Gp(p") =< =1 ifk=1 = pup(p"), as required.
0 ifk>2

For the following, we recall that

mp(z) = Z #7375”) and Ilp(x) = Z AP(n).

n<a n<a

neN neN
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As consequences of Theorems (4.1 and [£.2] we have

Ip() = Z Z NP;;%) _ Z Z MPffT)

n<z d?|n d? <z n <z st d’|n
neN deN de N nenN
md? d? '
P <e m< % <
denN meN deN

and

n
d? <z nﬁzs.t.d2|n
deN neN
)\'p(m) l’P(%>
-y Y e Y P w )
hen ek Gen

Lemma 4.3. Let P be a g-prime system for which ZHE./\/’n% converges. Then
Np(z) = o(x?).

Proof. Since ) . nl—? converges and put
A) == Y —=C+o(1),
neN

then, by Abel summation,

Np(z)= ) 1=A(z)-2° -2 /j A(t)tdt

neN

— (C 4+ o(1))a? — 2 /j(c T o(1)tdt

= O2° + o(z?) — 2C /17 tdt — 2/$ o(t)dt
= 02 + o(z®) — Cla* — 1] + o(z?) = o(z?).
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We now establish a relationship between lp(x) and mp(x) in terms of these sum

functions tending to zero with increasing terms.

Theorem 4.4. Let P be a g-prime system for which ZnEN# converges. Then
lp(x) = o(1) if and only if mp(z) = o(1).

Proof. Suppose mp(z) = o(1). We want to show that lp(z) = o(1). Let € > 0. Then
imp(7)| < e for x > x0, some xo. Thus [mp(5)| < e if & > 0. Hence (4.1)) gives

L

RETI ol v S A S

2 <=z d? < = 2 <cd?<a
0o x0
deN denN deN
1 o .
< ¢ E E+A— E 1 (since [mp(5)| < A)
X
d? < = 2z cd?<a
x( x(
denN deN

< e gp(2) —f—Al’O M

Letting # — oo and using Np(y/Z) = o(z) (by Lemma [£.3)), we find

limsup |lp(z)] < € (p(2).
T—>00
This is true for all > 0. Since ¢ is arbitrary, then lp(x) — 0; (i.e. Ip(x) = o(1)).
Now suppose Ip(z) = o(1). We would like to show that mp(z) = o(1). Let € > 0.
Then |lp(z)| < € for x > 29, some xg. Thus [lp(5)| < e if £ > xo. Hence (4.2)) gives

lp(2) - pp(d)] 1 (B .
Imp(z)| = Z - <e 2 =+ > 5 (since [up(d)] < 1)
d> <z d? < = %<d2§z
deN denN deN
1 T . .
<e >y ﬁth;O > 1 (since Ip(%)] < A)
d2§% %<d2§z
deN deN

§ 9 CP(Q) + AZBQ
Letting 2 — oo and using Np(y/Z) = o(z) (by Lemma [4.3)), we find

limsup |mp(z)| < € (p(2).

T—>00

This is true for all > 0. Since ¢ is arbitrary, then mp(z) —0; (i.e. mp(z)=0(1)). O
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Remark 4.5. In particular, if the abscissa of the g-prime system P is 1, then mp(x)
and [p(x) tend to zero together.

In Chapters 5 and 6 we are interested in how quickly the partial sum of Ap over
n < x tends to zero. The following theorem establishes a useful correspondence

between lp and mp which we will use in later calculations to link these estimates.
Theorem 4.6. Let P be a g-prime system with abscissa 1 and let 0 < a < % Then
lp(z) = O(Z) if and only if mp(z) = O(L).

Proof. Suppose mp(z) = O(2). We would like to show that lp(z) = O(%). Using
(4.1]), we have

mp () d2“ 2 Cr(2 — 2a)
lp(z) = Z e < Z = x_z 22a: 0
2 x x N
aen e

since 2 — 2a > 1, so (p(2 — 2a) exists. Hence

Ip(z) = 0(%).

For the converse, suppose lp(x) = O(xia) We want to show that mp(z) = O(Iia)
Using (4.2)), and since |up(d)| < 1, we have

mp(z) = Z lpc(p 2 )< — Z d2 2a Qx: QG)

2 <z deN

Hence

For the following, we recall that

Mp(x) = > pp(n) and Lp(x)= Y p(n

n<a n<ax

neN neN

In the same way of Theorem we can prove:

Theorem 4.7. Let P be a g-prime system with abscissa 1 and let % <a<1. Then
Lp(z) = O(x*) if and only if Mp(z) = O(z?).
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Proof. Assume Mp(x) = O(z*). Then, in the same way that we obtained (4.1]), we

have
T z?
LP(ZL‘) = E Mp (ﬁ) < ﬁ S ZL‘aCfp(Qa)
d* <z d< Va
denN deN

since 2a > 1, so (p(2a) exists.
For the converse, assume Lp(z) = O(z®). Since |up(d)| < 1, in the same way that
we obtained (4.2]), we have

T 1
Mp@) = Y Lp() wpld) < 2% Y — =a"Gr(20).
ain Ve

Remark 4.8.
(i) It immediately follows from Theorem [4.7|that if 0 < a < 1 and

(a) Mp(z) = O(z%), then Lp(z) = O(z27<) for all € > 0.
(b) Lp(z) = O(z%), then Mp(z) = O(z="*) for all £ > 0.

(ii) We can ask whether Theorem extends to a < 1. But as we see below this

cannot be expected in general as it depends on (p(s) having pole at s = %

Propostion 4.9. Let P be a g-prime system with abscissa 1. Suppose Lp(x) = O(x*)

for some ¢ < % Then Cp(s) has a pole at %

Proof. Since Lp(z) = O(z°) for some ¢ < 3, then this implies (Zp(s) :)Cgfé‘? is

holomorphic for Rs > ¢. Thus Zp(s) has analytic continuation to fs > ¢. On the
other hand, we know that (p(s) is holomorphic and has no zeros for s > 1 since

P has abscissa 1. Thus (p(2s) is holomorphic and has no zeros for ®s > 1. This
gf(;?) is also holomorphic for s > 1.
Thus #(S) is holomorphic for Rs > % This implies ﬁ is holomorphic for Rs > %.
CZ7> 7’(;)) is holomorphic for ®s > a = max{c, 1} since Zp(s) is holomorphic
for s > ¢. This means #(S) is holomorphic for s > « as well as implying that (p(s)
is meromorphic and has no zeros for s > a.

shows that m is holomorphic for s > % and

Therefore
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Also, (p(s) has a pole at s = 1 since it has a singularity at the abscissa of

convergence which is s = 1. Thus (p(2s) has a pole at s = % However, we know that

¢p(2s)
¢p(s)

pole of (p(s) must be cancelled with the pole of (p(2s).

has to be holomorphic for Rs > ¢, and so (p(s) must have a pole at % since the

O

Remark 4.10. The only way which would get Lp(z) = o(y/x) is if (p(s) has a pole
at 1. In other words, in order to have Lp(z) = Q(x2), ¢p(s) must have no pole at :
(see also Proposition for more precise result).

4.2 Partial Sums of the Mobius function over N

In this section, we are interested in Beurling prime systems for which the counting

functions ¢p(x), Np(z) and Mp(x) are asymptotically well-behaved, in the sense that
Up(a) =z + 02", (4.3)

Np(z) = pr + O(2°%)  for some p > 0 (4.4)

and

Mp(z) = Y pp(n) = O(z"")

neN

(4.5)

hold for all € > 0, but for no € < 0, where p > 0, «, 3,7 < 1 respectively. We shall
explore which values of «, 3, are feasible. We show that it is impossible to have
both £ and ~ less than % or both a and ~ less than % We also rule out some possible
orders for «, 3,7 and show that out of the three numbers {a, 3,7}, the largest two
must be equal and at least % Clearly, we need «, 3,7 > 0 since ¢¥p(z), Np(x) and

Mp(x) are Q(1).

Theorem 4.11. Given a g-prime system P satisfying for some 8 < 1 and
for some v < 1, we have max{f3,~v} > %

Proof. Assume O := max{3,7} < 3.
Assumption implies that s floo ]\ipﬁ) dx converges to a holomorphic function

for s > ~. This implies (Up(s) :)#(S) is holomorphic for fs > ~. However, the

assumption for some [ < % implies that (p(s) is holomorphic for s > 3 except
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for a simple pole at s = 1. Thus and together show (p(s) is holomorphic
except for a simple pole at s = 1 and has no zeros for Rs > ©. But, this gives
a contradiction with Corollary (part (ii)) since this says that (p(s) has infinitely
many zeros in the strip {s € C: 7' < Rs < 1} for every 5 € (3,1). Hence © > 1.

O

Theorem 4.12. Given a g-prime system P satisfying for some o < 1 and
for some v < 1, we have max{a,~v} > 3.

Proof. Assume O := max{a,7} < 3.

Assumption 1) implies that s floo ]\?’ﬁ) dx converges to a holomorphic function

for Rs > ~. This implies Up(s) is holomorphic for Rs > v. However, the assumption
1} for some a < % implies that (p(s) is holomorphic for s > « except for a simple
pole at s = 1 and (p(s) # 0 in this region by Theorem Thus (4.3]) and (4.13))

together show (p(s) is holomorphic and has no zeros for $s > O except for a simple

pole at s = 1. Let s = o + it, with s > ©. From the Mellin transform, we initially

have
Vp(o +it) = O(Jt]) for Rs > «, and (4.6)

Up(o +it) = O(|t]) for Rs > ~. (4.7)

We have that for all 6 > 0, holds uniformly as |t| — oo for ¢ > o+ 4, and
equally, as [t| — oo holds uniformly for o > v + §.

We know that Up(s) is non-zero for Rs > O except for a simple pole at s = 1, and
so log Up(s) is well-defined and holomorphic on {s € C : s > ©} \ (0, 1]. Thus for
o > O, and uniformly for ¢ > © + 4,

R(—log Gp(o + it)) = log |Up(o +it)] < Clogt], 1] > 2.

for some C'. Now the Borel-Carathéodory Theorem (see Theorem [1.26)) can be applied
to the function log Up(z) and the circles with centre 3 + it and radii r =3 — © — 20

and R =3 — © — J. Hence on the smaller circle, we have

2r R+r
1 < 1 1 )
|log Up(2)] < 7 s&%% ogUp(z) + R—r‘ og Up(3 + it)|
6—20 —46 6—20—30 :
< 5 (Cloglt]) + ——5——|log Up(3 + it)| = Olog [¢]).
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It follows that |log Up (o +it)| = |log (p(o +it)| = O(log|t|) uniformly for o > © +4¢

since ¢ is arbitrary. Thus
log |Cp(o +1t)| = Rlog (p(o +it) < |log (p(o +1t)| = O(log t])

Hence, for o > O,
|Cp(o +it)] = O(|t]*)  for some k.

But, this gives a contradiction with Corollary (part (i)) since this says that (p(s)
does not have finite order throughout the strip {s € C : n < Rs < 1} for every
n € (o, 3). Hence © > 1.

U

Remark 4.13. As a consequence of Theorems and if we want Mp(x) = O(x°)
for some ¢ < 3, then Np(z) — pz and ¥p(x) — z must both be Q(z2) for all € > 0.

The following theorem shows that Up(s) and Vp(s) are of zero order in a strip to

the left of 1 if (4.3) and (4.13) hold.

Theorem 4.14. Given a g-prime system P satisfying for some a < 1 and
for some v < 1, we have for 1 > o > O = max{«a,v} and uniformly for
1—-0>0>0+0 (anyd >0)

Vp(o + it) = o((log |t])11—;5+€> and  Up(o +it) = O((log |t\)11—;5+5>,

for all e > 0. In particular, for o > O we have Up(o + it) = O(|t|%) for all e > 0.

Proof. From the proof of Theorem [4.12] we have
|log Up (o +it)| = O(log|t]) for o > ©.

Now we apply Cauchy’s differentiation formula (see Theorem [1.28) to the function
log Up(z), we have

, 1 log Up(2)
t)=— [ =227 g4
Vplo+it) 27ri/7(z—a—it)2 =

where o + it is the centre of the circle v with radius €. Selecting £ > 0 such that

o> 0 + ¢, yields

‘ 1 log Up(2) 1 2me
) =— ———d ‘<—— 1 = O(log |t]). .
Vinlo it = 5| [ 2 Pt < 52 T s logUn(2)] = Olog ). (4:5)

zey
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Now the Hadamard’s Three-Circles Theorem (see Theorem can be applied to
the function Vp(z) on the circles Cy, Cy, C3 with centre a + it such that a > 1+ w
passing through the points 14 w + it, o +it,© + § + it, where §,w > 0. The radii are
thus

rm=a—1—w, m=a—0, rg=a—0—)J.

Let My, My, M3 be the maxima of |Vp(z)| on the three circles Cy, Cy, C3. Then

)
5

log (
log (

3R

My < M{7"Mj§, where k=

=

Now M3 = O(log |t]) by estimate (4.8), and

B B Ap ’ . Ap(n)
i = V() = | 3 27 < 3 < g 37 50

= rré%xvp(%z) Vp(l4+w) = 0(1).

2€Cq

Thus My = O((log |t|)*). In particular, for z € Cy we have

Vp(o +it)| < Mz < My~"Mgz = O((log [¢])").

We can make k, the exponent, as close to 11_;(‘; as we like through selection of w,d

small and a large, since

__log(R) log(3t7)  log(l-2) ~log(1- U2
Clog () log (5772)  log (1 - ) —log (1 - (52
2+ 24 0(5) . Hl+4w-0+0(32)
SR e L (L) T (14w — (046) +0(1))
104040 (1-0)1+0(2) +0(E)
- 1-0+0wW)+00)+0(;)  (1-0)(1+0(%)+0(%) + O(25))
_ 11:%<1+O(w) +0(2))(1+0@)+0(5)+0(2))

1—0 1
:m+0(w)+0(5)+0(5).
Hence

Vi (o +it)| = O((log [t|)7=6*¢)  for any & > 0.
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Finally, applying Theorem to the function log Up(z) from the point o + it to the
point 2 4+ it and taking the real part, we have

2+t

2
log |Up (o +it)| = log |Up(2 + it)| — 3‘%{/ Vp(2) dz} < A+/ \Vp(y +it)| dy

o+it
2

2
< [ (log i)+ dy < Qog )5+ [ dy < (log o),

and therefore |Up(o + it)] = O(exp(log ]t\)ll%gﬁ). Choosing ¢ sufficiently small, so
that the exponent 11_;8 +¢e < 1 for ¢ > O enables us to write for ¢ sufficiently large

and any given € > ()
—clog |t| < log |Up(o +it)| < elog|t],

so Up(o +it) = O(|t|°) for all € > 0.
0

Theorem 4.15. Let P be a g-prime system satisfying , and for
some «, [ and y < 1 respectively. Then out of the three numbers {«, 5,v}, the largest

two must be equal and at least %
Proof. We rule out the three cases where one is strictly larger than the others.

(i) If o,y < B, then Theorem tells us that for Rs > max{«a, v}, we have (p(s)
and Up(s) are of zero order. But this gives a contradiction as (p(s) has infinite
order in the strip a < s < 8 by Remark (part (i)).

(ii) If 8,7 < «, then (p(s) is holomorphic and has no zeros for Rs > max{3,~v}

except for a simple pole at s = 1. But this gives a contradiction as (p(s) has
zeros in the strip f < s < a by Remark (part (ii)).

(iii) If o, 8 < 7, we know from Theorem that (p(s) and Up(s) have analytic
continuations to {s € C : Rs > min{w, f}} except for simple pole of (p(s)
at s = 1 and for Rs > max{a«, §}, they are of zero order. Now we apply
the converse part of Theorem with Up(s), so that Mp(z) = O(x*") or
Mp(x) = O(2P*) for all ¢ > 0. This contradicts assumption since

a, B <.

Therefore we have the other cases which are either § < a = v, a < f = v or

v < a = . These show that the largest two of these three numbers must be equal.
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Furthermore, Theorems [3.31] |4.11| and [4.12] also reveal us that the largest two must
be at least % 0

4.2.1 Examples

From this theorem, we are motivated to explore whether it really is possible that
each of 8, a and ~ can be strictly less than the other two and whether it can be less

than 1, and as such, we provide some examples of g-prime systems.

Example 4.16. (i) Let P = P, so that N' = N, then (4.4 holds with 8 = 0 (and
p = 1) and if the RH is true, (4.3) and (4.13) hold for @ and 7 equal to 3. This is

a conditional example where f < o = 7.

Example 4.17. (i) Let P = {p1, pa2, 3, - } be a g-prime system where p, = R7!(n)
for all n € N and R is the function defined by

v~ (loga)*
R(z) = z:: KleC(k + 1)

where ((-) is the Riemann zeta function. Note R is strictly increasing and continuous

n [1,00). For then, mp(x) < R(x) < mp(x) + 1 (since if p, < = < pu41, then
n = 7wp(x)). Thus the function Ilp(x) (see Section of this system can be
calculated by

[e§) 1 1
mp (T p(Tn : 1 o1
[p(z) = E mp(en) = E % (since mp(zn) = 0if 7 < py)
n=1 1<n<Alogz

— Zm+ Zw (for some A > 0)

1<n<Alogz n l<n<Alogx
1 <~ (logzn 1
= 2 Ezk'kogg/fﬂ O( 2 E)
1<n<Alogzx 1<n<Alogzx
= (logz)* 1
Z EkC(k+ 1) Z W+O(loglogx)
1<n<Alogz

. log:c 1
k+1)+0 (1) ) +Ollog]
Z FEC(k 1 1) <C( T+ k(Alog:c)k>) +Olloglogz)
= li(z) + O(log log x).
For this system, the prime counting function ¢p(z) can be found by integration as
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follows:

vp(z) = /9«‘ logtdTlp(t) = /l‘ logtdli(t) + /CE logtd (Ilp(t) —1i(t))

= / dt + (TIp(t) — Ti(t)) log & — / wdt

log1
=z + O(log xloglog z) + O(/ Og:gtdt> =z + O(log x log log )

p1

=2+ O(z°) forall e >0.

This shows a« = 0. Therefore, by Theorem £ must be equal to v, but it
is not clear what the common value is except that it lies in [%,1]. Theorem m
gives Np(z) = pz 4+ O(z—cVIoszloglos®) for some p,¢ > 0. It may be the case that
Np(x) — pr = O(a") for some n < 1, in which case the infimum of such 7 is 5. But
we do not know if this holds for any n < 1. Hence we get 0 = a < % <pB=~v<1for

this system.

Example 4.18. (iii) For § < g < 1, let P = PU ]P’%, where we include any
multiplicities. Assume that M (z) = O(z") for some 3 < n < 1, where M(z) is
the partial sum of the Mobius function not exceeding x. This is equivalent to a
weaker version of the RH which is when ((s) # 0 for s > 7. The associated Beurling

zeta function of this system is

Cp(s) = C(s)C(s/B) =

m>1 n>1 mn>1

For this system, we have

m,n > 1
1
mnB <z

Applying Dirichlet’s hyperbola theorem (see Theorem |1.11]), we have
T T\B
o= £ [5oe] + ()] -
n<a n<

A

for any ab = x. Putting a = x*, we obtain

Vo) = 3 [l + 2 [() ] -1

n<z B n<gl—A
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=7 Z m+xﬁ Z nﬁ 21X L 02 + Oz

n<gAB n<gl-A
= 1 _ i —AB(5—1) —28(4)
_x(<<6> gt tow B)>
L(1-0(1-5)
+a” (W +¢(8) + O(IL“_(I_A)B> — A 0(2M) 4+ O(2' )

_ g(%)x LB + O@@) + O,

Selecting A\ = then A\ = 1 — X\ minimises this quantity and gives

No@) = () +C(B)a” +0),

Thus the “B” for this system is indeed 5. Furthermore, a on our assumption can be

calculated as follows:
Vp(z) = () + ¥(2P) = 2 + 2° + O(2""*), where n) € [%, 1).

Thus, if we assume that n < 3, then @ = 5. Now we would like to estimate Mp(x)
for this system. We have

L p(m
Crls) 8/5 Z %

m>1 n>1 m,n>1 (mnE)S
Therefore
T
Mp(z) = Z p(m)p(n) = Z p(n) Z p(m) = Z p(n) <n1/6>
mn% <z T'L<1‘/B mgn% n<:vﬁ
m,n > 1

where M (z) is the partial sum of the M&bius function not exceeding z. Now using
the bound M(z) = O(z") for some 1 < n < 1 and applying Dirichlet’s hyperbola

theorem again, we have

Mp(a)= S plmun) = 3 ulm) (- W) S utmar ((2)7) = meeyp(a),

mn%<x n<ab n<b
"
< 7t S +b” o
n<af8 n<b
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A

for any ab = x. Putting a = x*, we obtain

1 1
Mp(z) < 2" Z — + ™ Z — 4 AN P,

Now if we assume that n < 3, then Mp(z) is

< g P0=3) 4+ P (=N A=Bn) | ABntn—Xy

< ZHAB=An + pLlAABn + pABEn=An

The third exponent is less than or equal to the second exponent since

ABn+n = =An+n(1—-A) <1-XA+A3n.

Thus choosing A = ﬁ, so that 1 — A+ \Bn = n+ AS — An minimises the error. This
gives
(1+7) 2n) (1+n)
Mp(z) < 2”5 427155 < 2755

Hence, v < B(iig) < [ and we get v < a = 8 < 1 for this system and v > % since

1 o 1 l_ . . . . o . .
SE = WP has poles on the 3-line. Again, it is a conditional example as a version

of RH.

Propostion 4.19. Let P be a g-prime system satisfying , and for

some «, 8, v < 1 respectively and define & via

Lp@@) = 3 Ap(n) = O(z5)

n<az

neN

(4.9)

holds for all € > 0, but for no ¢ < 0. Suppose v > % Then v = & and the largest
two of the numbers «, 8,& are equal and at least % On the other hand, if v < %, then

E> .

Proof. Theorem[£.7 and Remark[£.8] as well as using Theorem give the required
result.
U

Notice that we do not know if there is a system with abscissa 1 which satisfies
(4.13) with v < %
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4.3 Infinite sums involving the functions A\p and up

In this section, we investigate the value of the sums ) _\- “PT(n) and D )‘PT(n)
of g-prime systems under some assumptions over P. We also provide special examples

of these sums when the g-prime system P is as in Example [3.3]

Propostion 4.20. Let P be a g-prime system for which ZnEN% converges to A.
Then

i 12 conperges to L
neN n A

CP( )

(i) Y nen M’n(" converges to

Proof. (i) We know, »_ N% converges absolutely to A since ) N% converges
and % is positive for all n € . Thus, by Theorem when f(n) = 1, we

have

(4.10)
nEN peP

pp(n)

Now since "”’nﬂ < LforallneNand Y .\ L converges, then Y _\

converges absolutely.

By using Theorem [3.22] again, we have

S0 -5

neN peEP

Hence 3, & 7’( ) converges to &

(ii) Now since I/\pn(n)\ = Lforalln € N and ), = converges (by )7 then
D neN AP,EH) converges absolutely.

By using Theorem [3.22] again, we have

S0 T ATl -

neN peEP p peEP p? p?

Hence ) ’\PTE") converges to Cpf).



Propostion 4.21. Let P be a g-prime system for which >, + dierges and
> nen =5 converges for every s with Rs > 1. If

i 12 conuerges to S, then S must be zero.
neN n

(i) D en ’\PT(H) converges to S, then S must be zero.

Proof. (i) Using Example and that ) # converges for every s with s > 1,
we have

Up(s) = 'uPin) _ for s > 1.
- n Gp(s)

By Theorem and the assumption that ) . N’”’T(n) converges to S, we
have

1
U'p(1+€>:m — S as e — 0.

Thus, if S # 0, then

1
(p(l4+¢e) — 5 as e — 0",

On the other hand, we know that »° _ /\/% diverges, therefore (p(1 + ¢)

diverges as ¢ — 0T, since

lim (p(l+¢) =l E L > i E ! li ! E !
1 (p g) = lm -~ 11m = 1m = —
e—0+ e—0+ nlte = o+ nite =0+ nlte n
ne n<z n<az n<az
neN neN neN

for any x. This gives a contradiction since the right hand side can be made

arbitrarily large. Hence S must be zero.

(ii) Using Example and that >, = converges for every s with Rs > 1, we

have

Zos) = 3 220) _ (29

= ~ (p(s)

By Theorem and the assumption that ) _.- 2p(n) converges to S, we have

n

Zp(l+¢) = —Q’gf((llj;)))

7

— S as e —0".



Thus, if S # 0, then

Gp(L+¢) 1

A E)] — g 8 e— 0",

Hence (p(1+¢) converges to a limit since (p(2(14¢)) — (p(2) # 0ase — 0F.

By above this gives a contradiction. Hence S must be zero.

O

Remark 4.22.

(i)

From above results if the abscissa of P is 1 and ), _,/ ’”’T(”) converges, then

Y onen ’“’T(") = 0 if and only if }_ . /\/% diverges. But if P has abscissa greater

than 1, then > _,/ “PT(n) may not be convergent (see Example .

Is it possible to find a g-prime system P with abscissa 1 and ), N% diverges

and either > ’”’T(n) or > v )‘PT(n) diverges?

This question has been partially answered by Tao [50], by assuming P is subset

of the usual primes. He showed that ) _, L2 converges if and only if >N =

n

diverges. This means that it is impossible to have such a system if P is a set of

primes.

Example 4.23. Let P = {\/p : p € P}. Then N= {\/n : n € N} and )\ +

diverges and

gp(s)zzézz L _¢5) foris > 2.

neN n=1 nz
But > v “PT(") is divergent since
Hr(n) = Z 'UP(\/E), where n = v/m and m € N
neN n m=1 \/m
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For if > > \F converges, then put m(z) =3 . wm) — ¢ 4 o(1), so that

M(a) = 3 i) = mia) V-3 [ m D

2

= (C'+o(1) \/E——/ dt
:C\/E—l—o(\/f)—g/lxt—édt—l—%/lxo(t%)dt

= OVZ +o(v/T) - OV — 1] + o(Va)
— o(\/2).

But this gives a contradiction with the fact that M(x) = Q(y/z). Hence

pp(n) o p(m)
neN m=1 \/m

is divergent.

Example 4.24. Let P = {2,2,3,3,5,5,---}. Then N/ = N with multiplicity d(n)

and for Rs > 1, we have

up :H<1_i>

= u*u
SR

neN v b
We would like to show that
pp (1 _
neN
It is equivalent to show that
PP ex ) . (4.11)
n=1

Applying Dirichlet’s hyperbola theorem with @ = b = /z (see Theorem [1.11)) to
J(x) =, <, (u* p)(n), we have

) =23 u(n)M(g) - (M(V)), (4.12)

n<\/x

where M (x) is the partial sum of Mébius function up to and including z. Since
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M(z) = O(W) for any A > 2 as © — o0, then |M(z)| < —=% for all A [37].
The sum on the right of (4.12]) satisfies

’Z ( )‘ Z’H log (log\/_AZn 10g\0/%

n< n<\/T

The last term of the right hand side of (4.12)) is bounded by

0D < (lin) = (s

(log v/2)4 log /)4
Therefore
2C'x C?z 2Cx
J < < f 11 A.
OIS g vy * g vy < llog vyt
Hence

T

J(z) = O<W> for all A.

Now, by Abel summation,

E:Qi?ﬂzzﬂ@é+/mﬂﬂlﬁ

n<z
O —L 0 oo
:—((ng)A )_|_/ &dt—/ Mdt
2 x

x 12 12

:O%@rﬂ+/m%9ﬁ_/ﬂﬂﬁﬁj%t
2 T

T t2

where C' is constant

)+c+of

(e o))

since [ %dt converges for A > 2 and | [ (logt dt‘ = Thus

1
(A—2)(log) A2

(p % p)(n) 1
Z = O<W> for all A.

n<x

Letting x — oo, we have (4.11)).

Notice that Theorem H also gives >\ )‘7’75”) =0.
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4.4 Open problems

(i) From Examples (4.16)) and (4.17)) we have systems with («, 8,7v) = (A, 0, A) and
(0, B, B) for some % < A, B < 1. Can we find, unconditionally, such systems
with A < 1and B <17

(ii) In Example (4.18) we have a system with (o, 8,v) = (C, C, D) with
% < D < C < 1. Can we find one unconditionally, with D < 1. Furthermore,

can we find one with D < %?

(iii) The findings of the second section may suggest the following conjecture.

Conjecture 4.25. Given a g-prime systems P with abscissa 1 for which

Mp(z) = Y pp(n) = O(a"),

neN

it is impossible to have v < %
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Chapter 5

Completely Multiplicative

Functions of Zero Sum over N

In this chapter, we generalise the notion of C'MO functions to Beurling g-prime
systems. We give some properties and examples of these functions. In particular, we
provide some examples of the function ’\PT(") for different g-prime systems P where
Ap(n) is Liouville function over P. Kahane and Saias used examples of such functions

/\PT(”) with P being a subset of usual primes P (see [30], [32]).

5.1 (C'MOp functions

Let P be a g-prime system. We say that f : N — C is a CMOp function if it

satisfies the following conditions:

(1) f is a completely multiplicative function (i) Z f(n) =0.
neN
This is a generalisation of a CMO function. We investigate some properties of
C'MOyp functions. For instance, let f be a CMOp function and g a completely
multiplicative function “close” to f. We shall show that g is also a CMOp function
under some extra condition on f. Furthermore, the same questions that were asked by
Kahane and Saias [31] about C MO functions can be discussed for CMOp functions.
For example, how quickly the partial sum of f(n) not exceeding z, (i.e. > __f(n)) can
tend to zero. In particular, we would like to investigate how quickly the pa_rtial sum of

Ap(n) over n up to and including = tends to zero with different type of systems where

Ap(n)
n<x n

Ap(n) is Liouville’s function over N. Specially, we discuss O-Results of >
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over N with a system which satisfies
Np(x) = px + O(2"¢) (for some p > 0) and Pp(z) = 2+ O(z*") (5.1)

for all e > 0, but fornoe < 0and 0 < o, < 1. As Special case we treat Zhang’s

system (see Theorem [3.34) with error term O(zze(cls®)? ) for the counting function
N’p( ) and O(:U%) for 1p(x). We show that }_, _, )‘PT(”) for the system which satisfies
is O( —— s) where O is the maximum value between a and 3, whereas Zhang’s

system gives

2
1 3

Lp(x) = O(zzelc082)?), (5.2)

where Lp(z) is the partial sum of the Liouville function on N as defined previously.
This can be compared to the conditional result of M. Balazard and A. de Roton [3]
concerning the Mdbius function of the standard integers. They showed that assuming
RH,

M(z) = O(m?e(log“)moglog“”) ) for all ¢ > 0,

where M (z) is the partial sum of the Mébius function. Following the above result,
Theorem [4.7] can be used to show that

L(z) = Ohectiosn tostos ) oy all ¢ >

We notice that the right hand side of (5.2)) can be automatically improved if one

would be able to improve the error term in Zhang’s system.

We also explore 2—Results for the behaviour of 2() for a system P which

satisfies either the assumption

n<;t

Np(z) = pr + O(2”) forsome p >0 or p(x) =+ O(x%),

for some «a,f < % The aim of this chapter is to find a completely multiplicative

function f over N with abscissa 1 such that

Zf < )forsomec>—

n<a

neN
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5.2 Some properties of CMOp functions

In this section, we derive some preliminary properties of C'MOp functions.

Propostion 5.1. Let f be a CMOp function. Then ) .\ |f(n)| diverges. Indeed
> pep | f(P)| diverges.

Proof. Let us assume the converse, so that

Z |f(n)| converges.

neN
Then, by completely multiplicativity,
1 1
2ol = =gy o 2,100 = U 7= #0

This contradiction implies

Z |f(n)| diverges.

neN

Furthermore, Proposition gives > p | f(p)| diverges, as required.

5.2.1 Partial sums of CMOp functions

By definition the partial sum of a C M Op function not exceeding z tends to zero

when z tends to infinity. As we asked in Chapter 2, we can ask how small can we
make g(z), so that (5.3)) is true for all CMOp functions f7

> fn)=9(g(x))

n<ax

neN

(5.3)

To answer this we need some assumptions on g-prime systems.

Propostion 5.2. Let P be a g-prime system with unique representation (all the

multiplicities are 1) for which ZpEP @ converges. If f is a CMOp function, then
1
> =9( ).
n<a . Og r
nenN
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Proof. Let us assume that the statement is false, so that

Z fn) = O(wligx)‘

n<ax

neN

We know that for every p € P, we have

F) = 3 Fm) = 3 rom) = 0( ). (5.4)

-~ vt plogp

Now it follows that >, |f(p)| converges and |f(p)| < 1 for all p € P by the
assumptions. Hence, by Proposition [3.26, we have »_ _.-|f(n)| converges. But by

Proposition [5.1] we have a contradiction, and so it follows that

Z fln) = Q(:clsgq)'

n <z

neN

Remark 5.3.

(i) Similarly, we can get different results by having different assumptions on the
g-prime systems with unique representation. For Example, if f is a CMOp

function and P is a g-prime system with unique representation for which

1
> pep loglogp)? converges, then

N fn) = Q(m). (5.5)

n<cx

neN

(ii)) As mentioned in Chapter 2, Kahane and Saias [3I] have shown that if f is
a C'MO function, then

> s =000,

n<x

Now if we assume Y _ 1 converges, then the sum on the left of 1} is Q(%)

pEP p

(iii) Without unique representations, it can be more complicated. For instance, if P

is as in Example , then (5.4)) does not work.
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5.2.2 Closeness relation between two completely multiplicative

functions which are defined over N

Let CMp := {f : N — C completely multiplicative}, and let us define an

(extended) metric on CMp to be the distance function

D(f,9) = _la(p) = f)I-

peP

Then CMp is an extended metric space since D(f,g) can attain the value co. It
is straightforward to check for all f,g,h € CMp

(i) D(f,g) =0 if and only if f = g,
(ii) D(f,9) = D(g, f),
(iii) D(f,h) < D(f,9) + D(g,h)

hold. We aim to generalise Theorem 3 of Kahane and Salas in [31I] over Beurling
prime systems. The following theorem shows that if f is a CMOp function and g is
a nearby completely multiplicative function on A, then ¢ is also a CMOp function.
In other words, under extra conditions on the values of g-primes for two completely

multiplicative functions if one is a C'MOp, then so is the other.

Theorem 5.4. Let P be a g-prime system with abscissa 1, f a CMOp function and

g a completely multiplicative function on P such that
lg(p)| <1 forallpeP (5.6)
and
D(f,g) < oo. (5.7)

Then g is a CMOp function.

Proof. Let F(s) :== ) % and G(s) == Y cn QSZ). Then the series for F'(s) is
absolutely convergent for Rs > 1 and it is convergent for s > 0 and s = 0 since
Y nen f(n) = 0. Assumption (5.6) and that g is completely multiplicative function

imply |g(n)| < 1. Thus the series for G(s) also converges for Rs > 1 since g is bounded
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and the abscissa of P is 1. Therefore F'(s) and G(s) can be written as follows:

1 1
F(S) = H ]__—fﬁ and G(S) = H ) ?RS > 1.

1 9
peP p® peP p°
Now
f(p) 9(p)—f(p)
- p° _ p°
H(s) =[] <1_m) _H<1+ 1_m>
peEP p* P ps
converges absolutely for $ts > 0 if and only if
|g ()= f )|
> —r (5.8)
pepll-—-——

converges for s > 0. But

(p)—f(p)

222 a(p) — ()
o <2 N

1-2¢ P

since % > % for p sufficiently large and Rs > 0. Thus, since and
|1 — %| ~ 1lasp— ooand Rs > 0, converges for s > 0 and H(s) converges
absolutely to a holomorphic function for Rs > 0. However, H(s) = (G/F)(s) for
Rs > 1 then G(s) = F(s)H(s), where the series for F(s) converges for s > 0
and s = 0 since f is a CMOp function, and H(s) converges absolutely for Rs > 0.
Therefore G(s) converges for Rs > 0 and s = 0 using the extension of Theorem [1.1§|
Thus we have G(0) = F(0)H(0) = 0. Hence g is a CMOp function. O

The proof of Theorem [5.4] implies the following result.

Corollary 5.5. Let P be a g-prime system with abscissa 1, f and g both be completely
multiplicative functions on P such that D(f, g) is finite and satisfying

|f()l; lgp)| <1 forallp € P.

Then the following two assertions are equivalent:

Zf(n):O and Zg(n):

neN neN
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5.3 The function APTE") over different systems P

In this section, we provide some examples of C'M Op functions. In particular, we
introduce some examples of the function )‘PT(n) with different g-prime systems where
Ap(n) is the Liouville function over the g-prime system P. We emphasize that we are
only interested in those systems for which the abscissa of convergence of the Dirichlet

series for (p is 1.

Example 5.6. As shown in [10],[16], [I7], if P satisfies one of the following assumptions:

Up(x) = /lw w =logx + ¢+ o(1) for some constant c, (5.9)

or

Mp(z) = o(z) and Np(z) — pr = O(%=) holds for some p > 0 and v > 1, (5.10)

log” x

or

Np(z) ~ pz and log (p(s)— log(s17) has a continuous extension to Rs =1, (5.11)

or

w\»—'

(5.12)

o xr | dx 1
/2 Tp(z) — logx‘ 2 <%, where Ilp(z kZE

then > "PT(") = (0. Therefore, by Theorem , Y onen ’\7’75”) = (0. Hence ’\PT(”) is
a C'MOp function since it is completely multiplicative with sum zero.
In fact, we do not even need mp(z) ~ 2= for 30, .\ =5 22 — ) to be true since it

is shown in [10] that the following condition

> d
/2 1p(z) — 10ggj<1—|—2b cos(t; logx—|-yj)>‘ a;x < 00 (5.13)

with distinct ; > 0 and (1 + ¢%)"/2 |b; cos(y; + arctant;)| < 2, j = 1,--- ,k, is also
sufficient to have ) - * 7’(") = 0.

From Example|5.6, we see that Ene N = 0, but how quickly does it converge?
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5.3.1 O-Results for Euler’s example over N

Ap(n)

n<e 5 OVer g-prime

In this section, we shall be interested in the behaviour of

system P which satisfies

Np(z) = px + O(z"¢)  (for some p > 0) (5.14)
and

Yp(z) =2+ O(2*) (5.15)

as r — oo for all e > 0, but for noe < 0 and 0 < a, f < 1 (see section 3.7).

Theorem 5.7. Given a g-prime system P satisfying and for some
B,a < 1, and let A\p as defined before, we have

3 APT(”) — 0(331_1@_8) for all e >0,

n<ax

nenN

where © = max{a, £}.

Proof. We let P denote a g-prime system satisfying (5.14)) and (5.15)). Then, for all
Rs > 1, we have

Zo(s) = Y Ap(n) _ Cp(2s)

ot (p(s)”

The idea is to find a bound for . Ap(n). This bound will be used with Abel

Summation to show that
1
lp(&?) = O(W) for all ¢ > 0.

In order to do that, we use Perron’s formula. For this we need a bound for Zp(s) on
vertical line s = o + it with |¢| large and ¢ > ©. To find such bound of Zp(s), we
start with

<Y = Gl20) = 00)

neN

1
Z n20+2it

neN

|Cp(25)| = [(p(20 + 2it)| =
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for 20 > 1; (i.e. 0 > 3).
From the proof of Theorem 2.3 of [27], for ¢ > ©, we have

log |Gp (o + it)] = O((log ¢])1757°),

which implies

1
log ————— log [¢])1567+¢).
5 e ) = Ollosli) )
In particular, for o > ©,
L _0gtf) foralle>0
- — T .
¢p(o +it)|
Hence, for o > O,
2 21t
|Zp(s)| = %’ — O(|tfF) for all £ > 0 and for [t| > 1. (5.16)

Using the inverse Mellin transform (see Theorem [1.24)) we have for x > 0, © ¢ N/

1 c+ioco ZP< )
s 1).
Z Ap(n =5 /C_m . z’ds (c>1)

n<zx

neN

Now split the range into (¢ —ico,c — iT], [c — iT,c+iT] and [c + iT, ¢ + ic0), where

T > 0 is a suitable function of x which will be chosen later, we obtain

1 c+iT Z ( ) c+ioc0 c—iT ZP(S)
L = — —=x’ds. 5.17
P(x) 27 /c_iT s 27TZ / /c—z'oo s 7 (547

Denote the left integral by I;. We note that assumption (5.14]) implies (p(s)

has an analytic continuation to {s € C: Rs > 8} except for a simple pole at s = 1.

This implies (Up(s) :)?1(5) is holomorphic for Rs > 5. However, assumption (|5.15

implies that (p(s) is holomorphic for Rs > « except for a simple pole at s = 1 and

¢p(s) # 0 in this region by Theorem [3.28 Thus (5.14) and (5.15]) together show (p(s)

is holomorphic and has no zeros for s > O except for a simple pole at s = 1. Hence

Up(s) has a simple zero at s = 1 and an analytic continuation to {s € C: Rs > ©}.
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Thus (Zp(s) :)Cg; ((255)) has an analytic continuation to {s € C : ®s > ©} with a simple
zero at s = 1. Hence Zp(s) is holomorphic for ¢ > © since (p(2s) is holomorphic for
o > 0. Now move the contour past the line s = 1 to the line Rs = ¢ for any ¢ > O

since Zp(s) is holomorphic in this region, as in the figure below.

o +iT c+iT

Figure 5.1: rectangular contour

Hence

1 o—1iT o+iT c+iT Z
I = — / + / + / ﬁxsds.
2mi c—iT o—iT o+iT S

These integrals will be estimated by using the bound |Zp(s)| = O(t°) for all € > 0.
The integral over the horizontal path [0 4 iT, ¢+ iT] is

1 c+iT 7 1 CZ T ]
_/ P(S>x3d8‘ — _/ P(y+z )xy—l—szy'

21 Jorir S 2me y+ T
z° ¢
< Z T |d
—27rT/0 | Zp(y +iT)|dy

C

O(%CT ) = O(Tf_€> for all € > 0,

by (5.16). Similarly for the integral over [¢c —iT, o —iT]. On the line Rs = o, we will

have
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T .
L / ZP(O- + Zt) $g+itdt
T

1 o+iT 7
L
21t )it S

271 o+t
Sﬁ/T ‘ZP(O’—F‘Zt :_/ |Z730'—|—Zlf 1Zplo+ @)l o,
2 J_p o +it| lo + it|
1
o Z it Tz it
T Jo |o+it T i t

=0(27) + O0(2°T*) = O(2?T*) for all € > 0,

by (5.16]). Hence

Now the right integral of ((5.17)) is

ne g () By e

This integral will be estimated as follows:

< Sl (7 Y)Y

Using Lemma and [Ap(n)| = 1, we get

(2)° B x° 1
12| = O<ZT|logf—l \) _O<Tznc|logx |>

neN neN

The range is split into (n > 2z and n < §) and (5 < n < 2z) in order to use the
bound |log £| > log2 for the first range. This gives

x°¢ 1 x° 1
IL=0|%= —_ Ol = — |
? (T Z nc|log9”|>jL (T Z nﬂlogﬂ)

n>21&n<r m<n<21
neN neN
Using | log%‘ = } log (1 + %)} = @ for the second range, we obtain
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12:0<°%C 3 %)+o<%z ﬁ):@(%@(e)ﬁogz ﬁ)

n>2z&n< % 5§ <n<2 §<n<2
néeN neN neN
Therefore
€ x¢ T 1
Lp(z) = I 1:0( ) O(2"T¢ 0(—- ) oL .
%<n< T
nenN

Taking c =1+ @ and using (p(1 +0) = O(3), gives

Lp@)_@(yf_g)+O(:U”T5)+O($l;g1)+0<% Z |nix|)

§<n<2
neN

for x ¢ N and for all € > 0. We need to bound the term on the right hand side, which
is difficult for general x when n is an integer close to x, as then |n —z|~! could be very
large. To take into account this eventuality we choose z here such that |n — z| < a%

This ensures that it stays away from these integer n; i.e.

(x—g,x—l—c—l)ﬁ/\/':qb.

X T

Then, for such z,

1 T T

<. 1 <= -N(22) = O(z?).
> oS X 1<y Nen=oe)
5 <n<2 5 <n<2z

neN neN

SH

Hence, for such =z,

3

Lp(z) = O(fig) +OT?) + o(xl;gm) + 0(‘%).

Taking T' = 23, then

> Ap(n) = O(a*%) for all & > 0.

n<ax

neN
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Taking 0 = © + ¢ for any € > 0, then

Z >\73(n> _ O(l‘®+45)

n<x

neN

whenever x is such that (x — %, T+ ‘;l) NN = ¢ for some d > 0. Now we follow the
method used in the proof of Theorem 2.2, originally given in [27]. We will show for
every z sufficiently large, there exist x; € (z — 2,z) and x9 € (z, 2 + 2) such that

<$1— i)xﬁ i)m/\/’ = ¢ and (172— xi’x2+ i)ﬂ/\/ = ¢ for some d > 0. (5.18)

T | 2 )

Then the result will follow since

Z Mp(n) = O(2971%) = O(2°7*) for all € > 0.

neN

Hence

D Ap(n) =D Ap(n)+ Y Ap(n) =0(z°"*)+0(2"+) =0 (2°*) for all £ > 0

n<ax n < xp z1 <n<z
neN néeN neN
since

3 )\p(n)‘ < 3 1=Np(2) = Np(21) < Np(a)— Np(2—2) = O(«**) for all & > 0,

rzy <n<ax rzy <n<ax
neN neN

by (5.14). It remains to prove (5.18]).

Assume z is sufficiently large, so that Np(x) < L, where L = [b- z] such that
b > p > 0 since Np(z) ~ pzr. Divide (z,z + 2) into L intervals of equal length.
Then one of them contains no elements of N. Let its midpoint be z;. Then
(xl — %,xl + ﬁ) NN = ¢. Thus the equation 1} holds with such x; when
% < ﬁ; (i.e. L < ﬁxl).

Similarly (z, 2 + 2) contains suitable zo. Thus

Lp(x) = Y Ap(n) = O(x%"*) for all £ > 0.

n<a

neN
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Ap(n)
n<x ns

Now using Abel Summation, we find )

I Lffj) dx converge for o > ©. Thus

3 Ap(n) _ Lp(x) n S/z Lp(t) .,

ns xs ts—H

as follows: we note that the integral

n<zx

neN

_O(a®*) /Oo Lp(t) /OO Lp(t)
— + s —2dt —s —=dt

xs ts+1 ts+1
1 9] Lp(t) 0o O(t®+4a>
:O(xa—®—4€> T 3/1 o1 dt — S/x tsTdt
© Lp(t)
— /1 e dt+0<—x07@74€>

since

* O(t0+) = I
L ts+1 dt| = O L to+1-0-4¢ dt | = O<x0—®—4€> :

This shows > Ap () converges for ¢ > O and it is holomorphic. Since it equals

CZ; ((2;’)) for {s > 1, by analytic continuation it is true for ts > ©. Thus

* Lp(t
Zp(s) = 3/1 7:;(1)(% for o > ©.

In particular for s = 1, this means ) _, A20) — Z5(1) = 0. Hence

nl

ZM:O< 1 ) for all > 0,

n rl1—6—4e
n<a

neN

Remark 5.8.

(i) It was shown in Theorem that © > 1. Thus, 1 — © < 1 and in Theorem

2
W, we can therefore only have an example with exponent < % for such systems.

e€ log @

(ii) If ©® = % in Theorem , then we have lp(z) = O( 3 ) for all € > 0. We can
do slightly better than this bound if we take P = P, (Zhang’s system) which

is a special case of a well-behaved system. In this case

1 2
Np(z) = px + O(xﬁec(log”)3) for some p,c > 0 (5.19)
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and
mp(z) =li(z) + O(z2) (5.20)

N =

hold. The existence of Pz was shown by Zhang [58]. The proof of the following
theorem is roughly identical with the previous theorem except that we need
a strictly stronger bound on Zp(s) than ((5.16]).

Theorem 5.9. For Zhang’s system Py, we have
C(loga:)%’
) for some constant C.

Z Ap(n) _ O<€—%

n

n<x

neN
In order to prove this result, we let P denote a g-prime system

Remark 5.10.

satisfying ((5.19) and (5.20)). Then, for all s > 1, we have

)\7) n P 25
Z’p(S) _ Z n<s ) _ CCP((S)>

neN

As in the proof of Theorem the idea is to find a bound for
bound will be used with Abel Summation to show that

eC(loga:)%
tp(z) =0 <—>

As mentioned above, we need a stronger bound for Zp(s). This can be found by

using Theorem of Zhang [16], [58].
Lemma 5.11. Let F(x,t) be a function defined for 1 < x < oo and t > 0 that is

)\p (n) . This

n<x

locally of bounded variation in x and satisfies F\(1,t) =0 as well as

F(x,t)<<\/5<1+ %).

o log(t +1
/ U_UdF(U,t) & g T +o L—i)
v o—5 o—3

=1 2

Then

foralla>% andt > 0.
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Proof. See Lemma 17.13 of [16].

Proof of Theorem [5.9.

We know from the proof of Theorem [3.34] of Zhang that there is a sequence of real
numbers which represents a set of g-primes, (i.e P = {p,}), j = 1,2,

-+, such that
: L log(t +1
Z pj_” - / v f(v)dv < \/5(1 + %) (5.21)
i 1 + logx
for 1 <z < oo andt >0, where
1—v!
i >1
f(v) oz v or v
In particular, when ¢t = 0,
do1- / fw)dv = O(z2), (5.22)
Pj<x 1
and hence
1
mp(z) = Z 1 =li(z) + O(z2). (5.23)
pj<z

Further Zhang showed that (p(s) can be written as

Grls) = —— exp{Fa(s) = Fi(s)),

where F; and F; are Riemann-Stieltjes integrals (see Section [1.1.3)) as follows:

Fl(S)

[ s log(t = vt
and -
Fy(s) = / v~ (dmp(v) — f(v)dv).

We know that log(1 —v™*) = —v™* + O(v=%) for v > 1. Therefore
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Fi(s) = / (07 +log(1 — v*))dmp(v)

_ /1 02 drp (v) = 0( /1 > d?:;gw)

Thus Fi(s) is holomorphic for

[

The right integral converges uniformly for o >

o> % We know from 1} and 1) that
wp(v) = [ fw)duw = O
1

[SIE

).

Therefore

/100 rr(v) _flvﬂw)dwto—l-s/lmm)@) [ (w)dw )

[

FQ(S) = Uﬁs(d/]rp(v) - f(U)dU) = s+l s+l

* O(v2) < s - [O(2)]*
23/1 e dv:O(/l e dv) (since [ o |, =0).
This integral converges for o > 3. Thus Fj(s) is also holomorphic for o > . Hence

(p(s) has an analytic continuation in the half plane o > % except for a simple pole at

s = 1 with residue k = exp{F»(1) — Fi(1)} > 0. From ({5.21)), we have

> pt- /lx v " f(v)dv = /lx v dmp(v) — /1“"? v f (v)dv

pj<z

log(t+1)
1+logz |

/1 " (drp () — f(0)dv) < \/5(1 +

Now let F(v,t) = [ v"#(drp(v) — f(v)dv) and applying Lemma [5.11} we have for
telR

o

Fylo + it) = / 0 (dmp(v) — f(v)dv) = / o (o (dmp(v) — F(v)dv))

= /lojjadF(v,t) (since dF(v,t) = v "(drp(v) — f(v)dv)
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This also means that
1 log |t
g| ’

o — 1

Fy(o+it) <

o — =

1
2 2

uniformly for % < 0 < 2. Furthermore, we know that
—S —5 1 —2s —30
log(l—v7%) = —0v"*— JU T+ O(v™7) forwv> 1.

Hence we have

Therefore
Fi(o+1it) = O(1) — %/ v 2 ) drp (v) < 1 +/ v drp(v).
1 1
Applying the method of integration by parts to the right hand side we obtain

20/ U_z(’_lﬁp(v)dv<</ v27dv  (since v 1p (V)] = 0)
1 1

This also means that .
Fi(o+it) € —

2

uniformly for % < 0 < 2. Hence (p is holomorphic for % < 0 < 2 except for a pole at

s = 1, and for these values satisfies uniformly

Fyls) - Fi(s) < ( 1 . log|t1|>.

0'—5 0'—5
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Then, for § < o <2 and [t| > 1, we have

. log |t
log |(p(0 +it)| < T —’1|
g — 5 o — 3
Also, for % < o0 < 2, we have
1 1 log |t|
log < + :
(Cplo+it)] " o—35 \o—3

Thus, for % <o <2and [t| > 1, we have

1 1 log |¢|
— < C C
Go(o + )] eXp{ <o—§)+ o—%}

and

<3 o =6(20) = 0)

neN

|Cp(25)] = [(p(20 + 2it)| =

1
Z n20+2it

neN

for 20 > 1; (i.e. for ¢ > 1). Hence

o] <<exp{0<

1Zp(s)| = ) +C }:%'tll } (5.24)

1
2

We know from Theorem 1 of Zhang in [58] that the function (p(s) has an analytic
continuation to {s € C : Rs > %} except for a simple pole at s = 1. Also, (p(s) has
no zeros for o > % but ﬁ(s) has a simple zero at s = 1 and analytic continuation
to {s € C:Rs > 1}. Thus Zp(s) has an analytic continuation to {s € C: Rs > 1}
with a simple zero at s = 1. Thus Zp(s) is holomorphic for ¢ > 1 since (p(2s) is
holomorphic for o > % Now move the contour past the line s = 1 to the line Rs = o

for any o > £ since Zp(s) is holomorphic in this region (see Figure [5.1)). We obtain

1 o—iT oiT HT\ o
L = — (/ -I—/ —|—/ —P(S)xsds.
2mi c—iT o—iT o+iT S

These integrals will be estimated by using the bound ([5.24). The integral over the
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horizontal path [0 + T, ¢+ T is

1 c+iT 7
—/ 7D(S>.91:5ds

271 Jorir S

x¢  [°
< Z T
<sop | 120t D)y

2

¢ 1 log |'T’
<<—‘”T exp{C’( 1) Loy sl 1'} (using (5.24)).
o—3 o—

Similarly for the integral over [¢c — iT, o — iT]. On the line Rs = o, we will have

1 [tz o iz it o Tz it
o 0 ™ J1

21 Jo_ip S s lo + it|

2

1 log [T’
Snd +x”exp{6’( ) +C o8 | 1‘} (using (5.24)))
o o—

1
2

1 log | T
<K x%exp C’( 1>—|—C Og|1| )
g3 2
Hence

¢ 1 log | T 1 log |T
Il<<x—exp C’( 1)+C’ Og‘ll + x%exp C’( 1)+C Og]ll ,
T 0'—5 0'—5 0'—5 0'—5

and I is exactly the same as in the proof of Theorem [5.7] Therefore

¢ 1 log |T 1 log |T
Lp(a:):[1+]2<<x—exp C’( 1)+C’ 8 | 1‘ + x2%exp C(—1)+C o8 | 1’
T 0'—5 0'—5 0'—5 O'—§

4%%?.@@»+0(% z:]niﬂ)

§<n<2
neN

Taking ¢ =1 + @ and using (p(1 + ) = O(3) gives

1 log [T 1 log |T
Lp(x)<<£exp C’( 1)—I—C’ og\l\ + x%exp C< 1)+O og|1]
T o—3 o—3 o—3 o= 3

xlogx x 1
+O< T >+O<T Z ]n—x\)

§<n<2
neN
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By following the same argument shown in the proof of Theorem 5.7, we have

Lp(x)<<£exp{6’( 11>—|—C’ 10g|1;|}+x”exp{6'< 1 )—i—C’ 10g|7;|}
T 773 g—3 o — o

1
2 2

~o("F") +o(7)

2

Taking T' = 23, then

Z Ap(n) <K x"exp{C’(U !

n <z

neN

since the O(1) are smaller than the main term. This means

1 31
E )\p(n)<<exp{alogx+0< 1)—|—C’ ng}
0'—5 g — 35

n<az

2
neN

1 1 1 1
<<a:2exp{(a——>10gx+0( 1>+C’ 3og1x}.
> 7—1 o — 1

Now we want to minimise this quantity over % < 0 < 2;i.e. minimise

1 1
(0——) logx—i—C(
2 o —

)+ct-b)
Put(j:%—k L

Tog e for some « > 0. This gives

N

(3logm)%.

1
2

(log )"~ + C(log )* + C(log )2 "% .

This is optimal when o = % For o = % —L . we have
(logz)3

Z /\P(n> _ O(l,%e(logx)%+C(logm)%+0(log:r)%(310gx)%) _ O(l,%eC(logx)%Jr(lJr\/gC)(logx)%)
n<ax

neN
1 1 / 2 1 7 2
_ O(IieC(logz)3+C (10gm)3> — O(I§€C (log:p)S).

Hence, by following the same argument shown in the proof of Theorem again, we
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have

1" 2
A C (logz)3 .
Z r(n) = O(e - > for some constant C" .
<z n 1’5
nen
O
5.3.2 -Results for Euler’s example over N
We now consider (2-results of > _. ’\pT(”) for a system P which satisfies either
Np(z) = px + O(z”)  for some p > 0 (5.25)
or
Yp(r) = o+ O(z%) (5.26)

for some «, f < % Both of which give the lower bound Q(\/LE) for the sum.
Propostion 5.12. Let P be a g-prime system satisfying for some [ < % Then

> =a( ) 5.7

n <

neN

Proof. We wish to show that (5.27) is true. It is enough to show that

L) = 3 Ap(n) = Q(Va).

neN

Let us assume the converse, so that Lp(z) = o(y/z). We know that for all Rs > 1,

Zp(s) = 8/100 Lr(x) dx (5.28)

strl

is holomorphic. But for Rs > 1, (Zp(s) :)% and (p(2s) is holomorphic for Rs > 3

with no zeros for Rs > 1 since (p(s) is holomorphic for Rs > 1 and has no zeros

2
here. For s > 1, we have (p(s) = %?SS)) which has a meromorphic continuation for

Rs > % except for a pole at s = 1 and no zeros. Therefore (p(2s) has a meromorphic
continuation for s > }1 and pole at s = % Now we know from the assumption 1}
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that (p(s) has an analytic continuation for o > 8 except for a simple pole at s = 1.
Thus Zp(s) is holomorphic for 0 = Rs > L with pole at s = 1. On the one hand, we
know that Zp(s) has a pole at % since (p(2s) has a simple pole at % Thus

Zp(3+€) ~ Egk for some k > 1 and C # 0. (5.29)

On the other hand, from the right integral of (5.28)) we have to check as s = £ + ¢ —
when € — 0T as follows:
oo Lp
G+a [ =
1 x2

|Lp(x)| can be written as g(x)+/x, where g(z) > 0 and g(x) — 0 as x — oco. Hence

1
2

Zp(5 +e)l =

> |L
(f> da:' < |% —1—6}/ —| Z(er” dzx
€ 1 x§ €

we have

1Zp(5 +6)| < B/ Mdas = B/ 9(z) dr, where B is constant.
1 ¢ 1

3
T3 :L-lJre

Given 0 > 0, there exists a constant A such that 0 < g(x) < § for z > A in order to
split the right integral into (1 < z < A) and (A < z < oo) ranges. Hence

00 A 00 A 00
/ ggx) dx :/ gE:E) da:—l—/ ggx) dx S/ _g(m) dx+5/ i dx
1 €T +e 1 €T +e A x +e 1 €T A
)
<C+ -.
€

Thus

e/ g(x)dnge—i-é.
1

:L-lJre

For ¢ — 0™ we have

lim sup e/ 9(z) dr <¢§ foralld>0.
1

e—07F xH_E
Thus - .
/ @ dr = 0(—).
1 x +E €

This also implies that
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so that Zp(3 + €) = o(+). Therefore this gives a contradiction with (5.29) and hence

A _g( L)
— n v/
nenN
U
In order to show ([5.26]) implies ([5.27]), we first need to prove a more general result.

Propostion 5.13. If P is a g-prime system for which
Np(x) ~ px  for some p > 0,

and (p(s) has an analytic continuation past s = 1 to a region containing a neighborhood
of s = %, then holds.

Proof. To show ([5.27) is true, it is enough to show that

Lo()= 3 Ap(n) = (V).

neN

Let us again assume that Lp(x) = o(y/z). We know that

Zp(s) = s/loo Lr@)

strl

is holomorphic for all ®s > L. But for Rs > 1, (Zp(s) =) and (p(2s) is

2 ¢p(s)
holomorphic for ®s > 1 with no zeros for ®s > % since (p(s) is holomorphic for
Rs > 1 and has no zeros here. For s > 1, we have (p(s) = %?s)) which has a

meromorphic continuation for s > % except for a pole at s = 1 and no zeros. Thus
(p(2s) has a meromorphic continuation for Rs > 1 and pole at s = 3. Thus Zp(s) is
holomorphic for o = Rs > 3 with pole at s = % because (p(s) is holomorphic at %
Hence, by following the same argument shown in the proof of Proposition [5.12]
we obtain the required result.
W

Remark 5.14. With Zhang’s system which was previously detailed in the thesis, then

(5.27) is also true if we assume (p(s) has an analytic continuation to a neighborhood

1

0f3:§.
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In the following corollary we consider the effect of the assumption ([5.26)) for some

1
a < 5-
Corollary 5.15. Let P be a g-prime system satisfying for some a < % Then

holds.

Proof. By Theorems [3.28) and [3.29] the assumption (5.26) for some a < 1 implies

(p(s) is holomorphic for $&s > a except for a simple pole at s = 1 and that it has no

zeros in this region, and

Np(l’) = px + O($—c\/logxloglogx)

for some p > 0 (see [27]). Hence, by Proposition [5.13} (5.27)) holds.
U

Remark 5.16. Let P be a g-prime system satisfying (4.4]), (4.3)) and (4.9) for some
a, B, & < 1 respectively. Then Proposition and Corollary imply that
max{3,£} > 1 and max{o, £} > 1.

5.4 Open problem

As mentioned in Chapter 2, Kahane and Salas proposed that for all CMO
functions, one has 3 . f(n) = Q(\/LE) They also showed that GRH-RH (Generalised
Riemann Hypothesis-Riemann Hypothesis) would follow from this result. In our
findings, we did not find any CMOp functions f such that }_ _ f(n) = o(%)

for ¢ > 5. This may suggest the following conjecture.

Conjecture 5.17. Let P be a g-prime system with abscissa 1. Then, for all completely

multiplicative functions on A/, we have

> fn)

n <z

neN

i
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Chapter 6

Multiplicative Functions of Zero

Sum over N

In this chapter, we extend the concept of CMOp functions to multiplicative
functions using the generalisation of MO functions. Firstly, we introduce these
functions, while in the second part we discuss some properties of these functions.
Finally, we construct some examples of such functions. In particular, we give a different

type of example to those which have been previously discussed.

6.1 MOp functions

Let P be g-prime system. A function f : N'— C is called an MOp function if

it is multiplicative and satisfies

(i) Y f(n)=0 and (i) > f(p*) #0forall peP.
neN k=0

The extra (ii) condition is put in order to avoid trivial examples such as: if
f(1) =1, f(;) = —1 and f(n) = 0 for all n € N\ {1,p1}, then > _\ f(n) =
f(n)+ f(n2) 4+ f(ng)+--- =0but Y07, f(p}) = f(1)+ f(p1) + f(P)+--- =0, and
so does not satisfy the extra condition.

For the convenience of exposition, we define M Op functions to be

MOp :={f : N — C multiplicative and () and (i)}

We can view such functions as a generalisation of C M Op functions with an extra
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condition or a generalisation of MO functions over Beurling prime systems. Such a
generalisation gives more scope and allows us to look for other types of functions. For
ap(n)

instance, we consider the function === with a g-prime system satisfying

Np(z) = pr + O(z”)  for some p > 0 and § < 1,

where ap(n) is 1 — pg if po divides n € N and 1 if py does not divide n € N. In

particular, we show that if o with a > [ is a zero of (p, then

> oo )

n<x

neN

We develop the theory of CMOp functions which have been studied in Chapter 5

to multiplicative functions. Moreover, we derive O and €2 results of the partial sum

of pp(n) over n up to and including x on N, (i.e 3 . “PT(")) with various g-prime

systems. For all examples which are found, we have Y _ f(n) = Q(—=) for all
< r2te
e > 0. In fact, this may suggest that for all functions f which are multiplicative

3 fn) = Q(%)

n<ax

neN

functions over A/, we have

Furthermore, we discuss repercussion of this conjecture.

6.2 Some properties of MOp functions

In this section, we drive some preliminary properties of M Op functions.

Propostion 6.1. If f is a CMOp function, then f is an M Op function; (i.e CMOp C
MOp).

Proof. It is clear that f is multiplicative and ) .\, f(n) = 0. It remains to show
that Y o f(p¥) # 0 for every p € P. Now since f is completely multiplicative, then
f(p*) = f(p)* for every p € P. Therefore

o0 o¢] 1
P =Y fp) = —~ #0.
— — 1—f(p)
This series converges since |f(p)| < 1. Hence f is an MOp function. O
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Propostion 6.2. Let f be an MOp function. Then Y . |f(n)| diverges. Indeed
D_peP DkeN |f(p*)| diverges.

Proof. Let us assume the converse, i.e. that

Z |f(n)| converges.

neN
Then, by multiplicative property,
S fm)=T]D f@") # 0since > f(p*) #0.
neN pEP k=0 k=0

Thus this gives a contradiction since f is an M Op function and hence

Z |f(n)| diverges.

neN

Furthermore, Proposition gives > p D pen |f (p¥)| diverges, as required.
U

6.2.1 Partial sums of MOp functions

By definition the partial sum of an M Op function not exceeding z tends to zero
when x tends to infinity.
As mentioned in Chapter 5, we can also ask how small can we make g(x), so that

(5.3) is true for all MOp functions f7

We can do this under assumptions on g-prime systems as follows:

Propostion 6.3. Let P be a g-prime system with unique representation (all the

multiplicities are 1) for which ZpG’P I%gp converges. If f is an MOp function, then
1
2. Jm)= Q( 1 )
—~ xlogx
neN

Proof. Let us assume the converse, so that

Z fn) = O(mlolgx)

n<a
neN
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We know that for every p*, where p € P and k € N, we have

1
= Zf(m)—Zf(m):O<m>- (6.1)

m<pk m<pk

Now it follows that > p > pen |f (p*)| converges since

- i k
ZZ klogp ZZ klogp pzlogp Z (SlnCe log p* > logp)

peP keN pEP keN kGN

: 1
- E Y logp converges (since } cp -3 — converges).

Hence, by Proposition [3.27, > _\-f(n)| converges. However, by Proposition , we

have a contradiction, and so it follows that

Z fn) = Q(xligx)

n<ax

neN

Remark 6.4.

(i) Similarly, we can get different results by having different assumptions on the
g-prime systems. For Example, if f is an M Op function and P is a g-prime

system with unique representation for which ) j2 converges, then

1
pEP p(loglogp

> 10 =0 giogae)

n<az

neN

(ii) We also can make the above sum to Q(2) if we assume ) _, 1 converges.

pEP p

(iii) As mentioned in Chapter 5, without unique representations, it can also be more
complicated. For instance, if P is as in Example , then (/6.1) does not work.
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6.2.2 Closeness relation between two multiplicative functions

which are defined over N/

Let Mp := {f : N — C multiplicative}, and let us define an (extended)

metric on Mop to be the distance function

D(f,g9)==>_> la@") — f")l.

peEP k=0

Then Mp is an extended metric space since D(f, g) can attain the value co. It is
straightforward to check for all f,g,h € Mp

(i) D(f,g) =0 if and only if f = g,
(ii) D(f.9) = D(g, f),
(iii) D(f,h) < D(f,9)+ D(g,h),

hold. We aim to generalise Theorem in Chapter 2 over g-prime systems. We aim
to show that if f is an M Op function and g is a multiplicative function “close” to f,

then g is also an M Op function. We can do this under an extra condition on f.

Theorem 6.5. Let P be a g-prime system with abscissa 1, f an MOp function for
which

k
‘Zf(p) >a for somea >0, for allp € P and all ks > 0, (6.2)

ks
k=0 p

and let g be a multiplicative function such that D(f,g) is finite and

Zg(pk) #£0 forallpeP. (6.3)
k=0

Then g is an M Op function.

Proof. Let F(s) :== ) _\ % and G(s) == Y cn QSZ). Then the series for F'(s) is
absolutely convergent for Rs > 1 and it is convergent for s > 0 and s = 0 since
Y nen f(n) = 0. We note that D(f, g) is finite and the fact that f is an M Op function

imply |g(p*)| — 0 as p* — oo. Then, by Theorem [1.9] g(n) — 0 as n — oo.
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Therefore the series for G(s) converges for Rs > 1 since g is bounded and the abscissa
of P is 1. Therefore F(s) and G(s) can be written as follows:

Hszj and G(s H g]: Rs > 1.

pEP k=0 peP k=0

Now

Zzo . &;k) ZO—O g(p’“);f(pk)
H(S)::H( p >:H<1+ oo z()p’“) >

peP Zk 0 pks peEP

converges absolutely for #¢s > 0 if and only if

(") —f(@")

Z ’Zk 0 pks | (6.4)

f
peEP | ZZO 0 ;(;25

converges for s > 0. But

Z ‘Zk Og(p’“)ps:‘

peEP ’Zk‘ 0 pké

by so, since D(f,g) is finite, converges for fs > 0 and H(s) converges
absolutely to holomorphic function for fs > 0. However, H(s) = (G/F)(s) for
Rs > 1 then G(s) = F(s)H(s), where the series for F(s) converges for Rs > 0
and s = 0 since f is an M Op function, and H(s) absolutely converges for s > 0.
Therefore G(s) converges for Rs > 0 and s = 0 using the extension of Theorem [1.1§|
Thus we have G(0) = F(0)H(0) = 0. Hence, by assumption and G(0) =0, g is
an MOp function.

O

The proof of Theorem [6.5] implies the following result.

Corollary 6.6. Let P be a g-prime system with abscissa 1, f and g both be
multiplicative functions on P such that D(f,g) is finite and satisfies

‘if(p

ks
k=0 p

>a for some a >0, for allp € P and all Rs > 0,

112



)

>b for someb>0, for allp € P and all Rs > 0.

‘ i g(p*
ks

=0 P

Then the following two assertions are equivalent:

Zf(n):O and Zg(n):().

neN neN

6.3 The function £ 7’75”) over different systems P

In this section, we present some examples of MOp functions. In particular, we

provide some examples of the function ’”’T(") associated with various g-prime systems

where pup(n) is the Mobius function over the g-prime system P.

Example 6.7. As mentioned in Example [5.6] that if P satisfies one of the conditions
(5.9), (5.10), (5.11), (5.12) or (5.13), then 3, 22" = 0. Hence “2M is a MOp

function since it is multiplicative with sum zero and

Zf(pk):zup(f ) =1—-+#0 forallpeP.
p p
From Example , we see that ) ‘“’T(”) = 0, but how quickly does it converge?

6.3.1 O-Results for Mobius’s example over N

In this part, we shall be interested in the behaviour of the partial sum
of pp(n) over n up to and including = for either “well-behaved” systems P which
satisfies ((5.14]) and ([5.15]) or its special case Zhang’s system which satisfies (5.19) and
(15.20)).

Theorem 6.8. Let P be a g-prime system satisfying and for some
B,a < 1. Then

3 “7’75”) - 0(#) for alle >0,

n<ax

n €N

where © = max{a, £}.

Proof. We employ a similar approach to that of Theorem but now with up.

Instead of ii(fs)) and [Ap(n)| = 1 we now have #(S) and |up(n)| < 1 which does not

s

make a difference throughout the proof. O
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Remark 6.9. It was shown in Theorem that © > . Thus 1 —© < 3 and in
Theorem we can therefore only have an example with exponent < % with such

systems.

Theorem 6.10. For Zhang’s system Pz, we have

2
C(logx)3
E pp(1) — O(e . ) for some constant C.
n<ax n x§
nenN

Proof. Theorem [4.6] gives the required result.

6.3.2 (-Results for Mobius’s example over N/

We now consider Q-results of the partial sum pp(n) over n up to and including x
for a system P which satisfies either assumption (5.25)) or (5.26) for some o, < 3.
From assumption 1) for some g < %, we have

Z M)?En) _ Q(

n <z

neN

1
+€> for all € > 0.

1
€xrz

(6.5)

The term on the right hand side of 1) can be improved to be Q(\/LE) by means of
Conjecture [3.37 which is a stronger than Corollary [3.30, In addition, (6.5) can be
also attained from assumption (5.26) for some o < 3.

Corollary 6.11. Let P be a g-prime system satisfying for some [ < % Then
holds.

Proof. Let us assume the converse, so that (6.5]) is false.

1
g pp(n) = O<—d> for some d > %
n T
nEN

By Abel summation, we have Mp(x) = O(2?) for some v < 3, where v = 1 — d. But
by Theorem this contradicts our initial assumption, and hence the result follows.
O
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If Conjecture [3.37] is true, then the bound of 1) will improve to Q(\%), as the

following Proposition shows.

Propostion 6.12. Let P be a g-prime system satisfying for some 8 < % Then
congjecture implies

2. MPT(n) - Q(%) (6.6)

n<xz

neN

Proof. We know that for all s > 1,

1 Mp(
Up(s) = o0 = 2 M;/(S / p(@ ) dx, where Mp(z Z wup(n

n<zx

neN

We wish to show that is true. It is enough to show that

Z pp(n) = Q).

n<ax

neN

Let us assume the converse, so that Mp(x) = o(y/x). We know that from our
assumption - (p(s) has an analytic continuation for o > /8 except for a simple
pole at s = 1. Therefore Up(s) is holomorphic for s > £. This also means Up(s)

has an analytic continuation to {s € C: Rs > 1}.

On the one hand, Conjecture m implies that there exist zero of (p(s) such that
So = % + Zt() Thus

Up(so+ €) ~ Egk for some k> 1 and C # 0. (6.8)

On the other hand, from the right integral of (6.7) we have to check as s — s

when e — 07 as follows:

1 | Mp(x
(§+zt0+e)/1 ﬂtw ’<\2+t0+\/ T

|Mp(z)| can be written as g(z)y/x, where g(z) > 0 and g(x) — 0 as © — 0.

|U’p(80 + E)’ =
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Therefore we have

|Up(so +€)] < B/ M dr = B/ 9zx) dx, where B is constant.
1 1

3
ra2Te plte

Given § > 0, there exists a constant A such that 0 < g(x) < ¢ for £ > A > 1 in order
to split the right integral into (1 < z < A) and (A < x < o0) ranges. Hence

0o A 0o A oo
/ —ggf) dr = / —ggf) dx + / —ggf) dr < / _g(x) dx + 5/ ' dr
1 T 1 T A T 1T A

)
<C+ -.
€

Thus .
e/ MdSIJSCE—l—é.
1

lere

For ¢ — 0", we have

lim sup e/ 9(z) dr <§ foralld>0.
1

e—0t wlte

Thus

[ 8= (),

/looj\ig—gf)dxzo(%)

Hence Up(so + €) = o(2) as s —» so. Therefore this gives a contradiction with

and hence ) .
> =0()

n<x

neN

This also implies that

In the following corollary we consider the effect of the assumption ([5.26]) for some

1
o< 3.

Corollary 6.13. Let P be a g-prime system satisfying for some a < % Then
holds.
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Proof. Let us assume the converse, so that (6.5)) is false. Then

1
Z () = O(—d) for some d > %
n x
n<ax
neN
By Abel summation, we have Mp(z) = O(z¢) for some ¢ < 3, where ¢ =1 — d. But
by Theorem this contradicts our initial assumption, and hence the result follows.

O

6.4 The Example QZ—&”)

In this section, we first define ap(n) which is a generalisation of the function
(—1)"! over N as follows:
Fix pg € P and n € N, then

ap(n) = L—po if pol n, (6.9)
' 1 if po f . .

We shall be concerned with the behaviour of > ‘”;—(a") for a system P which satisfies

n<x
Np(z) = pr + O(2”)  for some p > 0 and 8 < 1. (6.10)

More precisely, we will show that for any a with Ra > ,

> 20— () + 0 )

nOt

n <

n €N

Lemma 6.14. Let P be a g-prime system, and let ap(n) defined as above. Then “Z—(a”)

1s a multiplicative function for any o € C.

Proof. We wish to find all values of a € C for which ap(n) is a multiplicative function
as follows:
Assume (m,n) = 1 and consider a(mn). If m = n = 1, then ap(m)ap(n) = ap(mn).

Now if pg| mn, then either py| m and py fn or vice versa.

(i) If po| n and po| m, then (m,n)#1. We cannot have py divides both m,n since

we need (m,n) = 1.
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(ii) If po| m and po [ n, then ap(m)ap(n) = (1 —po)(1) =1 —po = ap(mn).

If py f mn, then py /fm and py fn, and ap(m)ap(n) = (1)(1) =1 = ap(mn).
Thus ap(n) and “2%) are a multiplicative function for any a € C.

U

Theorem 6.15. Let P be a g-prime system for which hold, and let ap(n)
defined as above. Then

(i) For any o with Ra > 3,

> 2 () + 0 )

n<az

neN

(ii) “Z—E?) is an MOp function if and only if Ra > 5 and (p(a) = 0.

Proof. We note from (6.10) that (p(«) has an analytic continuation to R(«) >

except for a simple pole at s = 1.

(i) The series )\ na) converges for Jtae > 3 since
A=) japm)= 3 1+ > (=p)= 3> 1= > m

n<az n<z n<ax n<z n<x
neN pofn pol n pof n or po| n pol n

x

= Np(x —poz 1= Np(x pONP(p_>

; 0

e

= pr + O(2") _po(';—f +O(<p£0)ﬁ>) (using (6.10))

Then, by Abel summation,

ap(n)  A(x) /“"”A(t) B 1 /OOA(t) B /OOO(tB)
Z ne o T L ta+1dt_0<x9%a—ﬁ>+a L ta+1dt « . totl dt

1
x?Roe—ﬁ

), where C, is a constant

since | [ ?a(tfl) dt| = O( [° metr=sdt) = O (=) and [}~ t‘i(ﬁ dt converges for
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Ra > (. Hence, for Ra > [,

In particular,

Z ap(an) converges to Cy = (1 — po'~*)Cp(a).

Now, for a > 1, we have

Z Z po (1= po'~*)¢p(). (6.11)

neN neﬂf nEAf

The sum on the left of (6.11]) is C,, for Ra > § by analytic continuation. Thus

g ap(n) = 0 if and only if p§ = po or (p(a) = 0.
na
neN

(ii) We know that “7;&") is multiplicative function and ) _ . ‘”:li") = 0 if and only
if p§ = po or (p(a) = 0. It remains to get all « for which Y ;7 a(p*) #0 for

all p € P. If p # po, then ap(p*) = 1. Therefore

P

k=0 k=0

s

This is non-zero for any a with Ra > 3. Now if p = po, then ap(p*) =1 — po
for all kK > 1. Therefore

— ap(p") = 1 1 pf—po
+(1=po) Y —==1+(1—p = .
kZ:O P ,; ok )pa—l Py —1

This is non-zero if and only if p§ # po.

We see that aP( ) is not an MOp function if p¢ = po since Lemma and (i) hold
but (ii) fails. We can conclude that “Z—g”) is an M Op function if and only if Ra > B
and (p(a) = 0 since Lemma(6.14] (i) and (ii) hold.
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Furthermore, if (p(a) = 0 with Ra > 0, then

> 2 =0(mm)

n<ax

neN

O

Remark 6.16. If P is the system which satisfies (6.10)) but has oscillating primes in
the sense that

mp(2) = li(z) + Qze~cVI8?)

holds. Here (p(a) has infinitely many zeros, «, of the corresponding zeta function
close to e = 1 [14], [58]. Then “Z—Ej‘) € MOp and

1
Z ar(n) = O(—) for any ¢ < %
- /rLOé l»C

neN

To get examples where we have O(#) for some ¢ > %, we need Ra — § > % In
other words, we need zeros «a of (p with Ra > % and § < % (since o < 1). Therefore

we wonder if there exist such systems with zeros of (p(«) close to the 1-line and small
B such that § < % ?

6.4.1 Special case when P C P

As we mentioned in Chapter 2, Kahane and Saias give the example Xéf), where

X is a non-principal Dirichlet character of a CMO function. This motivates us to
find an “equivalent”, (i.e. multiplicative and periodic) example of MOp functions to
their example. In order to find an example such as this, we are required to seek a
function that is both multiplicative and periodic. As we know that the function
is multiplicative it remains to be shown for which g-prime system P the function
is periodic. One way we are able to meet this criteria and have the function

periodic is for it to be defined on a subset of the usual primes; (i.e. P C P). In this

ap(n)

We also show that Y >, C”;—EZ” converges to C,, = (1 — po'™*)¢().

instance we find that the function is in some sense equivalent to their example.
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Theorem 6.17. Let P = P\ F, where F is a finite set of primes and py is the smallest
element in P. Then (1 — If—g){(a) [er (1—%) =0 ¥®) phere

poc n=1 ne

L k) =1,
b(n) = 1— Po Zf (ka TL) = Po,
0 otherwise,

here k = po[l,cpp - In particular, b(n) has period k.

Proof.
Po Ly Po 1 B Po) o= x1(n)
-2 @[] (1-=)=(1-= H—l =1 ) D
Po peF p Do pEF ( _}F) Po n=1 n
where 7 is the principle character mod r = HpeF D; 1.€.
(n) 1 if (r,n) =1,
n)=
u 0 if (r,n) >1
Thus
Po 1 — x1(n) — xi(n) < xan) — c(n)
1__04 C() (1—_): — Do = — Po ’
( Po) plel pe ; ne ; (npo)® HZ:; ne nz:; ne
where
c(n) — Xl(pﬂo) lf pO |n7
0 if po [ n.
Hence
Do 1 — b(n)
BT (1- ) =M
( Po) pl;L P ; ne
where
1 if (r,n) =1 and po [ n,
b(n) = 1 —poxl(pﬂo) if (r,n) =1 and pg |n,
—poxl(pﬂo) if (r,n) > 1 and pg |n,
0 if (r,n) > 1 and po [ n.



Suppose po |n. If (r,n) =1, then (r, ) = 1 and x1(;-) = 1. Also, if (r,n) > 1, then
(r, 5e) > 1 since (r,po) = 1 and x1(;;) = 0. Note that (r,n) =1 and py /[ n if and

only if (k,n) = 1, while (r,n) = 1 and po|n if and only if (k,n) = py. Hence

1 if (k,n) =1,
b(n)=4¢ 1—py if (k,n) = py,
0 otherwise.

Since (k,n) = (k,n + k). It follow that b(n) = b(n+ k). Therefore b(n) has
a period k. It remains to show that k is the smallest period. Suppose b(n) has a
smallest period d. We would like to show k& = d. We know that d < k by definition
so we shall just show that k|d. Suppose there exist p € P such that p|k and p/ d.
We know that b(1) = 1 = b(d+1) = b(yd+ 1), so (k,1+d) =1 = (k,1 + yd)
for all y € Z. But zp — yd = 1 for some z,y € Z since (p,d) = 1. Therefore
1 = (k,14 yd) = (k,zp) > p. This means that every p|k must divide into d. We
conclude that k| d since k is square-free. Hence k = d.
O

Remark 6.18. Let ap(n) be as before and now taking P as in Theorem Then

[e.9]

b = b
E ap(an) = E ap(an) = E (Z) — E (—Z) for any o with Ra > 0,
neN n n=1 " n=1 " n=1 n
(ryn)=1 (k,n) # lorpo

where k = por and r = HpeF p. Furthermore, the period of ap(n) is

k k k k k k
k=Y 1=> 1-> 1= 1= 1+ 1=0k +oL),
n=1 n=1 n=1 n=1 n=1 n=1
(k, n) # 1orpo (k,n) #lorpo  (kyn) = lorpo (kn) =1 (k) = po

where ¢ is the Euler’s totient function which is the number of positive integers below

and including k£ that are relatively prime to k.

Corollary 6.19. Let P = P\ F, where F is a finite set of primes and po is the
smallest element in P. The function ap(n) is defined as before. Then, for any o with
Ra > 0,

> W) + o)

neN
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Proof. Proving this corollary can be obtained by using similar approach to Theorem
with different error term. Thus, if () = 0, then 2™ is an M Op function and

no

> = 0()

n <z

nenN

6.5 Open problem

In this section, we suggest an interesting open problem which is related to RH in

the sense that it would follow if the following conjecture is true.

Conjecture 6.20. Let P be a g-prime system with abscissa 1. Then, for all multi-

plicative functions f on A, we have

Y fn) = Q(%)

nen
Consequences of Conjecture [6.20
Consider P a g-prime system which satisfies Np(x) = cx + O(2?) for some ¢ > 0,
b < % Now suppose there exists a zero, «, of the corresponding zeta function such
that § < Ra < 1. Let f(n) = ai—&n) be the function as defined in Theorem m Then

f € MOp and
5 s -0

n<ax

neN

Therefore we have Ra — [ < %, (i.e. R < B+ % < 1) if Conjecture is true.
This means that any zeros of the zeta function must be to the left or on the line
oc=p+ % This conjecture automatically implies that the zeros of the Beurling zeta
function must be bounded away from the 1-line. In other words, there are no zeros
of the Beurling’s zeta function in the strip {s € C: § + 5 < Rs < 1}. This is a very
strong form of Riemann Hypothesis.

In particular, the Riemann Hypothesis holds for the actual zeta function when
B = 0. This conjecture not only implies Riemann Hypothesis but also implies an

analogous Riemann Hypothesis for all these systems with g < %
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